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INTRODUCTION

Probability is the branch of mathematics concerning numerical descriptions of how
likely an event is to occur or how likely it is that a proposition is true. Probability is
simply how likely something is to happen. The probability of an event is a number
between 0 and 1, where, roughly speaking, 0 indicates impossibility of the event
and 1 indicates certainty. The higher the probability of an event, the more likely it
is that the event will occur. These concepts have been given an axiomatic
mathematical formalization in probability theory, which is used widely in the areas
of mathematics, statistics, finance, gambling, science (in particular physics), artificial
intelligence/machine learning, computer science, game theory, and philosophy to
draw inferences about the expected frequency of events. Probability theory is also
used to describe the underlying mechanics and regularities of complex systems.

‘Probability’ and ‘Statistics’ are fundamentally related. The probability theory
describes statistical phenomenon and analyses them to study correlation and
regression, sampling methods, business decisions, statistical inferences, etc.
Probability is considered as theory of chance whereas statistics is considered as a
mathematical science pertaining to the collection, analysis, interpretation or
explanation, and presentation of data. Statistical analysis is very important for
taking decisions and is widely used by academic institutions, the natural and social
sciences departments, the government and business organizations.

The word ‘Statistics’ is derived from the Latin word ‘stafus’ which means
a political state or government. It was originally applied in connection with kings
and monarchs collecting data on their citizenry which pertained to state wealth,
collection of taxes, study of population, and so on. The subject of statistics is
primarily concerned with making decisions about various disciplines of market
and employment, such as stock market trends, unemployment rates in various
sectors of industry, demographic shifts, interest rate and inflation rate over the
years, and so on. To a layman, it often refers to a column of figures, or perhaps
tables, graphs and charts related to areas, such as population, national income,
expenditures, production, consumption, supply, demand, sales, imports, exports,
births, deaths and accidents.

Hence, the subject of statistics deals primarily with numerical data gathered
from surveys or collected using various statistical methods. Its objective is to
summarize such data, so that the summary gives us a good indication about certain
characteristics of a population or phenomenon that we wish to study. To ensure
that our conclusions are meaningful, it is necessary to subject our data to scientific
analyses so that rational decisions can be made. Statistics is therefore concerned
with proper collection of data, organization of this data into a manageable and
presentable form, analysis and interpretation of the data into conclusions for useful
purposes.



The book ‘Probability and Statistics’ is divided into four blocks that are
further divided into fourteen units which will help you understand how to solve the
probability and multivariate distributions, set theory, random variables of the discrete
type, random variables of the continuous type, some special expectations,
Chebyshev’s inequality, correlation coefficient, special distributions and distribution
function of random variables, correlation coefficient, binomial and related
distributions, Poisson distribution, Gamma and Chi-Square distributions, normal
distribution, bivariate normal distribution, sampling theory, transformations of
variables of the continuous type (Beta, # and F distributions), distributions of order
statistics, the moment generating function techniques, distributions of X and
ns?/c?, expectations of functions of random variables, limiting distributions,
convergence in distribution, convergence in probability, limiting moment generating
functions and some theorems on limiting distributions.

The book follows the Self-Instruction Mode or the SIM format wherein
each unit begins with an ‘Introduction’ to the topic followed by an outline of the
‘Objectives’. The content is presented in a simple, organized and comprehensive
form interspersed with ‘Check Your Progress’ questions and answers for better
understanding of the topics covered. A list of ‘Key Words” along with a ‘Summary’
and a set of ‘Self Assessment Questions and Exercises’ is provided at the end of
the each unit for effective recapitulation.
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PROBABILITY AND MULTIVARIATE DISTRIBUTIONS

UNIT 1 PROBABILITY AND SET
THEORY
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1.0 Introduction
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14.1 Independent and Dependent Events
1.5 Answers to Check Your Progress Questions
1.6 Summary
1.7 Key Words
1.8 Self-Assessment Questions and Exercises
1.9 Further Readings

1.0 INTRODUCTION

The subject of probability is in itself a vast one, hence only the basic concepts will
be discussed in this unit. The word probability or chance is very commonly used
in day-to-day conversation, and terms such as possible or probable or likely, all
mean the same. Probability can be defined as a measure of the likelihood that
a particular event will occur. It is a numerical measure with a value between 0
and 1 of such likelihood where the probability of zero indicates that the given
event cannot occur and the probability of one assures certainty of such an
occurrence. Probability theory helps a decision-maker to analyse a situation and
decide accordingly. The following are a few examples of such situations:

e What is the chance that sales will increase if the price of the product is
decreased?

e What is the /ikelihood that a new machine will increase productivity?
e How likely is it that a given project will be completed on time?

e Whatare the possibilities that a competitor will introduce a cheaper substitute
in the market?
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In set theory, the members of a set are called elements. Sets having a definite
number of elements are termed as finite sets. You will also learn about singleton
set, equality of sets, subsets, empty set or null set and power set. Union, intersection
and complement operations on sets are analogous to arithmetic operations such
as addition, multiplication and subtraction of numbers, respectively. You will learn
to draw Venn diagrams to show all the possible mathematical or logical relationships
between sets. Mathematical logic is the analysis of language that helps you to
identify valid arguments. You will learn about classes of sets, counting principle
and duality.

In this unit, you will study about the probability, set theory, conditional
probability and independence.

1.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain about the probability, conditional probability and independence
¢ Describe the set theory

1.2 PROBABILITY

Probability theory is also called the theory of chance and can be mathematically
derived using the standard formulas. A probability is expressed as a real number,
p € [0, 1] and the probability number is expressed as a percentage (0 per cent
to 100 per cent) and not as a decimal. For example, a probability of 0.55 is
expressed as 55 per cent. When we say that the probability is 100 per cent, it
means that the event is certain while the 0 per cent probability means that the
event is impossible. We can also express probability of an outcome in the ratio
format. For example, we have two probabilities, i.e., ‘chance of winning’ (1/4)
and ‘chance of not winning’ (3/4), then using the mathematical formula of odds,
we can say,

‘chance of winning’ : ‘chance of not winning’ = 1/4:3/4=1:3 or 1/3

We are using the probability in vague terms when we predict something for future.
For example, we might say it will probably rain tomorrow or it will probably a
holiday the day after. This is subjective probability to the person predicting, but
implies that the person believes the probability is greater than 50 per cent.

Different types of probability theories are:
(1) Classical Theory of Probability
(i1) Axiomatic Probability Theory
(7ii) Empirical Probability Theory



1.2.1 Classical Theory of Probability

The classical theory of probability is the theory based on the number of favourable
outcomes and the number of total outcomes. The probability is expressed as a
ratio of these two numbers. The term ‘favorable’ is not the subjective value given
to the outcomes, but is rather the classical terminology used to indicate that an
outcome belongs to a given event of interest.

Classical Definition of Probability: If the number of outcomes belonging to an
event £'is N, and the total number of outcomes is N, then the probability of event

N
FEisdefined as p; = TE

For example, a standard pack of cards (without jokers) has 52 cards. If we
randomly draw a card from the pack, we can imagine about each card as a possible
outcome. Therefore, there are 52 total outcomes. Calculating all the outcome
events and their probabilities, we have the following possibilities:

e Out ofthe 52 cards, there are 13 clubs. Therefore, if the event of interest is
drawing a club, there are 13 favourable outcomes, and the probability of

13 1
hi S
this event becomes =
o There are 4 kings (one of each suit). The probability of drawing a king is:
4_1
5213

e What is the probability of drawing a king or a club? This example is slightly
more complicated. We cannot simply add together the number of outcomes
for each event separately (4 + 13 = 17) as this inadvertently counts one of

16
the outcomes twice (the king of clubs). The correct answer is: 52 from
13 4 1
—_— + —_——
52 52 52
We have this from the probability equation, p(club) + p(king) — p(king of
clubs).

¢ Classical probability has limitations, because this definition of probability
implicitly defines all outcomes to be equiprobable and this can be only used
for conditions such as drawing cards, rolling dice, or pulling balls from urns.
We cannot calculate the probability where the outcomes are unequal
probabilities.

It is not that the classical theory of probability is not useful because of the
above described limitations. We can use this as an important guiding factor to
calculate the probability of uncertain situations as mentioned above and to calculate
the axiomatic approach to probability.
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Frequency of Occurrence

This approach to probability is widely used to a wide range of scientific disciplines.
It is based on the idea that the underlying probability of an event can be measured
by repeated trials.

Probability as a Measure of Frequency: Let 7, be the number of times
event 4 occurs after n trials. We define the probability of event A4 as,
P, = Lim 24
n—> ® n
It is not possible to conduct an infinite number of trials. However, it usually
suffices to conduct a large number of trials, where the standard of large depends
on the probability being measured and how accurate a measurement we need.

Definition of Probability: The sequence % in the limit that will converge to

the same result every time, or that it will not converge at all. To understand this, let
us consider an experiment consisting of flipping a coin an infinite number of times.
We want that the probability of heads must come up. The result may appear as the
following sequence:

HTHHTTHHHHTTTTHHHHHHHHTTTTTTTTHHHHHHHHHHHHH
HHHTTTTTTTTTTTTTTIT...

This shows that each run of k£ heads and £ tails are being followed by another

e : n :
run of the same probability. For this example, the sequence 7A oscillates between,

1 2 . .
3 and 3 which does not converge. These sequences may be unlikely, and can

be right. The definition given above does not express convergence in the required
way, but it shows some kind of convergence in probability. The problem of
formulating exactly can be considered using axiomatic probability theory.

1.2.2 Axiomatic Probability Theory

The axiomatic probability theory is the most general approach to probability, and
is used for more difficult problems in probability. We start with a set of axioms,
which serve to define a probability space. These axioms are not immediately intuitive
and are developed using the classical probability theory.

1.2.3 Empirical Probability Theory

The empirical approach to determining probabilities relies on data from actual
experiments to determine approximate probabilities instead of the assumption of
equal likeliness. Probabilities in these experiments are defined as the ratio of the
frequency of the possibility of an event, f{(E), to the number of trials in the
experiment, n, written symbolically as P(E) =f(E)/n. For example, while flipping



a coin, the empirical probability of heads is the number of heads divided by the
total number of flips.

The relationship between these empirical probabilities and the theoretical
probabilities is suggested by the (Law of Large Numbers). The law states that as
the number of trials of an experiment increases, the empirical probability approaches
the theoretical probability. Hence, if we roll a die a number of times, each number
would come up approximately 1/6 of the time. The study of empirical probabilities
is known as statistics.

1.2.4 Addition Rule

When two events are mutually exclusive, then the probability that either of the
events will occur is the sum of their separate probabilities. For example, if you roll
a single die then the probability that it will come up with a face 5 or face 6, where
event A refers to face 5 and event B refers to face 6, both events being mutually
exclusive events, is given by,
P[4 or B] = P[A] + P[B]
Or P[5 or 6] = P[5] + P[6]
= 1/6 +1/6
= 2/6 =1/3

P [A4 or B] is written as P[4U B] and is known as P [4 union B].

However, if events 4 and B are not mutually exclusive, then the probability
of occurrence of either event 4 or event B or both is equal to the probability
that event 4 occurs plus the probability that event B occurs minus the probability
that events common to both 4 and B occur.

Symbolically, it can be written as,
P[AUB] = P[A] + P[B] — P[A and B]
P[A and B] can also be written as P[4 B], known as P [4 intersection
B] or simply P[4B].
Events [4 and B] consist of all those events which are contained in both

A and B simultaneously. For example, in an experiment of taking cards out of
a pack of 52 playing cards, assume that:

Event A = An ace is drawn.
Event B = A4 spade is drawn.
Event [AB] = An ace of spade is drawn.
Hence, P[Au B]=P[A] + P[B] — P[AB]
= 4/52 + 13/52 — 1/52
= 16/52 = 4/13

This is because there are 4 aces, 13 cards of spades, including 1 ace of
spades out of a total of 52 cards in the pack. The logic behind subtracting
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P[AB] is that the ace of spades is counted twice—once in event 4 (4 aces) and
once again in event B (13 cards of spade including the ace).

Another example for P[4 B], where event A and event B are not mutually
exclusive is as follows:

Suppose a survey of 100 persons revealed that 50 persons read /ndia
Today and 30 persons read 7ime magazine and 10 of these 100 persons read
both India Today and Time. Then:

Event [4] =50
Event [B] =30
Event [AB] =10
Since event [4B] of 10 is included twice, both in event A4 as well as in
event B, event [4B] must be subtracted once in order to determine the event
[4uw B] which means that a person reads India Today or Time or both.
Hence,

P[AUB] =P [A]+ P [B] - P [4B]
= 50/100 + 30/100 —10/100
= 70/100 = 0.7

1.2.5 Multiplication Rule

Multiplication rule is applied when it is necessary to compute the probability if
both events 4 and B will occur at the same time. The multiplication rule is
different if the two events are independent as against the two events being not
independent.

If events 4 and B are independent events, then the probability that they
both will occur is the product of their separate probabilities. This is a strict
condition so that events 4 and B are independent if, and only if,

P [AB] = P[A] x P[B] or
= P[A]P[B]
For example, if we toss a coin twice, then the probability that the first toss
results in a head and the second toss results in a tail is given by,

P [HT] = P[H] x P[T]
=12 x12=1/4
However, if events 4 and B are not independent, meaning that the probability
of occurrence of an event is dependent or conditional upon the occurrence or
non-occurrence of the other event, then the probability that they will both occur
is given by,
P[AB] = P[A] x P|B/given the outcome of 4]
This relationship is written as:
P[AB] = P[A] % P[B/A] = P[A] P[B/A]



Where P[B/A] means the probability of event B on the condition that event 4
has occurred. As an example, assume that a bowl has 6 black balls and 4 white
balls. 4 ball is drawn at random from the bowl. Then a second ball is drawn
without replacement of the first ball back in the bowl. The probability of the
second ball being black or white would depend upon the result of the first draw
as to whether the first ball was black or white. The probability that both these
balls are black is given by,

P [two black balls] = P [black on 1st draw] x P [black on 2nd draw/
black on 1st draw]

= 6/10 x 5/9 = 30/90 = 1/3

This is so because, first there are 6 black balls out of a total of 10, but
if the first ball drawn is black then we are left with 5 black balls out of a total
of 9 balls.

1.2.6 Bayes’ Theorem

Reverend Thomas Bayes (1702—1761) introduced his theorem on probability
which is concerned with a method for estimating the probability of causes which
are responsible for the outcome of an observed effect. Being a religious preacher
himself, as well as a mathematician, his motivation for the theorem came from his
desire to prove the existence of God by looking at the evidence of the world that
God created. He was interested in drawing conclusions about the causes by
observing the consequences. The theorem contributes to the statistical decision
theory in revising prior probabilities of outcomes of events based upon the
observation and analysis of additional information.

Bayes’ theorem makes use of conditional probability formula where the
condition can be described in terms of the additional information which would
result in the revised probability of the outcome of an event.

Suppose that there are 50 students in our statistics class out of which 20 are
male students and 30 are female students. Out of the 30 females, 20 are Indian
students and 10 are foreign students. Out of the 20 male students, 15 are Indians
and 5 are foreigners, so that out of all the 50 students, 35 are Indians and 15 are
foreigners. This data can be presented in a tabular form as follows:

Indian Foreigner Total
Male 15 5 20
Female 20 10 30
Total 35 15 50

Based upon this information, the probability that a student picked up at
random will be female is 30/50 or 0.6, since there are 30 females in the total class
of 50 students. Now, suppose that we are given additional information that the
person picked up at random is Indian, then what is the probability that this person
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is a female? This additional information will result in revised probability or posterior
probability in the sense that it is assigned to the outcome of the event after this
additional information is made available.

Since we are interested in the revised probability of picking a female student
atrandom provided that we know that the student is Indian. Let 4, be the event
female, A, be the event male and B the event Indian. Then based upon our
knowledge of conditional probability, Bayes’ theorem can be stated as follows,

P(4)P(B/ 4)
P(4)P(B/ 4)+ P(4,)(P(B/ 4,)

P(4,/B)=

In the example discussed here, there are 2 basic events which are 4, (female)
and 4, (male). However, if there are n basic events, 4, 4,, .....4 , then Bayes’
theorem can be generalized as,

P(4)P(BI 4)

P(4,/B)= P(A)P(B/ A)+ P(4,)P(B/ A,)+...+ P(4,)P(B/ 4,)

Solving the case of 2 events we have,

(30/50)(20/30)

Pl 1B)= (30/50)(20/30) + (20/50)(15/20)

=20/35=4/7=057

This example shows that while the prior probability of picking up a female
student is 0.6, the posterior probability becomes 0.57 after the additional
information that the student is an American is incorporated in the problem.

Another example of application of Bayes’ theorem is as follows:

Example 1. Abusinessman wants to construct a hotel in New Delhi. He generally
builds three types of hotels. These are 50 rooms, 100 rooms and 150 rooms hotels,
depending upon the demand for the rooms, which is a function of the area in which
the hotel is located, and the traffic flow. The demand can be categorized as low,
medium or high. Depending upon these various demands, the businessman has made
some preliminary assessment of his net profits and possible losses (in thousands of
dollars) for these various types of hotels. These pay-offs are shown in the following
table.

States of Nature
Demand for Rooms

Low(A4,) Medium (A,) High(4,)

02 0.5 03 Demand Probability
Number of Rooms R, =(50) 25 35 50
R,=(100) 10 40 70
R,=(150) 30 20 100




Solution. The businessman has also assigned “prior probabilities’ to the demand
structure or rooms. These probabilities reflect the initial judgement of the
businessman based upon his intuition and his degree of beliefregarding the outcomes
of'the states of nature.

Demand for rooms Probability of Demand
Low (4, 02
Medium (4,) 05
High (4,) 03

Based upon these values, the expected pay-offs for various rooms can be
computed as follows,

EV (50)=(25x0.2)+(35%x0.5)+ (50 x 0.3) =37.50

EV (100) = (10 x 0.2) + (40 x 0.5) + (70 x 0.3) = 39.00

EV (150) = (=30 x 0.2) + (20 x 0.5) + (100 x 0.3) = 34.00
This gives us the maximum pay-off of $39,000 for building a 100 rooms hotel.

Now the hotelier must decide whether to gather additional information
regarding the states of nature, so that these states can be predicted more accurately
than the preliminary assessment. The basis of such a decision would be the cost of
obtaining additional information. Ifthis cost is less than the increase in maximum
expected profit, then such additional information is justified.

Suppose that the businessman asks a consultant to study the market and
predict the states of nature more accurately. This study is going to cost the
businessman $10,000. This cost would be justified if the maximum expected profit
with the new states of nature is at least $10,000 more than the expected pay-off with
the prior probabilities. The consultant made some studies and came up with the
estimates of low demand (X ), medium demand (X)), and high demand (X,) with
a degree of reliability in these estimates. This degree of reliability is expressed as
conditional probability which is the probability that the consultant’s estimate of low
demand will be correct and the demand will be actually low. Similarly, there will be
a conditional probability of the consultant’s estimate of medium demand, when the
demand is actually low, and so on. These conditional probabilities are expressed in
Table 1.1.

Table 1.1 Conditional Probabilities

X X, X
States of ) 0.5 03 02
Nature (4, 02 06 02
(Demand) 4, 51 03 06

The values in the preceding table are conditional probabilities and are
interpreted as follows:

The upper north-west value of 0.5 is the probability that the consultant’s
prediction will be for low demand (X, ) when the demand is actually low. Similarly,
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the probability is 0.3 that the consultant’s estimate will be for medium demand
(X,) when in fact the demand is low, and so on. In other words, P(X,/ 4,)=0.5
and P(X,/A4,)=0.3. Similarly, P(X,/4,)=0.2 and P(X,/A4,)= 0.6, and so on.

Our objective is to obtain posteriors which are computed by taking the
additional information into consideration. One way to reach this objective is to
first compute the joint probability which is the product of prior probability and
conditional probability for each state of nature. Joint probabilities as computed is
given as,

States Prior Joint Probabilities
of Nature | Probability P4 x) P(4.X) P(4,X)
A, 02 0.2x0.5=0.1 0.2x0.3=0.06 0.2x0.2=0.04
A, 0.5 0.5x0.2=0.1 0.5x0.6=0.3 0.5x0.2=0.1
A, 03 0.3x0.1=0.03 0.3x0.3=0.09 0.3x0.6=0.18
Total marginal probabilities =023 =045 =032

Now, the posterior probabilities for each state of nature 4, are calculated as
follows:

Joint probability of 4; and X;

P4, /X)=
“4/%) Marginal probability of X,

By using this formula, the joint probabilities are converted into posterior
probabilities and the computed table for these posterior probabilities is given as,

States of Nature Posterior Probabilities

P(4,/X,) P(4/X,) P(4,/X,)
4, 0.1/.023=0.435 0.06/045=0.133 |0.04/0.32=0.125
4, 0.1/.023=0.435 0.30/045=0.667  |0.1/032 =0312
4, 0.03/.023=0.130 0.09/0.45=0200  |0.18/0.32 =0.563
Total =1.0 =1.0 =1.0

Now, we have to compute the expected pay-offs for each course of action

with the new posterior probabilities assigned to each state of nature. The net
profits for each course of action for a given state of nature is the same as before
and is restated as follows. These net profits are expressed in thousands of dollars.

Low(4)) Medium (4,) High (4,
Number of Rooms  (R)) 25 35 50
(R) -10 40 70
(R) =30 20 100




Let O, be the monetary outcome of course of action (i) when (j) is the
corresponding state of nature, so that in the above case O, will be the outcome of
course of action R, and state of nature 4,, which in our case is $25,000. Similarly,
O, will be the outcome of action R, and state of nature 4, which in our case is —
$10,000, and so on. The expected value EV (in thousands of dollars) is calculated
on the basis of actual state of nature that prevails as well as the estimate of the
state of nature as provided by the consultant. These expected values are calculated

as follows,
Course of action =R
Estimate of consultant = X
Actual state of nature = A4,
where, i=1,2, 3
Then

(A) Course of action =R, =Build 50 rooms hotel

ev| B| _ s[4 o,
Xl Xl

0.435(25) + 0.435 (—10) + 0.130 (=30)
10.875 — 4.35 3.9 = 2.625

ZP(ij 0,
X2

0.133(25) + 0.667 (~10) + 0.200 (~30)
3.325 - 6.67 — 6.0 =—9.345

EV'ii- — EP(iiiC%
X, X,

0.125(25)+ 0.312(-10) + 0.563(-30)
= 3.125-3.12-16.89
= —16.885

(B) Course of action =R, = Build 100 rooms hotel

ev| &) _ sp| Ao,
Xl Xl

0.435(35) + 0.435 (40) + 0.130 (20)
15225+ 17.4 +2.6 = 35.225

by
/l\
> |_>u
N—
I
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(C) Course of action =R, =

X

.
X2

e[ &) _
X3

ZP[ij 0,
Xl

0.133(35) + 0.667 (40) + 0.200 (20)
4.655 + 26.68 + 4.0 = 35.335

sp| o,
X3

0.125(35) +0.312(40) + 0.563(20)
4375+12.48+11.26=28.115
Build 150 room-hotel

zp| 4 |o,
Xl

0.435(50) + 0.435(70) + 0.130 (100)
21.75 +30.45 + 13 = 65.2

0.133(50) + 0.667 (70) + 0.200 (100)
6.65 + 46.69 + 20 = 73.34

s 4o,
X3

0.125(50) + 0.312(70) + 0.563(100)
6.25+21.84 +56.3 = 84.39

The calculated expected values in thousands of dollars, are presented in a

tabular form.
Expected Posterior Pay-Offs
Outcome EV(R/X) EV(R,/X) EV(R/X)
X, 2625 35225 65.2
X, —9.345 35335 73.34
X, -16.885 28.115 84.39

3

This table can now be analysed in the following manner.

If the outcome is X , it is desirable to build 150 rooms hotel, since the
expected pay-off for this course of action is maximum of $65,200. Similarly, if the



outcome is X, the course of action should again be R, since the maximum pay-off
is $73,34. Finally, if the outcome is X, the maximum pay-offis $84,390 for course
ofaction R,

Accordingly, given these conditions and the pay-off, it would be advisable
to build a hotel which has 150 rooms.
1.2.7 Sample Space and Events
Sample Space

A sample space is the collection of all possible events or outcomes of an
experiment. For example, there are two possible outcomes of a toss of a fair
coin, which are a head and a tail. Then, the sample space for this experiment
denoted by S would be:

S=1[H T]
This makes the probability of the sample space equals 1 or,
P[S] = P[H,T] =1

This is so because in the toss of the coin, either a head or a tail must occur.
Similarly, when we roll a die, any of the six faces can come as a result of the
roll, since there are a total of six faces. Hence, the sample space is S =1, 2,
3,4, 5, 6], and P[S] = 1, since one of the six faces must occur.

Events

An event is an outcome or a set of outcomes of an activity or a result of a trial.
For example, getting two heads in the trial of tossing three fair coins simultaneously
would be an event. The following are the various types of events:

Elementary Event. An elementary event, also known as a simple event, is a
single possible outcome of an experiment. For example, if we toss a fair coin, then
the event of a head coming up is an elementary event. If the symbol for an elementary
event is (£), then the probability of the event (£) is written as P[E].

Joint Event. A joint event, also known as compound event, has two or
more elementary events in it. For example, drawing a black ace from a pack of
cards would be a joint event, since it contains two elementary events of black and
ace.

Mutually Exclusive Events. Two events are said to be mutually exclusive
ifthe occurrence of one precludes the occurrence of another.

All simple events are mutually exclusive. Compound events are mutually
exclusive only when they contain no simple event in common. Thus, in drawing of
a card from a normal pack, the events ‘a red card’ and ‘a spade’ are mutually
exclusive as a card canot be red and a spade at the same time. But ‘aheart’ and ‘a
king’ are not mutually exclusive as both the compound events include the elementary
event ‘King of Heart’.
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Complementary Event. Two mutually exclusive events are said to be
complementary if they between themselves exhaust all possible outcomes. Thus,
‘not Ace of Heart’ and ‘Ace of Heart’ are complementary events. So also are ‘no
head’ and ‘at least one head’ in repeated flipping of a coin. If one of them is

denoted by 4, the other (complementary) event is denoted by 4.

How is an Event Represented? It is a statement about one or more outcomes
of an experiment. For example, ‘a number greater than 4 appears’ is an event for
the experiment of throwing a dice.

Consider an experiment of drawing a card from a pack containing just four
cards: Ace of Spades, Ace of Hearts, King of Spades and King of Hearts. We
draw any one of these four cards. So there are four possible outcomes or events—
drawing of S4, HA, SK, or HK. These events are called simple events because
they cannot be decomposed further into two or more events.

Any set of simple events can be represented on diagram like Figure 1.1 The
collection of all possible simple events in an experiment is called a sample space
or a possibility space. Thus the sample space of drawing a card from the pack
described earlier consists of four points.

° °
HEART HEART
ACE KING
° °
SPADE SPADE
ACE KING

Fig. 1.1 Simple Events

Aneventistermed compoundifitrepresents two or more simple events. Thus,
the event ‘Spade’ isacompound event as it represents two simple events S4 and
SK (Refer Figure 1.2).

° °
HA HK
ce T o

\SA SK/
Compound Event
‘Spade’

Fig. 1.2 Compound Event



Similarly, ‘not HA’ is also a compound event made up of all event except HA,
that is made up of S4, SK and HK (Refer Figure 1.3).

Compound Event
not HA

HA

sk

Fig. 1.3 Compound Event

The sample may be discrete or continuous. If we are dealing with discrete
variable, the sample space is discrete and if we are dealing with continuous variables
itis continuous. The sample space for rolling of two dices is a discrete one consisting
of 36 points (Refer Figure 1.4) and that for the weights of individuals selected at
random would be continuous.

A

69—~ " [ T i
1 1 1 I ] 1
1 1 1 I ] 1
1 1 1 I 1 1
54----- R LR R S !
1 1 1 1 1 1
1 1 1 I 1 1
1 1 1 I ] 1
I I LS I R !
1 1 1 I 1 1
2 ! ! ! ! ! !
Q 1 1 1 1 1 I
=34----- b---- R R !
5 ! ! ! ! ! !
3 ! ! ! ! ! !
2' """ T == T-~~7"A~~~—- F==="r="=""" 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 I 1 1
1 1 1 I ] 1
I 4----- b---- TRRREEEEEEE bommobenood !
1 1 1 I 1 1
1 1 1 I 1 1
1 1 1 1 1 1

1 1 1 1 1 IV
1 2 3 4 5 6

First Die

Fig. 1.4 Discrete and Continuous Sample Space

Sum of Events. Sum oftwo events 4, and 4, is the compound event ‘either
A, or A, orboth’, i.e., atleast one of 4, and 4, occurs. This is denoted by 4, +
A,.In general, 4, + 4, + ... + 4, is the event which means the occurrence of at
least one of 4;s.

Product of Events. Product of two events 4,4, is the compound event ‘4,
and 4, both occur’. This is denoted by 4,4,. Obviously, if 4, and 4, are two
mutually exclusive events than 4,4, is impossible event.

Suppose a person is required to calculate the possibility of the occurence of
one outcome (simple or compound) of an experiment. One method to do this is to
try the experiment a large number of times under exactly similar circumstances. If
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an outcome occurs m times in # trials, m/n is called is relative frequency. It is
conventional to use the term success whenever the event under consideration
takes place and failure whenever it does not.

If the outcome of the experiment be represented by graph in which we have
the total number of trials # on the horizontal axis and the proportion of successes
m/n on the vertical axis, we note the following points:

1. When 7 is small, the ratio m/n fluctuates considerably.

2. When n becomes large, the ratio m/n becomes stable and tends to settle
down to a certain value, say P.

From these, we conclude that when an experiment is repeated a large number
of times, the proportion of times the event occurs would be practically equal to the
number P.

We call the number P the probability of occurrence of the given event.

Thus, when we talk of the probability of an event, we simply refer to the
proportion of times that event occurs in a /arge number of trials or in a long run.
This is called the relative frequency approach of defining probability.

So the probability of getting a six in a single rolling of a die is the proportion of
times a six would show up in a large number of rollings of a single die under
exactly similar circumstances.

Note carefully that P and the proportion of success m/n are not the same
things. The ratio m/n changes with n while P does not. It is a fixed number. However,
when 7 is large and P is not known, m/n is taken as an estimate of P.

1.2.8 Finite Probability Spaces

A probability space is a measure of space such that the measure of the whole
space is equal to 1. A simple finite probability space is an ordered pair (S, p) such
that S'is set and p is a function with domain S. The range is a subset of [0,1] such
that,

2 p(s)=1

ses
Suppose (S, p) be a simple finite probability space. Then,
A={4:4cS}

Let, P(4)=). p(s)=1forde A4
se A

It can be easily verified that, (S, 4, P) is a probability space.

A simple and frequently used function p is obtained by letting p(s) equal one over
the number of elements of S for each se S.

Definition: A finite probability space is a finite set {2 # 0 together with a function,
Pr: 2 — R* such that,



@) vywe Q,Pr(w)>0
(1) g{; Pr(m)=1

Here, the set €2 is the sample space and the function Pr is the probability distribution.
The Elements we €2 are called atomic events or elementary events. An event is a
subset of €. The uniform distribution over the sample space is defined by setting
Pr(w)=1/ | Q| for every ®e €. This distribution defines the uniform probability
space over ). In auniform space, calculation of probabilities amounts to counting:
Pr(d) =141/ 1Q].

Check Your Progress

Define the terms simple probability and joint probability.
Explain the classical theory of probability.

What is the addition rule?

When is the law of multiplication applied?

What is Bayes' theorem?

AN e

What is a mutually exclusive event?

1.3 SET THEORY

Sets are one of the most fundamental concepts in mathematics. A set is a collection
of distinct object considered as a whole. Thus we say,

‘A set is any collection of objects such that given an object, it is possible to
determine whether that object belongs to the given collection or not.’

The members of a set are called elements. We use capital letters to denote
sets and small letters to denote elements. We always use { } brackets to denote a
set.

Examples of Sets: (/) The set of all integers.
(@i) The set of all students of Delhi University.
(@ii) The set of all letters of the alphabet.
(iv) The set of even integers 2, 4, 6, 8.

Example 2. Let M be the collection of all those men (only those men) in a village
who do not shave themselves. Given that, (i) All men in the village must be clean
shaven, (if) The village barber shaves all those men who do not shave themselves.

Solution. Suppose b denotes the village barber. If b € M, then b does not shave
himself. Then as per given statement (i7), b shaves himself, is a contradiction.

If b ¢ M, then b shaves himself. Then as per the given statement (), b does
not shave himself, again a contradiction.
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Since we cannot answer ‘Yes’ or ‘No’ to the question, ‘Is barber himself
a member of M ?” We conclude that M is not a set.

Elements

The members of a set are called its elements. We use capital letters to denote sets
and small letters to denote elements. If a is an element of the set 4, we write it as,
a € A (read as ‘a belongs to 4”) and if @ is not an element of the set 4, we write
itas, a & A4 (read as ‘a does not belong to 4”). There are different ways of
describing a set. For example, the set consisting of elements 1, 2, 3,4, 5 could be
written as {1,2,3,4,5} or {1,2, ...,5}or {x|xe N,x<5},

Where, N = Set of natural numbers.

We always use { } brackets to denote a set. A set which has finite number
of elements is called a finite set, else it is called an infinite set. For example, if 4
is the set of all integers, then A4 is an infinite set denoted by {...,—2,-1,0, 1, 2,
...} or {x| x is an integer}.

Singleton

A set having only one element is called singleton. If a is the element of the singleton
A, then A4 is denoted by A = {a}. Note that {a} and @ do not mean the same; {a}
stands for the set consisting of a single element a, while a is just the element of
{a}.Itis the simplest example of a nonempty set.

Equality of Sets

Two sets A and B are said to be equal if every member of 4 is a member of B and
every member of B is amember of 4. We express this by writing 4 = B, logically
speaking A = Bmeans (x € 4) =(x € B) or the biconditional statement (x € A)
< (x € B)istrue forall x.

Notes:1.The order of appearance of the elements of a set is of no consequence.
For example, the set {1, 2,3} issameas {2,3, 1} or {3,2, 1}, etc.

2. Each element of a set is written only once. For example, {2,2,3} is

not a proper way of writing a set and it should be written as {2, 3}.

Universal Set
Whenever we talk of a set, we shall assume it to be a subset of a fixed set U. This
fixed set Uis called the universal set.

Subsets

Let A and B be two sets. If every element of 4 is an element of B, then A is called
a subset of B and we write 4 < B or B D A (read as ‘A4 is contained in B’ or ‘B
contains 4”).

Logically speaking, 4 — B means (xm € A) = (x € B) s true for every x.



Notes:1.1fAc Band A +# B, wewrite A C Bor B> A (read as: 4 is a proper
subset of B or B is a proper superset of A).
2. Every set is a subset and a superset of itself.
3. If 4 is not a subset of B, we write A & B.

Empty Set or Null Set

A set which has no element is called the null set or empty set. It is denoted by the
symbol ¢.
For example, each of the following is a null set:
(7)) The set of all real numbers whose square is—1.
(i) The set of all those integers that are both even and odd.
(#ii) The set of all rational numbers whose square is 2.
(iv) The set of all those integers x that satisfy the equation 2x=35.

Example 3. The empty set ¢ is a subset of every set.

Solution. Suppose ¢ is not a subset of the set 4. This means there exists a € ¢
such that a ¢ 4. This is impossible as ¢ has no element. So, ¢ is a subset of every
set.

Aliter. Logically speaking, this can be proved that the conditional statement
(x € ¢) = (x e A)istrue for every x. Since ¢ has no element, the statement ‘x €
¢’ is false. Hence, the conditional statement (x € ¢) = (x € A) is true, which
proves the result.

Example 4. List the following sets (here N denotes the set of natural numbers and
Z, the set of integers).

() {x|x€ Nand x < 10}
(@) {x |x € Zand x < 6}
(#ii) {x |xe Zand 2 <x < 10}
Solution. (7)) We have to find the natural numbers which are less than 10. They are
1,2,3,4,5,6,7,8,9. The set can be described as {1, 2, 3,4,5,6,7, §,9}.
(@) We have to find integers which are less than 6. They are all negative
integers and the integers 0, 1, 2, 3, 4, 5. The set may be described as,
{..,-3,-2,-1,0,1,2,3,4,5}.
(iii) We have to find integers that are between 2 and 10. They are 3,4, 5,
6,7, 8, 9. The set may be described as {3, 4, 5,6, 7, 8, 9}.
Example 5. Give the verbal translation of the following sets:
() {2,4, 06,8}
@) {1,3,5,7,9,...}
(i) {1, 1}
Solution. (i) It consists of all positive even integers less than 10.
(ii) It consists of all positive odd integers.
(iii) Tt consists of those integers x which satisfy x*> —1=0.
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Example 6. If a, #b, and {a, b,} = {a,, b,} then show thata, #b,.
Solution. Leta, = b,. Thena, € {a;, b,} meansa, € { a,, b,} = {a,}.Soa,
=a,.Alsob, € {a,,b } means b, € (a,, b,) = {a,}.So, b, = a,. Therefore, a,
=b,, which is wrong. Thus a, #b,.
Example7. IfAcBand Bc C,then4 c C.
Solution. Leta e A be anyelementof 4. Thenas4A c B,a€ B.

AlsoBc C=ae C.

Thus every element of 4 belongsto C = A4 c C.

Aliter. Logically speaking, we want to prove that,

[(xed)=xeBA[xeB)=xe O)]=[(xe A)=(xe O)]

is true for every x. This follows the Transitive Law.

Example8. If4A cBand Bc A,then4=8.
Solution. SinceA4 c B,everyelementofAisanelementofB. Also BC 4, means
everyelementof Bisalsoan element of 4. Thisproves 4 = B.

Aliter. Logically speaking, this can be proved as,

[(xe )= (xe B)JA[(xe B)=(xe A)] = [(xe A) & (xe B)]is
true for every x. In other words, [(p = ¢) A (¢ = p)] = (p & ¢q) is true. Since
p=qistrueand g = pistrue, (p = q) A (¢ = p) is also true. This also means
that p < g istrue. So, [(p = 9) A (¢ = p)] = (p & q) is true. This proves the
result.

Example9. IfAcBand B C,then4 c C.

Solution. If 4 =C, then every element of B is also an element of 4 (as B C A).
But 4 c B means every element of 4 is also an element of B. Combining these
facts, we get 4 = B is a contradiction (as A is a proper subset of B). So, 4 # C.
Clearly, every element of 4 is also an element of C. Therefore, 4 is a proper
subset of C.

Aliter. If A= C, then B C A. This means (x € B) = (x € A) is true for every

Also A c Bmeans (x € A) = (x € B) is true for all x. Therefore,
(x € A) © (x € B) is true for every x. So, 4 = B, is not possible as 4 is
proper subset of B. Hence, 4 # C. A is subset of C.

Example 10. Find all possible solutions for x and y for each of the following
cases:

@ {2x, y} = {4, 6}
(@) {x, 2y} = {1, 2}
(#i) {2x} = {0}
Solution. (i) Let 4 = {2x, y} and B= {4, 6}
Now 2x € Ameans 2x € B. So,2x=4 or2x=6.If2x =4, then x =2. Also

y€ Ameansy € B. So,y=4 ory=6. However, y cannot be equal to 4. Then 4
will have only element 4 while B will have elements 4 and 6. Therefore, one solution



isx=2andy=6. If 2x= 6, then x = 3. But y cannot be 6. Then A will have only
element 6. Therefore,y must be 4. Another solution is x =3 and y=4.

(i) Let, A= {x,2y} and B= {1, 2}
xe Ameansx € B
So,x=1lorx=2
Ifx=1, then 2y =2. So, one solutionisx=1and y =1

If x=2, then 2y = 1. So, another solution isx =2 and y = %
(iii) Let, A = {2x}, B= {0}

2x € Ameans 2x € B

So, 2x =0 which means x =0

Therefore, the only solution is x =0.

Example 11. Find at least one set 4 such that,
(@) {1,2} cAc{l1,2,3,4}
(@) {0,1,2} cA4c{2,3,0,1,4}
Solution. (i) Since {1, 2} < 4, it means 4 must have 1, 2 as its elements and

also some other members. Again, 4 < {1, 2, 3, 4} means that the extra
member should be 3 or 4. So 4 = {1, 2, 3} or 4 = {l, 2, 4}.

(if) Considering the solution of above case (7), there are two possibilities.
Either4 = {0,1,2,3} or4={0, 1, 2, 4}.

Venn Diagrams

Venn diagrams are used to illustrate various set operations. It is named after John
Venn (18341883 ). You can represent the universal set by the points in and on a
rectangle and subsets 4, B, C, . . .by points in and on the circles or ellipses drawn
inside the rectangle. In Figure 1.5, the shaded portion represents 4 N B.

U

Fig. 1.5

In Figure 1.6, the shaded portion represents 4 U B.

Fig. 1.6
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In Figure 1.7, the shaded portion represents A”.

A’ U
Fig. 1.7

In Figure 1.8, the shaded portion represents 4 — B.

U

Fig. 1.8

In Figure 1.9, three sets 4, B, C divide the universal set U into 8 parts. Eighth
is part not numbered in the Venn diagram.

Fig. 1.9

Example 12. Provethat4 U (BN C)=(4w B)N (4w C)using Venn diagrams.

Solution. This can be proved with reference to Figure 1.9. B Cis represented
by areas 4 and 7, and 4 is represented by areas 1,2, 6 and 7. So, 4 U (BN C)
is represented by areas 1,2, 4, 6 and 7. Again, areas 1, 2,4, 5, 6, 7 represent 4
U Bandareas 1,2, 3,4, 6,7 represent 4 U C. So, areas 1, 2, 4, 6, 7 represents
(Auw B)N (4w C). This proves our assertion.

Example 13. Using Venn diagrams show that4 —(BU C)=(A4-B)uU (4 —
O).

Solution. To prove this see Figure 1.5, Areas 2, 3,4, 5, 6, 7 represent B U C.
Therefore area 1 represents 4 — (B U C). Now areas, 1, 2 represent 4 — B and
areas 1, 6 represent 4 — C and area 1 represents (4 — B) N (4 — C). This proves
the result.

Example 14. Using Venn diagrams show that for any two sets 4 and B,
(ANBY=A"UB
Solution. In Figure below, area 1 represents 4 N B while areas 2, 3, 4 represent

(4 N B)'. Again areas 3, 4 represent A” and areas 2, 4 represent B”. Therefore
areas 2, 3, 4 represent A” U B’.



L)

B

Example 15. Use Venn diagrams to show that for any sets 4 and B,

AUB =4U(B-4)
Solution. Refer Figure given in Example 14. Areas 1, 2, 3 represent AUB. Also
areas 1, 2 represent 4 and area 3 represents B — A. So, areas 1, 2, 3 represent
AU (B — A). This proves the result.

Operations with Sets

The reader is familiar with the operations of addition and multiplication in Arithmetic.
For any two given numbers, the operations of addition and multiplication associate
another number which is called sum or product of two numbers respectively. In
this section, we will define three operations for associating any two given sets as a
third set. These three operations namely, union, intersection and complement,
analogous to the operations of addition, multiplications and subtraction of numbers
respectively.

Union
The union of any two sets 4 and B is the set of all those elements x such that x
belongs to at least one of the two sets 4 and B. It is denoted by 4 U B. Logically

speaking, if the biconditional statement (x € C) < (x€ A) Vv (x € B) is true for all
x,then C=A4 U B. In other words (x€ 4 U B)= (x€ A) v (x € B).

Example 16. Prove that foranysets4 and B (i)Ac AU B, (ii)Bc AU B.
Solution. (i) x € A means x € A U B, by definition. Therefore,A c 4 U B.

(if)x € Bmeansx € AU B, by definition. Therefore, B A U B.

Aliter. (i) We want to prove that the conditional statement,

(xe A)=(xe AU B)istrue

But this statement is false if (x € A) is true and (x € 4 U B) is false. Such a
situation cannot occur, therefore for (x € A) is true means that (xe 4) v (x € B)
is true. Hence, (x € 4) v (x € B)istrue and (x € 4 U B) s false. It means (x €
A) v (xe€ B) =(x € A U B) is false. This is impossible by definition of 4 U B.
Similarly, we can prove case (i7).

Example 17. If4 < B, then 4 U B=Band conversely, if 4 U B=B, then 4 C B.

Solution. Suppose A = B.Letxe AU B.Thenxe 4, orxe Borxe (4 and
B).Ifxe A,thenx € B(as4A < B).Inanycase,x€ 4 U Bmeansx € B. So, 4
U B < B. We have already proved 4 = 4 U B. Therefore, 4 U B=B. Conversely,
let 4w B=B.Letxe A. Thenx € 4 B, which means x € B. Hence, 4 — B.
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Aliter. Suppose A € B. This can be proved that the biconditional statement
(xe B) = (x€ A) v (x € B)istrue for every x. But this statement is false if and
onlyif (x € B)isfalse and (x € A)is true. Such a situation cannot occur as 4  B.

This proves 4 U B=B.

Conversely, if 4 U B= B, then we want to show that the conditional statement
(xe A)= (xe B)istrue for everyx. This s false ifand only if (x € A)is true and
(x e B)is false. Now (x € 4) is true means (x € 4) v (x € B) is true. Therefore,
(xe A)v (x€ B)= (xe B)is false. This is impossible as B=A4 U B. This proves
AcCB.

Example 18. If A c Cand B< C, then (4 U B) c C.
Solution. We want to show that (x € 4 U B) = (x € C)is true for every x. This
is equivalent to say that (x € 4 U B) is true and (x € C) is false cannot occur
together. Suppose (x € 4 U B)istrue. Then (x € A) v (x € B)istrue. This means
(xe A)istrueor (x€ B)istrue. If (xe A)istruethen (xe C)istrucas 4 c C.
If (x € B)istrue then (x € C) istrueas B < C. In any case (x € C) is true. So,
when (x€ AU B)istrue, (x € C) should also be true. This proves our assertion.
Aliter. Letxe AU B. Thismeansxe Aorxe Borxe (4 and B). Ifx
€ A,thenxe C(asAc (). Ifxe B,thenxe C(as Bc C). Inany case, x €
C.So,xe Avw Bmeansxe C.
This proves 4 U B c C.

Intersection

The intersection of two sets 4 and B is the set of all those elements x such that x
belongs to both 4 and B and is denoted by A N B. If A N B= ¢, then 4 and B are
said to be disjoint.

Logically speaking, if the biconditional statement (x € C) < (x€ A)A(xe
B) is true for all x, then C=A4 n B. Hence,

(xednB)=(xe A)Nn(xe B)

Example 19. Show that forany sets 4 and B(i))ANBc A(ii)ANnBcB

Solution. Let x € 4 N B. Then, by definition x € 4 and x € B. Therefore,
ANnBcAand AN BcCB.

Aliter. (i) This can be proved that,
(xe AN B)= (x€ A)is true for all x.

Now, consider the case when (x e 4 N B) istrue and (x € A) is false. Here,
(x e A)is falsemeans (x€ A) N (x€ B)isfalseandso(xe ANB)= (x€ A)
M (xe B) is also false which is impossible by definition of (4 N B). This proves the
result.

(@) This can be proved that,

(xe AN B)= (x € B)istrue for all x.

The only doubtful case is when (x € A N B)istrueand (x € B) s false. This

is not possible according to definition of A N B. Hence proved.



Example 20.If4AcBand4 < C,then4 < (BN C)
Solution. Letxe A. Thenxe Bandxe C(asA cBand A4 c C).
So,xe Bn C.
This provesthat4 c BN C.
Aliter. This can be proved that,
(xe A)= (xe BN O)is true for all x.
The only doubtful case is when (x € A) is true and (x e BN C) s false.

Now (x € 4)is true means (x € B)is also true (as 4 < B). Also (xe C)is true
(as A < C). This means (x € B) N (x € C) is true and therefore (xe BN C) s
true. This proves the result.

Example21. 4 UB =4AnNBifandonlyif4=28.

Solution. Suppose A UB=ANB. Letxe 4. Thenxe AU Bandsoxe ANB.
Therefore, x € B. This proves that 4  B. Similarly B € 4 and hence 4 = B.

Aliter. Suppose AU B=A4ANB
According to Adsorption law,
xed)y=(xe A)n[(xe A)u (x e B)]
=(xe A)n[xe Au B]
=(xe A)n[xe AN B]
=[xe d)n(xe A)]Nn(xe B)
=(xe A)Nn(xe B)
=(xe AN B)
=(xe AUB)
=(xe B)u(xe A)
=(xe B)u[(xe A)u (xe A4)]
=(xe B)u[xe BuUA]
=(xe B)u[xe AN B]
=(xe B)u[(xe A) N(xe B)]
=[xe B)u(xe A)Nn(xe B)
=(x € B)Adsorption law

This proves that 4 = B.
Conversely, if 4= B, then
(xe AuB)=(xe A)u (xe B)
=(xe B)u(xe B)
=(xe B)
=(xe B)Nn(xe B)
=(xe A)Nn(xe B)

=(xe AN B)
Note: Adsorption law in logic means that,
@Opnpur=p (@Hpopnn=p
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Complements

If 4 and B are two sets then complement of B relative to 4 is the set of all those
elements x € 4 such thatx ¢ B and is denoted by 4 — B. Logically speaking, if for
a set C'the biconditional statement (x€ C) < (x€ A) N (x & B)istrue forall x,
then

C=A—B. In other words, if (x e C)=(x € 4A) A (x ¢ B) then C is called the
complement of B relative to 4.

Notes: 1.1t is proved from the above definition that 4 — B is a subset of A.
2. Whenever we say complement of B we mean complement of B
relative to the universal set U. In such cases, we denote complement
of Bby B".
So,B’=U-B.
Example 22. Show that 4 —B=4 N B".

Solution. Let x € 4 — B. This means x € 4 and x ¢ B. By definition of the
universal set 4 — B c U. So,x € U. Therefore xe U, x ¢ B, implies thatx e B".
This proves that A —Bc AN B’. Againifxe AN B’,thenxe Aandx € B".
Now x € B”implies thatx ¢ B. Sox € A — B. This proves thatA " B’'c A—B.

Therefore A—B=A4ANB’.

Aliter.(xe A —B)=(xe A)n(x ¢ B)
=sxednUnxeg ByasdAnU=4
=[xed)nNnkxe U)]n(xe B)
=[xed)n[xe Unxeg B)
=[(xe A)N(xe B)]

This proves that A —B=A4 N B’.

Example 23. Prove that A ¢ Bifand only if B" c 4.
Solution. Suppose 4  B. Let x c B". Thenx € Uand x ¢ B. Nowx ¢ B
implies that x ¢ 4 (as A < B). Thereforex e Uandx ¢ A impliesthatxe A4’
This proves that B" < A". Conversely, let B ' c 4" . Let Be A. Thenx ¢ A’. Now
x & A" implies thatx ¢ B’ (as B’ < A”). This means that x € B. Hence, 4 C B.
Aliter. Now (xe A)= (xe€ B)

=~(xeB)=~((xe A (by Contrapositive law in logic)
xg B)=((xe A)

=xeB)=((xe d)

Suppose 4 < B. Then (x € A) = (x € B)is true for all x. This is proved that,
(xe B")= (xe A")istrue for all x. This means B” — A". Conversely, suppose
B’cA’. Then (xe B’) = (xe A”) s true for all x. This is proved that (x € 4) =
(x € B)istrue for all x. This implies that 4 € B. Hence proved.



Algebra of Sets

The following are some of the important laws of sets.
1. Law of Idempotence. For any set 4,
AuAdA=AandANnA=A4
2. Commutative Law. For any sets 4 and B,
AUB=BUA,ANnB=BnNA
3. Associative Law. For any three sets 4, B, C,
HAuvuBul)=(4AuB)uC
@ ANnBNCO)=AnNnB)NC
Proof. (i) It can be proved that,
[xe AuBuUO)] e [xe (AU B)c (]istrue for all x.
Now by definition,
[xedAuBuUO|=[xe AU {(xe Byu(xe O)}]
and [xe AuUB)UC]=[{xe A)uxe B)}u@xe O)]
Hence, as per the associative law in logic, the result of case (7) follows.
Similarly, you can prove case (ii). The proof (i7) is left as an exercise.

Distributive Laws

For any three sets 4, B, C,
AN BUC)=ANBuAnO)
@MAVBNC)=(AuB)NnAu0)

Proof. (/) Letxe A n(Bw C). This implies thatx € 4 andx € BuU C. Now,
x€ BuCimpliesthatxe Borxe Corxe bothBand C.Ifx € B, thenx e

ANB. Ifxe C,thenxe AN C.Inanycasexe (AN B)u (AN ).

So, ANn(BuO)=(AnNnB)uAn).

Similarly (4 " B)u (4 N C)=A4 N (B u C). This proves case (i).

Similarly, we can prove case (ii).

Aliterxe [AN(BUO)]=[(xe A)N(xe Bu ()]
=[xe A)n{lxe B)v(xe O)f]
=[xe AN (xe B)]vxe A)c(xe C)]

(by Distributive Law of logic)

=xednB)lulxe AN O)]
=s[xednBuAdn)]

So, AABUC)=ANB)UANC)

Similarly, we can prove case (ii) by laws of logic.
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De Morgan’s Laws

For any two sets 4 and B,
@H)AUB)Y=4A"NnB
@) ANBY=4A"UB
Proof. (i) Letx € (4 U B)’. This implies thatx ¢ 4 U Bandx € U. Now
x& Avu Bimpliesthatx¢ 4Aand x¢ B. Butx& 4 andx e Uimplies thatx e
A’and x ¢ Bandx € Uimplies that x € B". Therefore, x € A” N B" and so (4
U B) =A'"nB’. Similarly (4’ " B)=(A U B)".
This proves that (4 U B) =4’ N B’
Alternative proof of case (i) using logic:
Now x € (AU B) =~[(xe (4 U B)]
=~[(xe AU (xe B)]
=~xe A N~(xe B)
=(xgA)Nn(xe¢ B)
=xed)n(xeB)
=(xe A NnB)
Therefore, (4 U B) =A4"NB’
The proof of case (ii) is left as an exercise.

Example 24. Let 4, B, C be any three sets. Prove that,
ANB-C)=(ANB)—-ANCO)
Solution. (A NB)—(ANC)=(ANB)NANCY
=A@AnNB)nNnA )
by De Morgan’s law
=[(ANB)N A"l U[(4 N B) N C’]byDistributive law
=[(ANA)NB]lu[(4n B) N C’] byAssociative law
=[pnBlu[An(BNC)]
=pudAn(BnNC)]
=ANn(BNC)
=ANnB -0
Example 25. For any sets 4 and B, show that,
(A-B)u(B-A)=(AuUB)— (4N B)
Solution. (4 W B)—(ANB) =(AUB)N(ANBY
=(AuUB)N A" UB)
By De Morgan’s law,
=[(AuB)NA"|U[(A4UB)NB’]
By Distributive law,
=[AnA)YuBNnA)u[(AnB)u(BNB)]
=[puBnANVANnB)U g



=BNnA)YuANnB)

=(B-A4A)u(4-B)

=(A-B)u(B-A)
By Commutative law,

Finite Sets

If A is a finite set, then we shall denote the number of elements in 4 by n(4). If 4

and B are two finite sets, then it is very clear from the Venn diagram of 4 — B that,
n(d—-B)=n(A)—n(BNA)

Suppose 4 and B are two finite sets such that 4 N B = ¢. Then, the number of

elements in A U B is the sum of number of elements in 4 and B the number of
elements in B.

ie., n(AuB)=n(A)+nB)ifANB=¢
For example, to find the number of elements in A U B, in case A N B # ¢, can be
proved as follows:
For any two sets 4 and B,
AUB=4A0U(B-A4)
Here, ANB-4)=0¢
Therefore, n(4 v B)=n(A)+n(B-A)
=n(A) +n(B)-n(4 N B)
Note: According to the definition of empty set it follows that n(¢) =0.
Therefore, if A and B are two finite sets, then,
n(A v B)=n(A)+n (B)—n(ANB)
Similarly, if 4, B, C are three finite sets, then,
nAuBuUC)=nAVB)+n(C)—n[(4 uB)NC(C]
=n(A) +n(B) —n(A N B)+n(C)—n[(4 v B)AC]
=n(4)+nB)+n(C)—n(ANB)-n[(4 NnC)u (BN O)]
=n(4)+n(B)+n(C)—n(A N B)—[n(d N C)]
+nBNCO)—n[AN C)yA(BNC)]
=n(d)+nB)+n(C)—nAnNB)-n(An C)—n(BnN C)
+nAnNnBNnCasAnNnCnNnBNC=AnNnBnNnC
These two results are used in the following problems.

Example 26. In arecent survey of 400 students in a school, 100 were listed as
smokers and 150 as chewers of gum; 75 were listed as both smokers and gum
chewers. Find out how many students are neither smokers nor gum chewers.
Solution. Let Ube the set of students questioned. Let 4 be the set of smokers,
and B the set of gum chewers.

Then, n(U) =400, n(4) = 100, n(B) = 150, n(4A N B) =175

We have to find out n(4” N B’)
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Now, ANB =(AuUB)=U-(4UB)
Therefore,
nA " NnB)Y=n[U-(4uB)]
=n(U)—n[(4wB)n U]
=n(U)—n(4 U B)
=n(U)—n(A4) —n(B) + n(4 N B)
=400 - 100 — 150 + 75
=225
Example 27. Out of 500 car owners investigated, 400 owned Fiat cars and 200

owned Ambassador cars; 50 owned both Fiat and Ambassador cars. Is this data
correct?

Solution. Let U be the set of car owners investigated. Let 4 be the set of those
persons who own Fiat cars and B the set of persons who own Ambassador cars;
then A N B is the set of persons who own both Fiat and Ambassador cars.

n(U) =500, n(4) =400, n(B) =200, n(4 N B) =50
Therefore, n(AwB)=n(A)+ n(B)—n(4 N B)
=400+ 200 — 50 = 550
This exceeds the total number of car owners investigated.
So, the given data is not correct.
Example 28. A market research group conducted a survey of 1000 consumers

and reported that 720 consumers liked product 4 and 450 consumers liked product
B. What is the least number that must have liked both the products?

Solution. Let, U = Setofconsumers questioned
S = Set of consumers who liked product 4
T = Set of consumers who liked product B

Then, S N T = Set of consumers who liked both the products 4 and B
Now, n(U) = 1000, n(S) =720, n(T) = 450
Therefore, n(SU T) = n(S)+n(T)—n(SNT)
=1170-n(SNT)
So, n(SNT)=1170-n(Sw T)

Now, n(S N 7T) is least when n(S'w 7T) is maximum. But S U T < U implies that
n(SuT)cn).

This implies that maximum value of n(.S'w 7) is 1000.

So, least value of n(SN 7) =170

Hence, the least number of consumers who liked both the products 4 and B is
170.

Example 29. Out of 1000 students who appeared for C.A. Intermediate
Examination, 750 failed in Maths, 600 failed in Accounts and 600 failed in Costing,
450 failed in both Maths and Accounts, 400 failed in both Maths and Costing,



150 failed in both Accounts and Costing. The students who failed in all the three
subjects were 75. Prove that the above data is not correct.

Solution.
Let, U = Set of students who appeared in the examination.
A = Set of students who failed in Maths.
B = Set of students who failed in Accounts.
C =Set of students who failed in Costing.
Then, A N B = Set of students who failed in both Maths and Accounts.
B N C = Set of students who failed in both Accounts and Costing.
A N C = Setof students who failed in both Maths and Costing.
A N B N C=Setof students who failed in all the three subjects.
Now, n(U) = 1000, n(4) =750, n(B) = 600, n(C) = 600, n(4 N B) =450,
n(BnN C)=150,n(4 N C)=400,n(ANBNC)="75
Therefore, n(4 w Bu C) =750 + 600 + 600 — 450 — 150 — 400 + 75
=1025
This exceeds the total number of students who appeared in the examination.
Hence, the given data is not correct.

Example 30. A factory inspector examined the defects in hardness, finish and
dimensions of an item. After examining 100 items he gave the following report:

All three defects 5, defects in hardness and finish 10, defects in dimension and
finish 8, defects in dimension and hardness 20. Defects in finish 30, in hardness
23, indimension 50. The inspector was fined. Why?
Solution. Suppose H represents the set of items which have defect in hardness, /
represents the set of items which have defect in finish and D represents the set of
items which have defect in dimension.

Then, nHNFND)=5nHNF)=10,n(DNF)=28

n( D N H)=20,n(F)=30, n(H)=23, n(D) =50

So, n(HUOFuUD)=30+23+50-20-10-8+5=70
Now, n(DUF)=nD)+n(F)—n(DNF)
=50+30-8= 72

DUFcDuUFuUHimpliesthatn(D U F)<n(DuU FUH),i.e.,72<70
Hence, there is an error in the report and for this reason inspector was fined.

Example 31. In a survey of 100 families the numbers that read the most recent
issues of various magazines were found to be as follows:

Readers Digest 28
Readers Digest and Science Today 8
Science Today 30
Readers Digest and Caravan 10
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Caravan 42

Science Today and Caravan 5

All the three Magazines 3
Using set theory, find

(/) How many read none of the three magazines?
(i) How many read Caravan as their only magazine?
(7if)How manyread Science Today ifand onlyiftheyread Caravan?
Solution. Let, S=Set of those families who read Science Today
R =Set of those families who read Readers Digest
C =Set of those families who read Caravan
0) Findn(S"nR N C’)
Let U= Set of the families questioned.

Now, SNRNC =SURuUCY
=U-(SURUC()

Therefore,n(S" "R N C") =n(U)-n(SUR U C)
=100—n(SURUC)

Now, n(SURUC)=30+28+42-8-10-5+3 =280

So, nS "R NnC) =100 —80=20

(@) Find n[C— (R UL S)]

Now, n[C—(RUS)] =n(C)—n[CN(RUS)]
=n(C)-n[(CAR)L(CNS)]
=n(C)—n(CNR)—n(CNnS)+n(CNARNS)
=42-10-5+3
=30

(@ii) Find n[ (S C) - R]

Now, nf(SNC)—R]l=n(SNC)—n(SNCNR)
=5-3=2

Example 32. In a survey conducted of women it was found that,
(1) There are more single than married women in South Delhi.
(@) There are more married women who own cars than unmarried women.
(#ii) There are fewer single women who own cars and homes than married
women who are without cars but own homes.
Is the number of single women who own cars and do not own homes greater
than number of married women who do not own cars butown homes?
Solution. Let, 4 = Set of married women
B =Set of women who own cars
C = Set of women who own homes



Then, the given conditions are,

(i) n(4") > n (4)

@@y n(AnB)>n(A"NB)
(@ynAnB NC)y>n(A" nBnC)
Findn(A"n BN C")and n(4d "B’ N C)
Let, U= Set of all women questioned.

Now, A =4ANU=4A"BUB)=U'"B)U (4’ NB)
A=ANU=4ANnBUB)=(ANB)u(AnDB)
So, n(A)y =nA"NB)+nA" NnB)

n(A) =n(ANB)+nANB)
According to case (i), we have,
nA " NnB)+nd" NnB)Y>nANB)+n(ANB)
Also, by case (i) we have,
nA " NnB)+n(A" N"BY>n(ANB)+nAnNB)>nd" NnB)+ndnNB)

Therefore,
nA’ NB)>n (AN B)
Also, ANB=(A"NnB)yn(Cu )
=A'N"BNC)y uA" NnBNC)
And ANB =(AnNB)n(Cu )
=A@ANBNC)uAnNnB NC)
So, nA NnB)=nd""nBNC)+nd" nBnC)

nANB)Y=nAnNnB N"C)+n(AdnB NnC)
Using case (iii) we get,
nA" N"BNC)y+nA" NnBNCY>n(ANnB NnC)+nd nBnC)
ie., nA " N"BNCY>n(AnNnB NnC)
So, the number of single women who own cars and do not own a home is
greater than the number of married women who do not own cars but own homes.

1.3.1 Counting Principles

The probability of a successful outcome is calculated as the number of successful
outcomes divided by the total number of possible outcomes. When the number
of total outcomes is comparatively small we can list them all and this constitutes
the entire sample space. This task becomes cumbersome when the number of
possible outcomes is large. For such situations some counting methods have
been developed, and this makes it easier to calculate the number of all possible
outcomes of all events. For example, if we roll a die, we know that there are
6 possible outcomes, namely, 1, 2, 3, 4, 5, 6. When a second die is rolled, the
number of possible outcomes for both dice together increases to 6 x 6 = 36.
If the die is rolled four times, the number of possible outcomes becomes 6 x
6 X 6 x 6 =1296. To solve such probability problems, the counting rule can
be stated as follows:
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If an event A can occur in n; ways and after its occurrence, event B
can occur in n, ways, then both events can occur in a total of n; * n,
different ways in a given order of occurrences.

For example, if we toss a coin 3 times, there are two possible outcomes
for each toss. Hence the total number of possible outcomes in 2 x 2 x 2 =8,
This can be illustrated as follows:

Outcome

EEEEEER)-

8
Accordingly, the fundamental counting principle can be expanded as follows:

If there are k separate parts of an experiment, and the first part can
he done in n; ways, second successive part in n, ways ... and kth successive
part in n, ways, then the total number of possible outcomes is given by the
following product:

1.3.2 Classes of Sets

Sets are fundamental objects aimed at defining all other concepts in mathematics.
Sets are taken as something self-understood. It is a kind of standard concept with
formal axioms. In earlier days “class and set’ were not considered different, as it is
done now.

In set theory, a collection of set or some mathematical objects having similarity
in property among members is said to form a class. A c/ass in modern set theory
speaks of an arbitrary collection of elements of the universe. Thus all sets are
classes since these are collections of elements of the universe, but not all classes
are sets. A proper class is not a set.

Set theory has its own language that defines the concept of membership. In
real world, we deal with different kinds of sets. These may be sets composed of
numbers, points, functions, or other sets.

Concept of class became more important after advent of computer science
and various programming languages. Object oriented programming languages use
classes and objects while defining functions that perform a particular task. They
give a set of inputs that goes under a set of processes and gives a set of outputs.

Sets fall into two classes, basic sets which are typically simple sets which
form a base for the topology, and denotable sets which are unions of basic sets.



All geometrical shapes represent classes of sets. Like, a circle denotes a set
that contains points in a plane or in three dimensional spaces whose distance from
a fixed point is constant. A parabola is also a set containing points in a plane or in
three dimensional spaces in which its distance from a fixed point known as focus is
same as its distance from a line known as directrix. Similarily, other geometrical
shapes like, ellipse, hyperbola, sphere, ellipsoid, paraboloid, etc., are defined in
the language of sets. But here the set is not finite as it is not definite as how many
points lie on these plane curves or three dimensional bodies.

The fundamental geometric operations are — contains (Set, State), disjoint
(Set,Set) and subset(Set,Set). Fuzzy basic sets, which are sets of sets, defined
using interval data, to store intermediate results if these cannot be computed exactly.
These sets can be converted to ordinary basic sets by over or under approximation.
Alternatively, the fundamental binary predicates can be computed directly for the
fuzzy set types. Denotable sets are never fuzzy.

Basic sets are so-called because they form a base for the topology of the
space. Typically, basic sets are (a subclass of) convex polytopes or ellipsoids.
Basic sets must support the fundamental geometric predicates, both within the
class and with the Rectangle class. Additionally, basic sets may support the optional
geometric operations, but only if the class of set under consideration is closed
under that operation. The result may be exactly computable if it involves no
arithmetic (for example, intersection of two rectangles) or may need to be
represented by a fuzzy set (for example, Minkowski sum of two rectangles).

Denotable Sets: A denotable set implements a set as a union of basic sets. The
specification of the denotable set concept is given by the class followed by a ::
and name of the set that it contains.

Predicates and Operations on Sets

Predicates on Sets

The fundamental geometric predicates are:
e contains(): test whether a set contains a point.
¢ disjoint(): test whether two sets are disjoint.
e subset(): test whether a set is a subset of another.
¢ intersects(): test whether two sets intersect.
o superset(): test whether the second set is a subset of the first.

All these predicates return a fuzzy logic value, since the result of the test may
be impossible to determine at the given precision.

1.3.3 Power Sets

Power set is a class of sets which is a collection all the subsets that is formed by
member of a set denoted by A or any other letter. Number of power sets that can
be formed is given by 2n where # is the cardinality of the set, i.e., number of
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members of the set. For example if a set contains three members then number of
subsets that it can form is 23 = 8 subsets. There are 8 subsets in a power set of set
A when#(A),n(A)or |A|=3.

For example, let there be a set 4 = {1,2,3} then the power set contains
subsets {{1,2,3}, {3,1}, {2,1}, {1,3}, {1.,2}, {1}, {2}, {3}, { } }. Here, null set
in which there is no element and its universal set in which all the elements are
present, both are present.

Fuzzy Sets: This kind of set has varying degree of membership. It was proposed
in 1965 by L.A. Zadeh and it is an extension of the conventional notation of set. In
conventional set theory an element is either in a set or not in a set, but in a fuzzy set
there is a grade of association.

IfthereisasetS= {x,......... ,x }, the fuzzy set (S, m) is shown as

tm(x )/x, oo, m(x )/x ).

If m(x) = 0 for any x then it means that the member is not in the set and if

m(x) = 1, shows full membership in the fuzzy set. Any value in-between 0 to
1 shows varying degree of association of members of the fuzzy set.

Operation on Fuzzy Sets

Union: Union of two fuzzy sets S| and S, having membership function (S,) and
(8,) is given by max((S,), (S,)). This operation resembles OR operation in Boolean
algebra.

Intersection: Intersection of two fuzzy sets S, and S, having membership function
(S))and (S,) is given by min((S)), (S,)). This operation resembles AND operation
in Boolean algebra.

Complement: This operation is the negation of the specified membership function
and shows the negation criterion. This operation is like NOT operation in Boolean
algebra.

Rules which are common in classical set theory also apply to fuzzy set theory.
Important Terms associated with Fuzzy Set

Universe of Disclosure: It is the range of input values for a fuzzy logic.

Fuzzy Set: A set that allows degree of association from 0 to 1. Zero (0) shows
no association and 1 shows full association.

Fuzzy Singleton: It is a fuzzy logic having single point with membership of 1.
Example 33. Classification of dwelling units.

Problem Statement. A builder wants to classify the flats that he is building and
intending to sell to home seekers. Level of comfort is given by number of bedrooms
in a flat. If U represent the set of those available flats and is given as:



U= {x|xe [0, 1] € []. Flats are denoted by ‘u’ number of rooms in a
dwelling unit. Builder gives a comfort level for ‘a family of four’.

Solution. A comfortable flat for a ‘family of four’ is described by a fuzzy set as
given below:

FlatForFour
= FuzzySet[{{1l, 0.2}, {2, 0.5}, {3, 0.8}, {4,
11},
{5, 0.7}, {6, 0.3}}, UniversalSpace — {1,
10}]

Fuzzyplot[FlatFour, ShowDots—True]

Membership Grade

oo o o
1 2 3 4 5 6 7 8 9 10 11

Example 34. Problem on age. Range is from 0 to 100.

Problem Statement. Here fuzzy set is used for representing age that ranges
from 1 to 100.

Solution. This can be discussed with the help of fuzzy sets and for that we set the
universal space for age to have a range from 0 to 100.

SetOptions[FuzzySet, UniversalSpace—{0, 100}]
Example 35. Problem on youth age. Range in from 0 to 40.
Problem Statement. Represent concept of youth by a fuzzy set.
Solution. Defined as a fuzzy set.
Youth = FuzzyTrapezoid[0, 25, 40]

In a similar way, the property of ‘being old’ can also be given as a fuzzy set. This
is as below:

0ld = FuzzyTrapezoid[50, 65, 100, 100]
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Example 36. This example shows the operation ‘intersection’ on fuzzy sets.
Problem Statement. Define the concept of ‘middle-aged’ using fuzzy set.

Solution. A middle age means ‘not old’ OR ‘not young’. This requires use of
operators NOT, OR. Thus a middle age is found by ‘not old’ (Complement of
old) OR (Disjunction) ‘not young’ (Complement of youth) as in example 33(a)
and 33(b).

Middle-Aged = Intersection[Complement[Young],
Complement [01d]];

We can also define and operation FuzzyPlot to find a graphical presentation of
age, performing an operation which named as FuzzyPlot.

FuzzyPlot[Young, Middle-Aged, 014,
PlotJoined—True];

Membership Grade
1
0.8
0.5
04
0.2
U
0 20 40 60 80 100

The graph shows that the intersection of ‘not young’ and ‘not old’ gives areasonable
definition for the concept of ‘middle-aged.’

Example 37. Fuzzy set with natural numbers.

Problem Statement. To define a set of natural numbers in the neighbourhood of
6. This can be done in different ways.

Solution. Define a fuzzy set of number adjacent to 6.
SetOptions[FuzzySet, UniversalSpace— {0, 20}];
Sixl =

FuzzySet[{{3, 0.1}, {4, 0.1 {4,0.3} {5, 0.6},
{6,1.0}, Number’s closeness to 6.

{7, 0.6}, {8, 0.3}, {9, 0.1}}]
FuzzyPlot[Six1];



Membership Grade
1

c-8
c-6

c-4F

c-2 f | |
I I o

1 3 5 7 9 11 13 1517 19 21

Solution. We use a function FuzzyTrapazoid and create a fuzzy set. If we think
that triangular fuzzy set is perhaps a better choice then we have to set two parameters
in the middle of the set as 6 which would tell about the closeness to number 6. We
also define a set Six2 which shows a set of,

Six2=FuzzyTrapezoid([2, 6, 6, 10];

FuzzyPlot [Six2] ; This shows aset of points according this definition.

Membership Grade

0.2} | I

P LU
1 3 5 7 9 11 13 1517 19 21

Solution. There may be a third solution which creates a fuzzy set defining nearness
to 6.

1
CloseTo[x]: = —
1+(1-x)
We name it Six3.
Six3 = CreateFuzzySet[CloseTol[6]];

FuzzyPlot[Six3];

Membership Grade

U

[

1 13 15 17

19 21
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2

5 7
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Solution. There may be a fourth solution which uses a ‘piece-wise defined
function’.

NearSix[x] = whichlx = 6,1, x > 6 & & < 12,

1 1
( 5)2 , X <06&& >0, ﬁ , True, O]
X — — X

Six4 = CreateFuzzySet [NearSix];
FuzzyPlot [Six4];

Membership Grade

‘llll‘nU
7 9

11 13 15 17 19 21

0.2} ‘
H||
1 3
Example 38. Problem on disjunctive sum.
Problem. To find,

RMat = {{8,.3,.5, .2}, {4,0,.7,.3}, {6, .2, .8,.6})

5

This shows a one membership matrix.

SMat = {{.9,.5,.8, 1}, {.4,.6,.7, .5},
{.7,.8,.8,.7}}

This shows another membership matrix.

R = FromMembershipMatrix[Rmat];  Thisdefinesrelationin
RMat

S = FromMembershipMatrix[SMat];  Thisdefinesrelationin
SMat.

FuxxyPlot 3D[R,S, ShowDots—True] Thisshows location of
point.




Let there be two fuzzy relationships R and S in the universal space V x W.
The disjunctive sum is given by: DisSum=(R " S’) U (R’ N S), which is a relation
in V x W, with the following property:

vyv, w € VxW, and

DisSum(v, w)= Maximum of (Min(R(v, w), 1 - S(v,
w) ),

Mln(l - R(V/ W)I S(V/ W)))

DisSum = Union[Intersection[R, Complement([s]],

Intersection[Complement [R],S]];
FuzzyPlot3D[DisSum];

ToMembershipMatrix [DisSum] // MatrixForm

0.2 0.5
0.4 0.6
0.4 0.8

o o o

.5 0.
.3 0.
.2 0.

= n o

Example 39. Problem on distance.

Problem Statement. We take a fuzzy relation R on sets X, Y. We define these
sets as: X= {Delhi, Moscow} and Y= {Dacca, Delhi, London). The relation R is
representing the idea of being ‘far’. The relation may be shown as R(X,Y)=1.0/
Delhi, Dacca + 0/Delhi, Toronto + 0.6/Delhi, London + 0.9/Moscow, Delhi +
Dacca +0.9/London, Dacca + 0.7/London, Delhi + 0.3/London.

Solution. Representation of such a fuzzy relation is as below: A membership matrix
is to be created to depict the relationship. For this we represent by number for
each city in the set. For Xwe keep 1 for Delhi and 2 for Moscow. In Y we set 1 for
Dacca, 2 for Delhi and 3 for London.

After this, we are in a position to create relation using a function by name from
memebrship matrix and the relationship can be plotted using a function that is
named FuzzyPlot3D.

DistMat = {{1,0,0,6}, {0.9,0.7,0.3}}
{{1,0,0.6}, {0.9,0.7,0.3}}

{11, 0, 0.6}, {0.9, 0.7, 0.3}}
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DistRel = FromMembershipMatrix[DistMat,

{{1,2}, {1,3}1}]

FuzzyRelation |

{({{1,1},1},{{1,2},0}{{1,3},0.6
{{2,1},0.9},{{2,2},0.7,{{2,3}0.3}},

UniversalSpace—{{1,2,1},{1,3,1}}]

This relation can be plotted using the FuzzyPlot3D function.
Fuzzy Plot3D[DistRel,

Axes Label—{%“ X", %“Y”, “Grade”],

View Point—{2, 0, 1},

Axxes Edge—{-1, -1}, {1, -1}, {1, 1}}1;

\ .
\ \ (()) f Grade
\

ToMembershipMatrix[DisRel] // MatrixForm

1 o 0.6
[I:I.B n.7 D.S]

Example 40. To choose a job, Fuzzy sets can help to choose between four given

jobs. Let this job be numbered as 1 to 4.

Problem Statement. We have to make selection such that the job provides best

salary and at the same time it should be near to place of stay.

Solution. The first part of selection criteria is given by following definition of fuzzy
sets. From this selection criterion Job 3 looks most attractive out of all these four
jobs and Job 1 is least attractive. Similarly, a fuzzy set can be created for the
second part of the selection criteria. We create a set named drive for the distance
from the working place. Here membership has varying grade depending on distance.

Here, least is desired.

Interest =
Fuzzyset[{{1, .4}, {2, .6}, {3, .8}, {4, .6}},
Univer=salSpace — {1, 4}]



Fuzeyiet[{{1l, 0.4}, {&, 0.6}, {3, 0.8}, {4, 0.6}},

Tniversalipace— {1, 4, 11]

From analysis we find that from the second criterion Job 4 is most attractive as
it is nearest among the given four and Job 1 is the farthest.

As the goal is to get a good salary, we find that Job 1 has highest and Job 4 is
the lowest.
Drive =
FuzzySet[{{1, .1}, {2, .9}, {3, .1}, {4, 1}},
UniversalSpace — {1, 4}]
Fuzzyiet[{{1, 0.1}, {2, 0.9}, {3, 0.7}, {34, 1}},

Universalipace — {1, 4, 1}]
Salary =

Fuzzyset [{{1, .873}, {2, .7}, {3, .5}, {4, .2}},
UniversalSpace — {1, 4}]

Fuzzyiet|
111, 0,875}, {2, 0.7}, {3, 0.5}, {4, 0.2}},

Universalipace—= {1, 4, 11]

We have examined all criteria one-by-one using fuzzy sets, but have made
anything to make a final decision. So a decision function is being defined using
intersection. By applying intersection operation betwen the constraints and goals
would give best decision. Plotting the fuzzy set for decision we can visualize the
result graphically. Considering all these the decision function says that Job 2 is the
best.

Deci=ion = Intersection[Interest, Drive, Salary]

FuzzySet[{{l, 0.1}, {2, 0.6}, {3, 0.5}, {4, 0.211,

Universalipace — {1, 4, 11]
We can plot the decision fuzzy set to see the results graphically.

FuzzyPlot [Decision];

Membership Grade

0.2}
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Power Set

The set of all subsets of a given set A4 is called the power set of A and is denoted
by P(4). The name power set is motivated by the fact that ‘if 4 has n elements
then its power set P(4) contains exactly 2" elements.’

Example41. If4 = {1, 2}, find P(4).

Solution. Now ¢ is a subset of 4. 4 is also a subset of 4. {1} and {2} are also
subsets of A. Therefore, these are all subsets of 4. So, P(4)=[¢, {1}, {2}, A4].
Therefore P(4) has 2% =4 elements.

Example42. Let4={1,2,3}. Find P(4).

Solution. Now subsets consisting of one element only are {1}, {2}, {3}. Subsets

consisting of two elements only are, {1, 2}, {2, 3}, {1, 3}. Also ¢ and 4 are
subsets of 4.

So P(A)=1[¢, {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}, A] and the number of
elements in P(4) is 2° =8.
Example 43. Let Bbe asubsetof 4. Let P(4: B)={Xe P(4)|BCc X}.If B=
{1,2} and 4= {1, 2, 3,4, 5}, list all the elements of P(4 : B).
Solution. Clearly B {1,2},Bc {1,2,3},Bc {1,2,3,4},Bc {1,2,3,
4,5}, Bc{1,2,4},Bc{1,2,5},Bc {1,2,3,5},Bc {1,2,4,5}. These
give all the elements of P (4 : B).

Duality

Union U and Intersection M of sets are termed as dual operations.

Ifthe validity of a law involving are of the two, LU or N is established, then the dual
obtained by replacing U by m and m by U is also established.

Partition of a Set
The partition of a set A is written as,

A=1{4,,4,, .., 4}
Where Aj cAd j=12,..,nor Aj’s are inclusive.
Thus, (i) 4, A,, ..., A, are subsets of 4

(if) Aj NA4,=6 j=12,..,n k=12,..,n

ie., Anij , 4, are disjoints.
@A, wA,v.. VA4, =4, ie., A, A4, ..., A, are exhaustive.

Thus every elements of 4 is a member of one and only one of the subsets in the
partition.

Any sample S can be written as,

S={4, 4}

= {AmB,AnE, ZmB,ZmE}



In any exercise, if (i), (i7), (iii) are all satisfied foraset 4 = {4,, 4,, ..., 4, } then
this represents the partition of A.

Check Your Progress

7. Define the terms set and element.
8. Differentiate between finite set and infinite set.
9. What s singleton set?
10. Define the term subset.
11. What do you mean by null set?
12. What are Venn diagrams? Why are they called so?
13. What isunion of sets?
14. Define intersection of sets.
15. What does complement of sets mean?

16. What is a power set?

1.4 CONDITIONAL PROBABILITY AND
INDEPENDENCE

In many situations, a manager may know the outcome of an event that has
already occurred and may want to know the chances of a second event occurring
based upon the knowledge of the outcome of the earlier event. We are interested
in finding out as to how additional information obtained as a result of the
knowledge about the outcome of an event affects the probability of the occurrence
of the second event. For example, let us assume that a new brand of toothpaste
is being introduced in the market. Based on the study of competitive markets,
the manufacturer has some idea about the chances of its success. Now, he
introduces the product in a few selected stores in a few selected areas before
marketing it nationally. A highly positive response from the test-market area will
improve his confidence about the success of his brand nationally. Accordingly,
the manufacturer’s assessment of high probability of sales for his brand would
be conditional upon the positive response from the test-market.

Let there be two events 4 and B. Then the probability of event 4 given
the outcome of event B is given by:

P[AB]
P[B]
Where P[A/B] is interpreted as the probability of event 4 on the condition that

event B has occurred and P [4B] is the joint probability of event 4 and event
B, and P[B] is not equal to zero.

P[A/B]=
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As an example, let us suppose that we roll a die and we know that the
number that came up is larger than 4. We want to find out the probability that
the outcome is an even number given that it is larger than 4.

Let, event 4 = Even
And event B = Larger than 4
P[Even and larger than 4]
Then, P[Even / Larger than 4] = P[Larger than 4]
1
Or, praspy =FA8 =@ =1/2

P (%)

But for independent events, P[AB] = P[A]P[B]. Thus substituting this
relationship in the formula for conditional probability, we get:

_ P[AB] _ P[A]P[B] _

P/ P[B]  P[B]

P[A]

This means that P[4] will remain the same no matter what the outcome
of event B is. For example, if we want to find out the probability of a head on
the second toss of a fair coin, given that the outcome of the first toss was a
head, this probability would still be 1/2 because the two events are independent
events and the outcome of the first toss does not affect the outcome of the
second toss.

1.4.1 Independent and Dependent Events

Two events 4 and B are said to be independent events, if the occurrence of one
event is not influenced at all by the occurrence of the other. For example, if two
fair coins are tossed, then the result of one toss is totally independent of the
result of the other toss. The probability that a head will be the outcome of any
one toss will always be 1/2, irrespective of whatever the outcome is of the other
toss. Hence, these two events are independent.

Let us assume that one fair coin is tossed 10 times and it happens that the
first nine tosses resulted in heads. What is the probability that the outcome of
the tenth toss will also be a head? There is always a psychological tendency to
think that a tail would be more likely in the tenth toss since the first nine tosses
resulted in heads. However, since the events of tossing a coin 10 times are all
independent events, the earlier outcomes have no influence whatsoever on the
result of the tenth toss. Hence the probability that the outcome will be a head
on the tenth toss is still 1/2.

On the other hand, consider drawing two cards from a pack of 52 playing
cards. The probability that the second card will be an ace would depend upon
whether the first card was an ace or not. Hence these two events are not
independent events.



Independent Repeated Trials

Probability is a measure of relative frequency. According to definition, the
probability of an event E is equal to the number of equally likely ways E can
occur divided by the total number of equally likely things which can occur.

For studying independent repeated trials, combinatorics is considered important
when we consider that an event is consisting of repeated trials. Tossing a fair coin
many times is an example of'it. Suppose that a fair coin is tossed 10 times. Now
the probability of the coin landing on heads for each toss is 1/2, since there are
two possible equally-likely outcomes (heads or tails) and just one way it can come
up heads. Furthermore, each toss of the coin is independent of every other toss.
Basically this defines that the coin has no memory and the probability of the coin
landing on heads for any given toss will be always 1/2. It has no relation with the
outcome history of the previous tosses. Suppose the coin had just landed on heads
8 times in arow. s it possible that the coin is more likely to land on tails on the next
toss? The probability of it landing on heads is always 1/2, since the coin has no
memory. It is true that in the long run, 50 per cent of the tosses will be heads and
50 per cent tails, but this is not achieved by the coin making up for any deficit of
heads or tails but rather by turning up heads roughly half the time in all future
tosses.

The fraction of successes depends on the probability of success in each trial,
as the number of trials increases in repeated independent trials with the same
probability of success. This is also known as the (Law of Large Numbers).
According to this law if a discrete random variable is observed repeatedly in
independent experiments then the fraction of experiments for which the random
variable equals any of its possible values has the probability that the random variable
equals that value.

Check Your Progress

17. Explain the concept of independent events.
18. Define binomial distribution.

19. What is arandom variable?

1.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The term simple probability refers to a phenomenon where only a simple
or an elementary event occurs. For example, assume that event (E), the
drawing of a diamond card from a pack of 52 cards, is a simple event.
Since there are 13 diamond cards in the pack and each card is equally likely
to be drawn, the probability of event (E) or P[E] = 13/52 or 1/4.
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The term joint probability refers to the phenomenon of occurrence of two
or more simple events. For example, assume that event (£) is a joint event
(or compound event) of drawing a black ace from a pack of cards. There
are two simple events involved in the compound event, which are: the card
being black and the card being an ace. Hence, P[Black ace] or P[E] =2/
52 since there are two black aces in the pack.

. The classical theory of probability is the theory based on the number of

favourable outcomes and the number of total outcomes. The probability is
expressed as aratio of these two numbers. The term ‘favourable’ is not the
subjective value given to the outcomes, but is rather the classical terminology
used to indicate that an outcome belongs to a given event of interest.

. The addition rule states that when two events are mutually exclusive, then

the probability that either of the events will occur is the sum of their separate
probabilities. For example, if you roll a single dice then the probability that
it will come up with a face 5 or face 6, where event 4 refers to face 5 and
event B refers to face 6, both events being mutually exclusive events, is
given by,
Pl[AorB] = P[A]+P[B]
Or, P[5or6] = P[5]+P[6]
= 1/6+1/6
= 2/6=1/3

. Multiplication rule is applied when it is necessary to compute the probability

in case two events occur at the same time.

. Bayes’ theorem on probability is concerned with a method for estimating

the probability of causes which are responsible for the outcome of an
observed effect. The theorem contributes to the statistical decision theory
in revising prior probabilities of outcomes of events based upon the
observation and analysis of additional information.

. Two events are said to be mutually exclusive, if both events cannot occur at

the same time as the outcome of a single experiment. For example, if we
toss a coin, then either event head or event tail would occur, but not both.
Hence, these are mutually exclusive events.

. ‘A set is any collection of objects such that given an object, it is possible to

determine whether that object belongs to the given collection or not.’

The members of a set are called elements. We use capital letters to denote
sets and small letters to denote elements. We always use { } brackets to
denote a set.

. A set which has finite number of elements is called a finite set, else it is called

an infinite set.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. A sethaving only one element is called Singleton. If a is the element of the

singleton A4, then 4 is denoted by 4 = {a}.

Let A and B be two sets. If every element of 4 is an element of B, then 4 is
called a subset of B and we write A — B or B D A4 (read as ‘A4 is contained in
B’ or ‘B contains 4’).

A set which has no element is called the null set or empty set. It is denoted
by the symbol ¢.

Venn diagrams are used to illustrate various set operations. It is named after
John Venn (1834-1883).

The union of any two sets 4 and B is the set of all those elements x such that
x belongs to at least one of the two sets 4 and B. It is denoted by 4 U B.
Logically speaking, if the biconditional statement (x € C) < (x€ A) v (xe B)
is true for all x, then C=A4 «w B. In other words (x€ A U B)= (x€ 4A) v
(xeB).

The intersection of two sets 4 and B is the set of all those elements x such
that x belongs to both 4 and B and is denoted by A N B. If 4 N B= ¢, then 4
and B are said to be disjoint.

Logically speaking, if the biconditional statement (x € C) < (x € A) A (xe B)
is true for all x, then C =4 m B. Hence,

xednB)=(xe A)n(xe B)

If 4 and B are two sets then complement of B relative to 4 is the set of all
those elements x € A such that x ¢ B and is denoted by 4 — B. Logically
speaking, if for a set C the biconditional statement (x € C) < (x € A) N
(x¢ B) is true for all x, then C =4 — B. In other words, if (x € C)=(x € A)
A (x¢ B) then C'is called the complement of B relative to 4.

The set of all subsets of a given set A4 is called the power set of 4 and is
denoted by P(4). The name power set is motivated by the fact that ‘if 4 has
n elements then its power set P(4) contains exactly 2" elements.’

Two events 4 and B are said to be independent events, if the occurrence of
one event is not at all influenced by the occurrence of the other. For example,
if two fair coins are tossed, then the result of one toss is totally independent
of the result of the other toss. The probability that a head will be the outcome
of any one toss will always be 1/2, irrespective of whatever the outcome is
of the other toss. Hence, these two events are independent.

Binomial distribution is one of the simplest and most frequently used discrete
probability distribution and is very useful in many practical situations involving
either/or types of events.

A random variable is a phenomenon of interest in which the observed
outcomes of an activity are entirely by chance, are absolutely unpredictable
and may differ from response to response.
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1.6 SUMMARY

o Aprobability is expressed as areal number, p e [0, 1] and the probability

number is expressed as a percentage (0 per cent to 100 per cent) and not
as a decimal.

The classical theory of probability is the theory based on the number of
favourable outcomes and the number of total outcomes.

If the number of outcomes belonging to an event £ is N, and the total
number of outcomes is &V, then the probability of event E is defined as
NE

PEEN

We cannot calculate the probability where the outcomes are unequal
probabilities.

ny . - .
The sequence 7A in the limit that will converge to the same result every

time, or that it will not converge at all.

The axiomatic probability theory is the most general approach to probability,
and is used for more difficult problems in probability.

The empirical approach to determining probabilities relies on data from
actual experiments to determine approximate probabilities instead of the
assumption of equal likeliness.

The relationship between these empirical probabilities and the theoretical
probabilities is suggested by the (Law of Large Numbers). The law states
that as the number of trials of an experiment increases, the empirical
probability approaches the theoretical probability.

Multiplication rule is applied when it is necessary to compute the probability
if both events 4 and B will occur at the same time.

Bayes’ theorem makes use of conditional probability formula where the
condition can be described in terms of the additional information which
would result in the revised probability of the outcome of an event.

A sample space is the collection of all possible events or outcomes of an
experiment.

e Anevent is an outcome or a set of outcomes of an activity or aresult ofa

trial.

¢ Two mutually exclusive events are said to be complementary if they between

themselves exhaust all possible outcomes.

e A probability space is a measure of space such that the measure of the

whole space is equal to 1. A simple finite probability space is an ordered
pair (S, p) such that S'is set and p is a function with domain S.



The members of a set are called its elements. We use capital letters to
denote sets and small letters to denote elements.

A set having only one element is called singleton. If a is the element of the
singleton A4, then 4 is denoted by 4 = {a}.

Whenever we talk of a set, we shall assume it to be a subset of a fixed set
U. This fixed set U'is called the universal set.

A set which has no element is called the null set or empty set. It is denoted
by the symbol /.

The union of any two sets 4 and B is the set of all those elements x such that
x belongs to at least one of the two sets 4 and B.

The intersection of two sets 4 and B is the set of all those elements x such
that x belongs to both 4 and B and is denoted by A N B. If 4 N B= ¢, then
A and B are said to be disjoint.

If 4 and B are two sets then complement of B relative to 4 is the set of all
those elements x € 4 such thatx ¢ B and is denoted by 4 — B.

Two events 4 and B are said to be independent events, if the occurrence of
one event is not influenced at all by the occurrence of the other.

The fraction of successes depends on the probability of success in each
trial, as the number of trials increases in repeated independent trials with the
same probability of success.

1.7

KEY WORDS

Classical theory of probability: It is the theory of probability based on
the number of favourable outcomes and the number of total outcomes.

Event: It is an outcome or a set of outcomes of an activity or the result of
atrial.

Elementary event: It is the single possible outcome of an experiment. It is
also known as a simple event.

Joint event: It is also known as compound event and has two or more
elementary events in it.

Sample space: It is the collection of all possible events or outcomes of an
experiment.

Addition rule: It states that when two events are mutually exclusive, then
the probability that either of the events will occur is the sum of their separate
probabilities.

Multiplication rule: It is applied when it is necessary to compute the
probability, if both events 4 and B occur at the same time. Different rules
are applied for different conditions.
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e Set: Itis acollection of objects, such that given an object, it is possible to

determine whether that object belongs to the given collection or not.

e FElement: The members of a set are called its elements.

¢ Singleton: It is a set having only one or single element.

o Null set: It is a set with no elements.

1.8

SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

O© 00 I &N D B~ W N =
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. Explain the concept of probability.

. What are the different theories of probability? Explain briefly.
. What do you understand by simple probability?

. Explain the axiomatic approach to probability.

. Explain the concept of multiplication rule.

. What is Bayes’ theorem? What is its importance in statistical calculations?
. Define sample space.

. Explain event and its types with the help of examples.

. What is a mutually exclusive event?

. Explain the terms, ‘Sum of Events’ and ‘Product of Events’.

. What is finite probability space?

. Define set with the help of examples.

. How will you define a universal set?

. When are two sets termed equal?

. Explain power set.

. Describe union, intersection and complement set operations.

. Explain the importance of Venn diagrams.

. What do you understand by finite sets and counting principle?
. Explain distributive laws and De Morgan’s laws of set theory.
. What are the important applications of set theory?

. Explain duality.

. What is mathematical induction?

. Describe the importance of conditional probability.

. When are independent repeated trials used?

. Explain the properties of binomial distribution.



26. What is arandom variable? Differentiate between qualitative and quantitative

random variables.

Long-Answer Questions

1.

A family plans to have two children. What is the probability that both
children will be boys? (List all the possibilities and then select the one which
would be two boys.)

A family plans to have three children. List all the possible combinations and
find the probability that all the three children will be boys.

A card is selected at random from an ordinary well-shuffled pack of 52
cards. What is the probability of getting:

(i) Aking

(if) A spade

(i) A king or an ace

(iv) A picture card

A wheel of fortune has numbers 1 to 40 painted on it, each number being
at equal distance from the other so that when the wheel is rotated, there
is the same chance that the pointer will point at any of these numbers.
Tickets have been issued to contestants numbering 1 to 40. The number at

which the wheel stops after being rotated would be the winning number.
What is the probability that:

(7) Ticket number 29 wins.

(if) One person who bought 5 tickets numbered 18 to 22 inclusive wins the

prize.

In a computer course, the probability that a student will get an A is 0.09.
The probability that he will get a B grade is 0.15 and the probability that
he will get a C grade is 0.45. What is the probability that the student will
get either a D or an F grade?

The Dean of the School of Business has two secretaries, Mary and Jane.
The probability that Mary will be absent on any given day is 0.08. The
probability that Jane will be absent on any given day is 0.06. The probability
that both the secretaries will be absent on any given day is 0.02. Find the
probability that either one of them will be absent on any given day.

A fair die is rolled once. What is the probability of getting:
(i) An odd number.

(i) A number greater than 3.

Two fair dice are rolled. What is the probability of getting:
(f) A sum of 10 or more.

(if) A pair of which atleast one number is 3.

(iii) A sum of 8, 9, or 10.

(iv) One number less than 4.
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10.

11.

12.

13.

An urn contains 12 white balls and 8 red balls. Two balls are to be selected

in succession, at random and without replacement. What is the probability
that:

(i) Both balls are white.
(@i) The first ball is white and the second ball is red.
(@ii) One white ball and one red ball are selected.

(iv) Would the probabilities change if the first ball after being identified is
put back in the urn before the second ball is selected?

In a statistics class, the probability that a student picked up at random
comes from a two parent family is 0.65, and the probability that he will fail
the exam is 0.20. What is the probability that such a randomly selected
student will be a low achiever given that he comes from a two parent
family?

The following is a breakdown of faculty members in various ranks at the
college.

Rank Number of Males Number of Females
Professor 20 12
Assoc. Professor 18 20
Asst. Professor 25 30

What is the probability that a faculty member selected at random is:
(i) A female.

(ii) A female professor.

(iii) A female given that the person is a professor.

(iv) A female or a professor.

(v) A professor or an assistant professor.

(vi) Are the events of being a male and being an associate professor
statistically independent events?

A movie house is filled with 700 people and 60 per cent of these people
are females. 70 per cent of these people are seated in the no smoking area
including 300 females. What is the probability that a person picked up at
random in the movie house is:

(7)) A male.

(ii) A female smoker.

(iii) A male or a non-smoker.

(iv) A smoker if we knew that the person is a male.

(v) Are the events sex and smoking statistically independent?

A part-time student is taking two courses, namely, Statistics and Finance.
The probability that the student will pass the Statistics course is 0.60 and
the probability of passing the Finance course is 0.70. The probability that
the student will pass both courses is 0.50. Find the probability that the
student:



(i) will pass at least one course.
(i) will pass either or both courses.
(iii) will fail both courses.

. 200 students from the college were surveyed to find out if they were taking
any of the Management, Marketing or Finance courses. It was found that
80 of them were taking Management courses, 70 of them were taking
Marketing courses and 50 of them were taking Finance courses. It was
also found that 30 of them were taking Management and Marketing courses,
30 of them were taking Management and Finance courses and 25 of them
were taking Marketing and Finance courses. It was further determined that
20 of these students were taking courses in all the three arecas. What is the
probability that a particular student is not taking any course in any of these
areas?

. Out of 20 students in a Statistics class, 3 students are failing in the course.
If 4 students from the class are picked up at random, what is the probability
that one of the failing students will be among them.

. The New York Pick Five lottery drawing draws five numbers at random out
of 39 numbers labelled 1 to 39. How many different outcomes are possible?

. A company has 18 senior executives. Six of these executives are women
including four blacks and two Indians. Six of these executives are to be
selected at random for a Christmas cruise. What is the probability that the
selection will include:

(i)  All the black and Indian women.
(i) At least one Indian woman.

(iii) Not more than two women.

(iv) Half men and half women.

. The probability that a management trainee will remain with the company
after the training programme is completed is 0.70. The records indicate that
60 per cent of all managers earn over $60,000 per year. The probability that
an employee is a management trainee or who earns more than $60,000 per
year is 0.80. What is the probability that an employee earns more than
$60,000 per year, given that he is a management trainee who stayed with
the company after completing the training programme.

. A manufacturer of laptop computer monitors has determined that on an
average, 3 per cent of screens produced are defective. A sample of one
dozen monitors from a production lot was taken at random. What is the
probability that in this sample fewer than 2 defectives will be found?

. A fair coin is tossed 16 times. What is the probability of getting no more
than 2 heads?

. A student is given 4 True or False questions. The student does not know
the answer to any of the questions. He tosses a fair coin. Each time he gets
a head, he selects True. What is the probability that he will get:
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22.

23.

24.

25.

26.

27.

(/) Only one correct answer
(ii) At most 2 correct answers
(i) At least 3 correct answers
(iv) All correct answers

A newly married couple plans to have 5 children. An astrologist tells them
that based on astrological reading, they have an 80 per cent chance of
having a baby boy on any particular birth. The couple would like to have
3 boys and 2 girls. Find the probability of this event.

An automatic machine makes paper clips from coils of wire. On an average,
one in 400 paper clips is defective. If the paper clips are packed in small
boxes of 100 clips each, what is the probability that any given box of clips
contains.

(7)) No defectives

(i) One or more defectives
(i) Less than two defectives
(iv) Two or less defectives

Because of recycling campaigns, a number of empty glass soda bottles are
being returned for refilling It has been found that 10 per cent of the
incoming bottles are chipped and hence are discarded. In the next batch of
20 bottles, what is the probability that:

(7)) None will be chipped.

(i) Two or fewer will be chipped.

(@ii) Three or more will be chipped.

(iv) What is the expected number of chipped bottles in a batch of 20?

The customers arrive at a drive-in window of Apple bank at an average
rate of one customer per minute.

(7) What is the probability that exactly two customers arrive in a given
minute?

(7)) What is the probability of no arrivals in a particular minute?

Write the following sets by listing elements enclosed in brackets { }:

(i) Aisthe set whose elements are first five letters of the alphabet.

(if) Bisthe setofall odd integers.

(iii) Xisthe setofall two digit positive numbers which are divisible by 15.

Write the following sets using a statement to designate each:

(i) A=1{3,6,12,15,18}

(@) B={s,t,u,v,w,x,y,z}

(@) C=4{1,3,5,7,....,2n—1,...}



28.

29.

30.

31.
32.
33.

34.
35.
36.

37.
38.

39.

Indicate which of the following sets are finite:
(i) A= {x|xisapositive integer}
(i) B={x|xisanevenintegerlying between 2 and 10}
(iii) C= {x|x1isaletter of the alphabet}
(iv) E={x|x1isanintegter less than 10}
LetAbetheset{1,3,5,7,9,11,13,15,17,19}. Now, list the following sets:
() {x|xisanelementof 4 andx+ 1iseven}
(i) {x|xisanelementof4 and 2x is an element of 4}
(@ii) {x|xisanelementof4 and 2x <20}
(7v) {x|xisnotanelementof4 and 0 <x<21}
Find all possible solutions for x and y in each of the following cases:
D) {2,3}=1{2x,y}
@) {x,y}=1{1,2}
(i) {x,x*}=1{9,3}
Show thatifa, # b, a, #a,and {a, b,} = {a,, b,}, then b, = b,.
Show that {a} = {b, c} ifand onlyifa=b=c.
State the relation if any, between sets 4 and B in the following:
@ A4=1{1,3,5,7,9,...}
B=1{3,9,15,21,....,32n-1),...}
(@) A=1{2,4,7,12,18,24}
B=1{1,3,7,11,16,22,29}
(iii) A = {x|x1is an even natural number less than 20}
B = {x|x is natural number less than 20 which is divisible by 2}
(iv) A= {x|xisaneven integer}
B={x|xisaninteger divisible by 3}
Prove that 4 c Band B c Cimplies 4 — C.
Prove that A < ¢ implies 4 = ¢.

If a set A has 101 elements, find the number of subsets of 4 having odd
number of elements.

What are the elements of the power set of the set [1, {2, 3}]?
If4=1{1,2,3,4,5},B=1{2,4,6,8,10},C={3,6,9, 12, 15}. Find that,
@ AuBNC (@) Au(BNC)

(@ii) ANnC)uB

If4={1,2,3,4},B=1{3,4,5,6},C={4,5,6,7}. Find that,

@i A-B @) AuB-C

(@) A—(Bn C) vy AnB)—-(BUO)
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40.

41.
42.
43.

45.

46.

47.

48.

49.

IfU={1,2,3,4,5,6,7,8,9,10}

A=1{1,4,7,10}

B={2,5,8}

Find (i) 4" (i) B’ (i) AN B’ (iv)A"nB(Wv) A" n B’
Provethat (A N B)u C=4A N (Buw () ifand onlyif C c 4.
Prove that if A < B then P (4) < P (B).

For any sets 4 and B, prove or disprove that,

P(A) N P(B)=P(ANB)

P(4) U P(B)=P(4 U B)

. Ina survey of 100 students, the numbers studying various languages were

found to be: Spanish 28; German 30; French 42; Spanish and French 10;
Spanish and German 8; German and French 5; all the three languages 3.

(i) How many students were studying no language?

(if) How many students had French as their only language?

(iii) How many students studied German if and only if they studied French?
In each of the following sentences, determine which is a statement (S), or
not (N):

(i) Everyrectangle is a square.

(i) The sum of three angles of a triangle is 180°.

(iii) How are you?

(iv) 2+1=3.

(v) 2 isarational number.

In a latter survey of the 100 students, the numbers studying the various
languages were found to be:

German only 18; German but not Spanish 23; German and French §; German
26; French 48; French and Spanish 8; studying no language 24.

(i) How many students took Spanish?

(il) How many took German and Spanish but not French?

(iity How many took French if and only if they did not take Spanish?

If A and B are two sets, prove that number of elements in 4 N B’ is equal to:
(Number of elements in 4 — Number of elements in 4 N B).

The report of one survey of 100 students stated that the numbers studying
the various languages were; all three languages 5; German and Spanish 10;
French and Spanish 8; German and French 20; Spanish 30; German 23; French
50. The surveyor who turned in this report was fired. Why?

In arecent survey of 5000 people, it was found that 2800 read Indian Express
and 2300 read Statesman while 400 read both the papers. How many read
neither Indian Express nor Statesman?



50.

S1.

52.

53.

54.

55.

56.
57.
58.
59.
60.
61.

In a survey of 30 students, it was found that 19 take Mathematics, 17 take
Music, 11 take History, 7 take Mathematics and History, 12 take Mathematics
and Music, 5 take Music and History and 2 take all three courses. Find
(7) The number of students that take Mathematics but do not take History
(if) The number that take exactly two of the three courses.

In a Chemistry class there are 20 students, and in a Psychology class there
are 30 students. Find the number either in a Psychology class or Chemistry
class if|

(1) The two classes meet at the same hour.

(@) The two classes meet at different hours and 10 students are enrolled in
both courses.

On an Air India flight, there are 9 boys, 5 Indian children, 9 men, 7 foreign
boys, 14 Indian, 6 Indian males and 7 foreign females. What is the number of
people in this plane?

A college awarded 38 medals in Football, 15 in Basket ball and 20 in Cricket.
If these medals went to a total of 58 men and only three of these men got
medals in all the three sports, how many men received medals in exactly two
of'the three sports?

Suppose that in survey concerning the reading habits of students it is found
that:

60 per cent read magazine 4,

50 per cent read magazine B,

50 per cent read magazine C,

30 per cent read magazines 4 and B,

20 per cent read magazines B and C,

30 per cent read magazines 4 and C,

10 per cent read all three magazines.

(1) What per cent read exactly two magazines?

(i) What per cent do not read any of the magazines?

In a survey of 500 consumers, it was found that 425 liked product 4 and 375
liked product B. What is the least number of consumers that must have liked
both products assuming that there may be consumers of products different
from 4 and B.

Explain how a class is different from a set.

How many power sets are formed from vowels of English language?

Give a brief description of basic sets and denotable sets.

Explain how a fuzzy set is different from a generally defined set.

Give your comments on ‘operations on fuzzy sets’. Explain three operations.
What are the areas of application of fuzzy set? Explain with three examples.
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UNIT 2  RANDOM VARIABLES OF
DISCRETE AND
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2.0 Introduction
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2.2 Random Variables of the Discrete Type and Random Variables of the
Continuous Type

2.3 Answers to Check Your Progress Questions

2.4 Summary

2.5 Key Words

2.6 Self-Assessment Questions and Exercises

2.7 Further Readings

2.0 INTRODUCTION

Randomness means each possible entity has the same chance of being considered.
Arandom variable may be qualitative or quantitative in nature. You will study
probability distribution, which means listing of all possible outcomes of an experiment
together with their probabilities. It may be discrete or continuous.

In this unit, you will study about the random variables of the discrete type
and random variables of the continuous type.

2.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand the random variables of the discrete type

¢ Analyse the random variables of the continuous type

2.2 RANDOM VARIABLES OF THE DISCRETE
TYPE AND RANDOM VARIABLES OF THE
CONTINUOUS TYPE

Discrete Probability Distributions

When arandom variable x takes discrete values x , x,,...., x, with probabilities

D> Dyse-iP,, WE have a discrete probability distribution of X.
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The function p(x) for which X=x, x,,..., x, takes values p , p,,....,p,, 18
the probability function of X.

The variable is discrete because it does not assume all values. Its properties
are:

p(x,) = Probability that X assumes the value x.
=Prob (x =x) = p,
p(x) 20, Zp(x) =1

For example, four coins are tossed and the number of heads X noted. X can take
value 0, 1, 2, 3, 4 heads.
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X:4:4C— — = —
PE=9 @(zj 6
6 _|
16
5
5
4 _
16
3|
16
2 _|
16
1
il
o [ |
0 1 2 3 4

6 4 1
—+—+—=

16 16 16
This is a discrete probability distribution.

24: (x)—L+i+
xzzp 16 16



Example 1: If a discrete variable X has the following probability function, then,
find (i) a (i) p(X < 3) (iii) p(X = 3)
Solution: X, px)
0
a
2a
2a°
4a’
5 2a
Since Zp(x)=1,0+a+2a+2a*+4a*>+2a=1
6a’*+ 5a—1=0,sothat (6a—1)(a+1)=0
1

B~ W N = O

a=-¢ or a=-1 (not admissible)

1 5

Fora = g,p(XS3)=O+a+2a+2a2=2a2+3a= 9
4
pX23)=4a*+2a= 5

Discrete Distributions

There are several discrete distributions. Some other discrete distributions are
described below.

Uniform or Rectangular Distribution

Each possible value of the random variable x has the same probability in the uniform
distribution. If x takes vaues x , x,....,x,, then

1
p(xl" k) = ;

The numbers on a die follow the uniform distribution,
1
plx, 6) = 5 (Herex=1,2,3,4,5, 6)

Bernoulli Trials

In a Bernoulli experiment, an even E either happens or does not happen (E").
Examples are, getting a head on tossing a coin, getting a six on rolling a die and so
on.

The Bernoulli random variable is written,
X =1if E occurs

=0if E’ occurs
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Since there are two possible value it is a case of a discrete variable
where,

Probability of success = p = p(E)

Profitability of failure=1—p =g =p(E")
We can write,

Fork=1,fk)=p

For k=0, flk)=¢q

For k=0 or 1, f(k) = p'q"*

Negative Binomial

In this distribution the variance is larger than the mean.

Suppose, the probability of success p in a series of independent Bernoulli
trials remains constant.

Suppose the rth success occurs after x failures in x + r trials.
1. The probability of the success of the last trial is p.

2. The number of remaining trials is x + »— 1 in which there should be »—
1 successes. The probability of »— 1 successes is given by,

x+r—1 Cr_lpr—] qx
The combined pobability of cases (1) and (2) happening together is,

px)=px""'Cp gt x=0,1,2,...
This is the Negative Binomial distribution. We can write it in an alternative
form,
p(x)="Cp (-q) x=0,1,2,..
This can be summed up as follows:
In an infinite series of Bernoulli trials the probability that x + r trials will be
required to get  successes is the Negative Binomial,

px)="""C.p"'q" 20

If r=1, it becomes the Geometric distribution.

If p — 0, — oo, rp = m a constant, then the negative binomial tends to

the Poisson distribution.
Geometric Distribution
Suppose the probability of success p in a series of independent trials remains
constant.

Suppose, the first success occurs after x failures, i.e., there are x failures
preceding the first success. The probability of this event will be given by p(x) =



This is the Geometric distribution and can be derived from the Negative
Binomial. If we put 7= 1 in the Negative Binomial distribution:

p(X) — x+r-l Cr_lpr—l qx
We get the Geometric distribution,

px)="C,p'q¢" = pq*

N P
Ep(x)zzq P:—l =1
n=0 _q
E(x) =Mean = §

Variance = %
q

5
2
Example 2: Find the expectation of the number of failures preceding the first

success in an infinite series of independent trials with constant probability p of
success.

Mode

Solution: The probability of success in,
Isttrial = p (Success at once)
2nd trial = gp (One failure then success and so on)

3rdtrial = ¢°p (Two failures then success and so
on)

The expected number of failures preceding the success,
ExX)=0.p+t1.pg+2p°p+ ...
=pg(l +2g+3¢*+ ........ )

1 1
= rq =qp—5=-"
(1-9)’ IS

SHES

Sincep=1-—g4.
Hypergeometic Distribution

From a finite population of size /V, a sample of size 7 is drawn without replacement.
Let there be N, successes out of V.
The number of failures is V,= N-N,

The disribution of the random variable X, which is the number of successes
obtained in the above case, is called the Hypergeometic distribution.
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Ny, ~N

PO = 5 (K=0,1,2,m)

n

Here x is the number of successes in the sample and # — x is the number of
failures in the sample.

It can be shown that,

M .E _nﬂ
ean: E(X) = I

Variance : Var (X) =

N —n [ nN, _an
N-1\ N N

Example 3: There are 20 lottery tickets with three prizes. Find the probability
that out of 5 tickets purchased exactly two prizes are won.

Solution: We have N =3, N, =N-N,=17,x=2,n=35.

3 C 17C
R T
N . 3 C() 17C5
The probability fo no pize p(0)= —; C
5
3 C, 17 C,

The probability of exactly 1 prize p(1) = —; c
5

Example 4: Examine the nature of the distibution of 7 balls are drawn, one at a

time without replacement, from a bag containing m white and n black balls.

Solution: It is the hypergeometric distribution. It corresponds to the probability
that x balls will be white out of 7 balls so drawn and is given by,

xC nC
x) = X r—x
p( ) m+n C’,

Multinomial

There are k possible outcomes of trials, viz., x , x, ..., x, with probabilities p , p,,
..., P, n independent trials are performed. The multinomial distibution gives the
probability that out of these 7 trials, x,, occurs 7, times, x, occurs 7, times and so

o . . n! n n; n
on. Thisis givenby ———— P1' P2 Pk
n'n,l...n.!

RIS

k

Where, Z”i =n

i=1



Characteristic Features of the Binomial Distribution

The following are the characteristics of Binomial distribution:

NSk

10.

Itis a discrete distribution.

It gives the probability of x successes and 7 —x failures in a specific order.
The experiment consists of n repeated trials.

Each trial results in a success or a failure.

The probability of success remains constant from trial to trial.

The trials are independent.

The success probability p of any outcome remains constant over time. This
condition is usually not fully satisfied in situations involving management and
economics, for example, the probability of response from successive
informants is not the same. However, it may be assumed that the condition
is reasonably well satisfied in many cases and that the outcome of one trial
does not depend on the outcome of another. This condition too, may not be
fully satisfied in many cases. An investigator may not approach a second
informant with the same set-up of mind as used for the first informant.

. The binomial distribution depends on two parameters z and p. Each set of

different values of n, p has a different binomial distribution.

. Ifp=0.5, the distribution is symmetrical. For a symmetrical distribution, in

Prob. (X=0) =Prob (X=n)
1.e., the probabilities of 0 or 7 successes in # trials will be the same. Similarly,
Prob (X=1)=Prob(X=n—1) and so on.

If p> 0.5, the distribution is not symmetrical. The probabilities on the right
are larger than those on the left. The reverse case is when p <0.5.

When n becomes large the distribution becomes bell shaped. Even when n
is not very large but p = 0.5, it is fairly bell shaped.

The binomial distribution can be approximated by the normal. As n becomes
large and p is close to 0.5, the approximation becomes better.

Example 5: If the ratio n/N, i.e., sample size to population size is small, the result
given by the Binomial may not be reliable. Comment.

Solution: When the distribution is binomial, each successive trial, being independent
of other trials, has constant probability of success. If he sampling of z items is
without replacement from a population of size N, the probability of success of any
event depends upon what happened in the previous events. In this case the Bionomial
cannot be used unless the ratio /N is small. Even then there is no guarantee of
getting accurate results.

The Binomial should be used only if the ratio % is very small, say less that 0.05.
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Example 6: Explain the concept of a discrete probability distribution.

Solution: If a random variable x assumes n discrete values x , x,, ........ x , with
respective probabilities p , p,,........... PP, TP, T o + p, = 1) then, the
distribution of values x, with probabilities p, (= 1, 2,.....n), is called the discrete

probability distribution of x.

The frequency function or frequency distribution of x is defined by p(x)
which for different values x , x., ........x ofx, gives the corresponding probabilities:

p(x) = p, where, p(x) 20 Zp(x) = 1
Example 7: For the following probability distribution, find p(x > 4) and

px=4):
X |O|1|2|3|4|5
p(x)|0|a|a2|a2|a4]|a4
Solution:
: - a,a,a,.4a_
Since, ):p(x)_l,0+a+2+2+4+4 1

! 2
—a = = —
> or a 5

9 1
px>4) =px=35=7=1,
a 9a_9

44 10

Example 8: A fair coin is tossed 400 times. Find the mean number of heads and
the corresponding standard deviation.

a a
<AH=0+a+ —+—+
pesHh=0+a+ T+3

1
Solution: This is a case of Binomial distribution withp =g = 7= 400

1
The mean number of heads is given by p=np = 400 x 5= 200

and S.D. 6= +/npg = ,/400x%x% =10

Example 9: A manager has thought of 4 planning strategies each of which has an

equal chance of being successful. What is the probability that at least one of his
3

strategies will work if he tries them in 4 situations? Here p= —, ¢ = —.
4 4

Solution: The probability that none of the strategies will work is given by,
1Y (3) _(3)
O)="*C|—-||=] =|=
o (4) (4) (4)
3

4
175
The probability that at least one will work is given by 1 - [—j =

4) 256



Example 10: Suppose the proportion of people preferring a car C is 0.5. Let X Random g‘?”a’iles OZZ‘ '
denote the number of people out of a set of 3 who prefer C. The probabilities of Con ti:,ii)r:se;;;e
0, 1,2, 3 of them preferring C are,

Solution: p(X=0) =>C,(0.5)°(0.5) :% NOTES

pX=1) =°C/(0.5' (0.5’ =
pX=2) =°C,(0.57(0.5) =
p(X=3) =C(0.5)(0.5)" =

u=EX) = Zxp, =0xé+lx—+22%+2x§+3x%:1.5

P|W o|— oo|lw 0|w

O’ =E(X -p’ = E(X*)—p’ =3x/p, —p’

=0’ ><l+12 ><§+22 x§+32 ><l—1.52
8 8
=0.75
Example 11: For the Poisson distribution, write the probabilities of 0, 1, 2, ....
successes.
Solution:
X px)=e"

2| e ”2“— = p(2)=p().2

! 2

Wl3 m

3e" = p3)=p(2). =

Y p(3)=p(2) 3
and so on.

Total of all probabilities Zp(x)= 1
Example 12: What are the raw moments of Poisson distribution?
Solution:  Firstraw moment i’ =m

Second raw moment ', = m?* + m
Third raw moment p', = m* + 3m* + m
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Example 13: For a Poisson distribution p(0) = p(1), find p(x> 0).
Solution: We have e m®0! =e™ m°/1! so that m = 1
oo p(0) =e!'=1/2.718=10.37
px>0) =1-p(0)=0.63
Example 14: It is claimed that the TV branded M is demanded by 70% of

customers. If X'is the number of TVs demanded, find the probability distribution
of X when there are four customers.

Solution: If all the four demand M then p(4) = 0.7* = 0.2401. The probability
distribution is

X 4 3 2 1 0

p 0.2401 04116  0.2646  0.0756  0.0081
These values may be plotted.

Note: Poisson Approximation to the Binomial. When the number of trials »
is large and the probability p of a success is small, the binomial distribution can be
approximated by the Poisson. This approximation is useful is practice.

If p=0.002, n=1000, m=np =2
The probability of 2 successes in 1000 trials is,
pX=2)="C.p*¢"" ='"C,(0.002)* (0.998)""

Similarly, pX=3) ="°C,(0.002)’ (0.998)"7, etc.

These terms are difficult to calculate. If we employ the Poisson, we have a
much easier task before us.
m=np =100 x0.002 =2
-m__ X 212
px=2)=2¢ "" =¢ '2 =0.1353%20.2706
X .

—m X

e’'m e?2?

= =0.1804
x!

pX=3) =

Example 15: One in every 100 items made on a machine is defective. Out of 25
items picked, find the probability of 1 item being defective.

p=0.01,¢g=0.99,n=25,np=0.25
Binomial : p(1) = *C,(0.1)' (0.99)** = 0.1964

Poisson: p(1) = =0.1947

e > (0.25)'
1!
Continuous Probability Distributions

When arandom variate can take any value in the given intervala <x < b, itisa
continuous variate and its distribution is a Continuous Probability Distribution.



Theoretical distributions are often continuous. They are useful in practice because
they are convenient to handle mathematically. They can serve as good
approximations to discrete distributions.

The range of the variate may be finite or infinite.
A continuous random variable can take all values in a given interval.
A continuous probability distribution is represented by a smooth curve.

The total area under the curve for a probability distribution is necessarily
unity. The curve is always above the x axis because the area under the curve for
any interval represents probability and probabilities cannot be negative.

If Xis a continous variable, the probability of X falling in an interval with end
points z , z, may be written p(z, S X< z,).

This probability corresponds to the shaded area under the curve.

zZ, 7,

A function is a probability density function if,

J:P(X)dx =1, p(x)>0,—00 < x < 0, i.e., the area under the curve p(x) is

‘1’ and the probability of x lying between two values a, b, i.e., p(a <x <b) is
positive. The most prominent example of a continuous probability function is the
normal distribution.

Cumulative Probability Function (CPF)

The Cumulative probability function (CPF) shows the probability that x takes a
value less than or equal to, say, z and corresponds to the area under the curve up
toz:

p(x<z)=[ p(x)dx
This is denoted by F{(x).

Check Your Progress

1. Explain the moment generating function with reference to probability theory.
2. Explain discrete probability distribution.

3. Whatis a hypergeometric distribution?

4. Explain continuous probability distribution.
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2.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. According to probability theory, moment generating function generates the
moments for the probability distribution of a random variable X, and can be
defined as:

M) =E (€Y, tcr

2. Whenarandom variable x takes discrete values x , x,,...., x, with probabilities

D> Dy»---sP, WE have a discrete probability distribution of X.

3. The disribution of the random variable X which is the number of successes
obtained is called the hypergeometic distribution.

4. When a random variate can take any value in the given interval a <x < b, it
is a continuous variate and its distribution is a Continuous Probability
Distribution.

2.4 SUMMARY

e When a random variable x takes discrete values x,, x,,...., x, with
probabilities p , p....,p , we have a discrete probability distribution of X.

e Each possible value of the random variable x has the same probability in
the uniform distribution. If x takes vaues x , x,....,x,, then

1
p(xl" k) = ;

¢ In a Bernoulli experiment, an even E either happens or does not happen
(E").

¢ Suppose, the probability of success p in a series of independent Bernoulli
trials remains constant.

e Suppose, the first success occurs after x failures, i.e., there are x failures
preceding the first success. The probability of this event will be given by

px)=¢p(x=0,1,2,...)
¢ The multinomial distibution gives the probability that out of these  trials, x,
occurs n, times, x, occurs n, times and so on. This is given by

n! o n, n
DD

n'nyl..n,

e When arandom variate can take any value in the given interval a <x < b, it
1s a continuous variate and its distribution is a Continuous Probability
Distribution.



e The Cumulative probability function (CPF) shows the probability that x
takes a value less than or equal to, say, z and corresponds to the area under
the curve up to z:

p(x<Lz)= Ijmp(x)dx

2.5 KEY WORDS

¢ Hypergeometic distribution: The disribution of the random variable X,
which is the number of successes obtained in the above case, is called the
Hypergeometic distribution.

e Random variablele: It is a variable which takes on different values as a
result of the outcomes of a random experiment. It can be either discrete or
continuous.

2.6 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Why is random variable considered important in statistics?
2. Explain the techniques of assigning probability.

3. What is moment generating function?

4. Explain briefly the probability distribution and its types.

Long-Answer Questions

1. Differentiate between a discrete and a continuous variable.
2. A continuous variable is an uninterrupted motion like the fall of a rain drop.
Comment on it.

3. There are 3 tickets numbered 0, 2, 3. One ticket is selected and replaced;
another ticket is selected and replaced. A third ticket is selected and replaced
once again. If X' stands for the sum of the 3 ticket numbers, construct the

probability distribution of Xand find m and 2.

4. A carinsurance policy offers Rs. 1000 after an accident the probability of
whose occurrence is 0.04. If the expected gain is to be zero what should be

the premium?
5. For the probability distribution,
X -1 -2 3 7.5 8
P 0.2 0.15 0.3 0.1 0.05
E(x)=2.15 V(x)=9.5
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6. Inaqueue the probability of the number of people joining per minute given

below.
Number of persons 0 1 2 3
Joining the queue
Probability 0.4 0.3 0.2 0.1

7. From an urn containing 20 black and 30 red balls, 6 balls are drawn at
random. Find the probability that no red ball is selected.

8. Examine the nature of the distribution of  balls are drawn, one at a time,
without replacement, from a bag containing m white and » black balls.

9. 20 per cent of bolts in a factory are defective. Deduce the probability
distribution of the number of defectives in a sample of 5.
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3.0 INTRODUCTION

An expected value is the sum of each possible outcome and the probability of
occurrence of outcome. Expectation may be conditional or iterated. You will study
the moment generating function (MGF), which generates the moments for the
probability distribution of a random variable. The subject of probability in itself'is
a cumbersome one, hence, only the basic concepts will be discussed here.

Since the outcomes of most decisions cannot be accurately predicted because
of the impact of many uncontrollable and unpredictable variables, it is necessary
that all the known risks be scientifically evaluated. Probability theory, sometimes
referred to as the science of uncertainty, is very helpful in such evaluations. It helps
the decision-maker with only limited information to analyse the risks and select the
strategy of minimum risk.

In this unit, you will study about the properties of the distribution function,
expectation of random variable, Chebyshev’s inequality.

3.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Describe the properties of the distribution function
¢ Analyse the expectation of random variable

¢ Understand about the Chebyshev’s inequality
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3.2 PROPERTIES OF THE DISTRIBUTION FUNCTION

Distribution function can be related to any random variable which refers to the
function that assigns a probability to each number in an organized and well-arranged
method such that the value of the random variable is equal to or less than the given
number.

The distribution function is also known as cumulative frequency distribution
or cumulative distribution function. Fundamentally, it defines the probability that is
the value related to the variable X tend to be equal to or less than number “x’.

Probability distributions indicate the likelihood of an event or outcome, i.e.,
aprobability distribution is a function that describes the likelihood of obtaining the
possible values that a random variable can assume. In other words, the values of
the variable vary based on the underlying probability distribution. This type of
distribution is very useful when you want to know which outcomes are most likely,
the spread of potential values, and the likelihood of different results. The sum of all
probabilities for all possible values must equal 1. Furthermore, the probability for
a particular value or range of values must be between 0 and 1. Probability
distributions, therefore, describe the dispersion of the values of a random variable.

Arandom variable is a real valued function from the probability space. We
can compute the probability that a random variable takes values in an interval by
subtracting the distribution function evaluated at the endpoints of the intervals.

3.2.1 Function of a Random Variable

A random variable is a variable that takes on different values as a result of
the outcomes of a random experiment. In other words, a function which assigns

numerical values to each element of the set of events that may occur (i.e., every
element in the sample space) is termed a random variable. The value of a random

variable is the general outcome of the random experiment. One should always

make a distinction between the random variable and the values that it can take on.

All this can be illustrated by a few examples shown in the Table 3.1.

Table 3.1 Random Variable

Random Variable Values of the Description of the Values of
Random Variable the Random Variable

X 0,1,2,3,4 Possible number of heads
in four tosses of a fair coin
Y 1,2,3,4,5,6 Possible outcomes in a

single throw of a die

Z 2,3,4,5,6,7,8,9,10, 11, 12 Possible outcomes from
throwing a pair of dice

M 0,1,2,3,........... S Possible sales of
newspapers by a
newspaper boy,

S representing his stock




All these above stated random variable assignments cover every possible
outcome and each numerical value represents a unique set of outcomes. 4 random
variable can be either discrete or continuous. If arandom variable is allowed
to take on only a limited number of values, it is a discrete random variable but if it
is allowed to assume any value within a given range, it is a continuous random
variable. Random variables presented in the above table are examples of discrete
random variables. We can have continuous random variables if they can take on
any value within a range of values, for example, within 2 and 5, in that case we
write the values of a random variable x as follows:

2<x<5

Techniques of Assigning Probabilities

We can assign probability values to the random variables. Since the assignment of
probabilities is not an easy task, we should observe certain rules in this context as
given below:

(i) A probability cannot be less than zero or greater than one, i.e.,0<pr<1,
where prrepresents probability.

(71) The sum ofall the probabilities assigned to each value of the random variable
must be exactly one.

There are three techniques of assignment of probabilities to the values of the random
variable:

(a) Subjective Probability Assignment. It is the technique of assigning
probabilities on the basis of personal judgement. Such assignment may differ
from individual to individual and depends upon the expertise of the person
assigning the probabilities. It cannot be termed as a rational way of assigning
probabilities but is used when the objective methods cannot be used for
one reason or the other.

(b) A-Priori Probability Assignment. It is the technique under which the
probability is assigned by calculating the ratio of the number of ways in
which a given outcome can occur to the total number of possible outcomes.
The basic underlying assumption in using this procedure is that every possible
outcome is likely to occur equally. But at times the use of this technique
gives ridiculous conclusions. For example, we have to assign probability to
the event that a person of age 35 will live upto age 36. There are two
possible outcomes, he lives or he dies. If the probability assigned in
accordance with a-priori probability assignment is half then the same may
not represent reality. In such a situation, probability can be assigned by
some other techniques.

(c) Empirical Probability Assignment. It is an objective method of assigning
probabilities and is used by the decision-makers. Using this technique the
probability is assigned by calculating the relative frequency of occurrence
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ofa given event over an infinite number of occurrences. However, in practice
only a finite (perhaps very large) number of cases are observed and relative
frequency of the event is calculated. The probability assignment through
this technique may as well be unrealistic, if future conditions do not happen
to be areflection of the past.

Thus, what constitutes the ‘best’ method of probability assignment can only
be judged in the light of what seems best to depict reality. It depends upon
the nature of the problem and also on the circumstances under which the
problem is being studied.

Variance and Standard Deviation of Random Variable

The mean or the expected value of random variable may not be adequate
enough at times to study the problem as to how random variable actually
behaves and we may as well be interested in knowing something about how the
values of random variable are dispersed about the mean. In other words, we
want to measure the dispersion of random variable (X) about its expected
value, i.e., E(X). The variance and the standard deviation provide measures of
this dispersion.

The variance of random variable is defined as the sum of the squared
deviations of the values of random variable from the expected value weighted
by their probability. Mathematically, we can write it as follows:

Var(X)=0% = i[x,. —E(X)]pr(x;)
i=1
Alternatively, it can also be written as,
Var(X)=0% = S X2pr(X,)-[E(X)]
Where, E (X) is the expected value of random variable.
X.is the ith value of random variable.

pr. (X)) is the probability of the ith value.

The standard deviation of random variable is the square root of the
variance of random variable and is denoted as,

2
O-X :GX

The variance of a constant time random variable is the constant squared
times the variance of random variable. This can be symbolically written as,
Var (cX ) = ¢? Var (X)

The variance of a sum of independent random variables equals the sum
of the variances.



Thus,
Var (X + Y + Z) = Var(X) + Var(Y) + Var(2)
If X, Y and Z are independent of each other.

The following examples will illustrate the method of calculation of these
measures of a random variable.

Example 1: Calculate the mean, the variance and the standard deviation for
random variable sales from the following information provided by a sales manager
of a certain business unit for a new product:

Monthly Sales (in units) Probability
50 0.10
100 030
150 0.30
200 0.15
250 0.10
300 0.05

Solution:

The given information may be developed as shown in the following table for
calculating mean, variance and the standard deviation for random variable sales:

Monthly Sales Probability (X)) pr (X)) X, -E X))? X, —E (X)?
(in units)" X, pr(X) pr(X)
X, %0 0.10 5.00 (50 — 150)? 1000.00
= 10000
X, 100 0.30 30.00 (100 — 150)? 750.00
=2500
X, 150 0.30 45.00 (150 — 150)? 0.00
=0
X, 200 0.15 30.00 (200 — 150)? 375.00
=2500
X, 250 0.10 25.00 (250 — 150)? 1000.00
= 10000
Xy 300 05 15.00 (300 — 150)? 1125.00
=22500
3(X) pr (X)) SIX, - E (X)]
=150.00 pr (X)) =4250.00

Mean of random variable sales = X
or, E () = 5(X) pr(X) = 150

Variance of random variable sales,
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or, 0% =3 (X, - E(X)) .pr(x,)=4250
i=l1
Standard deviation of random variable sales,

Or, Oy = \/crg( =+/4250 = 65.2 approx.

The mean value calculated above indicates that in the long run the average sales
will be 150 units per month. The variance and the standard deviations measure
the variation or dispersion of random variable values about the mean or the
expected value of random variable.

Example 2: Given are the mean values of four different random variables viz.,
A, B, C, and D.

A4=20, B=40, C=10, D=5
Find the mean value of the random variable (4 + B + C + D)

Solution:
EMA+B+C+D)

E(4) + E(B) + E(C) + E(D)
= A+B+C+D
=20+40+ 10+ 5
=175
Hence, the mean value of random variable (4 + B + C + D) is 75.

Example 3: If X represents the number of heads that appear when one coin
is tossed and Y the number of heads that appear when two coins are tossed,
compare the variances of the random variables X and Y. The probability
distributions of X and Y are as follows:

X pr(X) Y pr(¥)
0 12 0 1/4
1 12
1 12 2 1/4
Total = 1 Total = 1
Solution:
s 15 - (o3 (3} (- )
ariance o =0y = 5 . B 5 . B
= l + l = l =0.25
8 8



The variance of the number of heads for two coins is double the variance
of the number of heads for one coin.

3.2.2 Moment Generating Functions

According to probability theory, moment generating function generates the moments
for the probability distribution of a random variable X, and can be defined as:

M) =E (), icr

When the moment generating function exists with an interval # = 0, the nth moment
becomes,

EX) =M (0)=[d"M, (1) /dr]

=0

The moment generating function, for probability distribution condition being
continuous or not, can also be given by Riemann-Stieltjes integral,

M (6)= IZ ¥ dF (x)

Where F is the cumulative distribution function.

The probability density function f{x), for X having continuous moment generating
function becomes,

My (@0)=[" " f(x) dx

:j‘” U+t +£x7 121 +...) f(x) dx

Note: The moment generating function of X always exists, when the exponential
function is positive and is either a real number or a positive infinity.

1. Prove that when X shows a discrete distribution having density function f,
then,

M ()= " f(x)

xeS

2. When Xis continuous with density function f; then,

M (6)= j & f(x)dx

N

3. Consider that X'and Y are independent. Show that,
M, (0)=M(t) M)
3.2.3 Probability Density Functions—Discrete and Continuous

Probability density may be defined as a measure of existence. Logic can be analysed
with the help of a graph. In graphical representation, a probability density functions
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gives information about the existence of samples at various locations and the entire
graph area can be considered as a sample space.

A mathematical description of samples in regions can be given under a
coordinate system. The regions and the existence of samples at various locations
can be described in this coordinate system by mathematical functions. For example,
to locate a point in a sample space it is expressed as a pair of (x,)’) coordinates
and a mathematical function describes a location for each sample.

The function that shows the location of each sample is called a ‘density
function’. By showing locations of each sample, density of the samples can be
understood. If we assume that the odds of selecting any one sample is the same as
for any other, then the PDF (probability density function), p(x,y), gives the
probability of a point in sample space to lie between two given limits of the variables.

Thus, in case of a discrete variable x, the probability function, PDF(x), is the
probability of occurrence of x, variable of continuous nature, PDF(x) shows
probability density of a variable x. Thus, probability of a value between x and x+dx
1s PDF(x) x dx.

A ‘cumulative density function’, CDF(x), shows the probability that the
said variable assumes a value <=x.

The mean or the average value is available in majority of cases. This MEAN
is taken as sum of products x x PDF(x). In case of continuous variables, MEAN
is given by an integral of X X PDF(x), integrated in the range.

Let fbe a non-negative fucntion mapped R — R then the probability distribu-
tion has density fprobability in the interval [a, b] is given as,

I ’ f(x)dx in case of any two numbers a and b

Total integral of fmust be 1. It converse is also true which tells that a function
fwith total integral is equal to 1 then, frepresents the probability density for some
probability distribution.

A probability density function is in fact, a refined version of a histogram with
very small or infinitesimal interval. Due to this, the curve is smooth. If sampling is
done, taking many values of a random variable which is of continuous nature, a
histogram is produced that depicts a histogram showing probability density, in a
very narrow output range. This can be termed a probability density function if and
only if it is non-negative and the area under the graph is 1. Putting mathematically
with logical connective showing ‘conjunction’, itis given as:

S@)20xA [ f(x)dr=1

All distributions are not showing density function. It is said to have a density
function f{x) only if its CDF, denoted as F(x), is continuous.



This is expressed mathematically as:
LF@ =1

Link between Discrete and Continuous Distributions

A PDF describes association of variable in a distribution that is continuous: taking
a set of two state variable in the interval [a, b].

Discrete random variables may be represented probability distribution using
a delta function. If we consider a binary discrete random variable by taking two
distinct value, say 1 which are equally likely, probability density of such a variable
is given by:

f@ =%(5(Z+1)+5(1 -1))

We may generalize this as follows: Ifa discrete variable assumes ‘7’ different
values in the set of real numbers, then the associated probability density function is
givenby:

f© =3 P-x)

Wherei=1,2,3....., n, and X e ' stand for discrete values for the
variables and SP,(where i =1, 2, ...., n) are probabilities associated with these
values.

The method is used for knowing the characteristics the mean, its variance
and kurtosis.

The method is used to show mathematically the characteristic of Brownian
movement and deciding on its initial configuration.

Probability Functions Associated with Multiple Variables

In case of random variables, of continuous nature, SX , wherei=1,2,3,4, ...,
n, one can define a PDF for the whole set. This is a term coined as joint PDF
which is defined as a function with  variables. This is known by a different name
MDF which means marginal density function.

Independence

Random variables X, ..., ..., X of continuous nature are independent of each
other ifand only if /X, ..., X (x,..,x)=/X (x) ... X (x).

Corollary

If a JPDF (joint probability distribution function) of a vector of #» random variables
shown as a product of  functions of one variable X , ..., X (x,...,x )=/,(x)
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- f(x,), then all these variables are independent of each other. MPDF (marginal
probability density function) for each is expressed as:

fi(x)
[ £,y ax
For example, this illustrates the definition of a MDPF (multidimensional probability

density functions) as stated above. This condition is considered for function with a
set of two variables. This condition is considered in case of a function of a set of

JXi(x) =

two variables. Let us call R a2-dimensional random vector of coordinates (X, Y):

the probability to obtain g in the quarter plane of positive x and y is
Pr(X >0,Y >0)= j: j: XY (x, y)dx dy

Sums of Independent Random Variables

Let there be two random variables, u and v. Here each of which has a PDF; then
the sum of these two PDFs, is taken as convolution of these two and is the
convolution of their separate density functions. This is given mathematically, as
below:

Jutv(x)=[" fu(y)fo (x=y)dy

Check Your Progress

Define variance of random variable.

. Explain discrete and continuous random variables.

. Define variance of random variable.

. Explain the moment generating function with reference to probability theory.
. Whatis a density function?

N L AW =

. What is meant by independence of a random variable?

3.3 EXPECTATION OF RANDOM VARIABLE

The expected value (or mean) of X is the weighted average of the possible
values that X can take. Here X is a discrete random variable and each value is
being weighted according to the probability of the possibility of the occurrence of
the event. The expected value of X'is usually written as E(X) or L.

E(X)=3 x P(X=x)

Hence, the expected value is the sum of:



Each of the possible outcomes + The probability of the outcome occurring
Therefore, the expectation is the outcome you expect of an experiment.

Let us consider the following example,

What is the expected value when we roll a fair die?

There are six possible outcomes 1,2, 3, 4, 5, 6. Each one of these has a probability
of 1/6 of occurring. Let X be the outcome of the experiment.

Then,
P(X=1)=1/6 (this shows that the probability that the outcome of the
experimentis 1 is 1/6)
P(X=2)=1/6 (the probability that you throw a 2 is 1/6)
P(X=3)=1/6 (the probability that you throw a 3 is 1/6)
P(X=4)=1/6 (the probability that you throw a4 is 1/6)
P(X=5)=1/6 (the probability that you throw a 5 is 1/6)
P(X=6)=1/6 (the probability that you throw a 6 is 1/6)
EX)=1xP(X=1) + 2xP(X = 2) + 3xP(X = 3) + 4xP(X=4) +
SXP(X=5)+6 x P (X=16)

Therefore,

EX)=1/6+2/6+3/6+4/6+5/6+6/6=7/20r3.5

Hence, the expectation is 3.5, which is also the halfway between the possible
values the die can take, and so this is what you should have expected.

Expected Value of a Function of X
To find £ A(X) ], where f{.X) is a function of X, we use the following formula:

E[fX) ]=ZfA)P(X=x)
Let us consider the above example of die, and calculate E(X?)
Using the notation above, f{x) = x*
A =1,/2)=4,£3)=9, f(4) =16, f(5) =25, f(6) =36
PX=1)=1/6, P(X=2)=1/6, etc.
Hence, E(X?)=1/6 +4/6 +9/6 + 16/6 + 25/6 + 36/6 =91/6 = 15.167

The expected value of a constant is just the constant, as for example £(1)=1.
Multiplying a random variable by a constant multiplies the expected value by that
constant.

Therefore, E[2X] =2E[X]
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An important formula, where @ and b are constants, is:
ElaX+ b]=aE[X]+b

Hence, we can say that the expectation is a linear operator.

Variance

The variance of a random variable tells us something about the spread of the
possible values of the variable. For a discrete random variable X, the variance of
Xis written as Var(X).

Var(X) = E[(X—py’]
Where, 11 is the expected value E(X)

This can also be written as:
Var(X) = E(X?) —

The standard deviation of X is the square root of Var(X).

Note: The variance does not behave in the same way as expectation, when we
multiply and add constants to random variables.

Var[aX + b] = a*Var(X)
Because, Var[aX + b] =E[ (aX+ b)*]—(E [aX + b])?
= E[ @®’X* + 2abX + b*] — (aE(X) + b)?
= a’E(X?) + 2abE(X) + b* — a*EX(X) — 2abE(X) — b*
= a’E(X?) — a*EX(X) = a*Var(X)

3.4 CHEBYSHEV’S INEQUALITY

The Chebyshev polynomials {7, (x)} are orthogonal on (-1, 1) with respect to
the weight function w(x)=(1 X )*1/ 2, The Chebyshev polynomial is defined by
the following relation:

Forx e [-1, 1], define
— -1
T, (x) =cos (ncos " (x)) foreachn 20.

It is not obvious from this definition that 7' (x) is an nt degree polynomial in
x, butnow it will be proved that it is. First note that

Ty(x) =cos0=1 and T,(x)=cos (cosﬁl(x)) =X.

For n > 1, introduce the substitution 8 = cos 'x to change this
equation to

T (x) = T,(0(x)) =T,(0) = cos(nB), where 80, n|.



A recurrence relation is derived by noting that:

T, .1(0) = cos(nB + 0) = cos(n0) cos 6 — sin(n0) sin O
And T, _1(8) = cos(nB —0) =cos(nO) cosO + sin(n0) sin 6.
Adding these equations gives the following:
T,+1(0) +T,_1(8) = 2 cos(n) cos®.

Returning to the variable x and solving for 7, | ;(x) you have, foreachn =1,
T, . 1(0) =2cos(n arccos x).x—T, _(x)=2T,(x) x = T,, _;(x).

Since Ty(x) and T;(x) are both polynomials in x, 7}, 1(x) will be a
polynomial in x for each 7.
[Chebyshev Polynomials] 7;,(x) =1, Tj(x)=x,

and, forn>1, T, , {(x) is the polynomial of degree n + 1 given by
T, 1(x) =2xT,(x)-T,_{(x).

The recurrence relation implies that 7, (x) is a polynomial of degree n, and
it has leading coefficient 2"~ ! whenn > 1. The next three Chebyshev polynomials
therefore are as follows:

Ty (x) = 2xT;(x) - Ty(x) = 2x* 1.
Ty(x) = 2xTy(x) - T;(x) = 4x> = 3x.
And T,(x) = 2xT3(x) — Ty (x) = 8x* —8x% +1.
The graphs of 7;, 7,, 75, and T} are shownin Figure 3.1. Notice that each

of the graphs is symmetric to either the origin or the y-axis, and that each assumes
amaximum value of 1 and a minimum value of —1 on the interval [-1, 1].

T.(X) A T,(x)

To(x) Ty(x)

1 T,(X)

Fig. 3.1 Graph of Chebyshev Polynomials
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The first few Chebyshev polynomials are summarized as follows:

To(x) =1
T(x) =x
75 (x) =23 -1

I(x) = 4% - 3x

Ty(x) = 8xt - 8x% + 1

I5(x) = 16x° — 20x> + 5x

To(x) =32x°—48x* +18x* — 1
Note: The coefficients of x" in T (x) is always 2" L

By using the Chebyshev polynomials, you can express 1, x, X2, .. xas
follows:

1 =Ty(x)

x = T(x)

= %[T2 @) + Ty(0)]

X = —[3T(x) + [ (x)]

1
4
x* = %[37"0 (x) + 4T, (x) + T, (x)]

x> = %[IOTI (x) + 5T3(x) + T5(x)]

and x0 = 3i2[10T0 (x) + 15T (x) + 6T (x) + T (x)]

These expressions are useful in the economization of power series.
Thus, after omitting 7(x) you have, sinx — 0.8802 7 (x) — 0.03906 75 (x)
substituting Ti (x) =x and T3 (x) = 4x3 —3x you have,

sinx = 0.9974x — 0.1562x°

which gives sin x correctly upto three significant digits with only two terms for any
value of x.

Chebychev Inequality

If X is arandom variable having | as expected value and 62 as finite variance,
then for a positive real number &



1
Pr (X — | = ko) < -5

Only when, k> 1, we can get useful information. This is equivalent to

62
Pr(|X—u|20c)£?.

For example, when k = V2, at least half of these values lie in the open
interval (UL — Vo, ou+ \/26).

The theorem provides loose bounds. However, bounds provided as per
Chebychev’s inequality cannot be improved upon. For example, when k> 1,
following example having ¢ = 1/k, meets such bounds exactly.

Pr(X =-1)=1/(2k),
Pr(X = 0)=1-24,
Pr(X = 1)=1/2k?),
Pr(X — u| = ko) = 1/k2,
Equality holds exactly in case of a linear transformation whereas inequality
holds for distribution which is non-linear transformation.

Theorem is useful as it applies to random variables for any distribution and
these bounds can be computed by knowing only mean and variance.

Any observation, howsoever accurate it may be, is never more than few
standard deviations away from the mean. Chebyshev’s inequality gives following
bounds that apply to all distributions in which it is possible to define standard
deviation.

Atleast:

e 50% of these values lie within standard deviations =2
e 75% ofthe values lie within standard deviations =2

e 89% lie within standard deviations=3

® 94% lie within standard deviations =4

® 96% lie within standard deviations = 5

e 97% lie within standard deviations =6

Standard deviations are always taken from the mean.

Generally:

Minimum (1 — 1/&%) x 100% lie with standard deviations = k.

3 5
Example 4: Represent sinx = x — % + % ... byusing Chebyshev polynomial

to obtain three significant digits accufacy in the computation of sin x.

Expectation of
Random Variables

NOTES

Self-Instructional
Material 89



Expectation of
Random Variables

NOTES

Self-Instructional
90 Material

Solution: Using Chebyshev polynomial, sin x is approximated as:

sinx = Tj(x) —i[f&Tl(x) +I3(x)] + ﬁ[lOTl(x) + 575 (x) + T5(x)]

~ 0.8802 T;(x) — 0.03906 T3 (x) + 0.00052 Ty (x)

As the coefficient of 7(x) is 0.00052 and as | 7(x) |< 1 for all x, therefore
the truncation error if we omit the last term above still gives three significant digit
accuracy.

Example 5: Express the Taylor series expansion of

2oyt

e =l-x+—-"—+"—+
20 31 4l
in terms of Chebyshev polynomials.

Solution: The Chebyshev polynomial representation of

2 3

e =1l-x+—-"—+
21 3!

as e ¥ = Ty(x)—T,(x) + % [T, (x) + Ty(x)] - %[3T1 (x) + T3(x)]

1 1
+E [3Ty(x) + 415 (x) + T4 (x)] — 1920 [107] (x) + 5T5(x) + T5(x)] +...

Thus,
e =1.26606 Ty (x) —1.13021 T; (x) + 0.27148 T, (x)

~0.04427 T3(x) + 0.0054687 T (x) —0.0005208 T5(x) + ...

Now, if you expand 7j,(x), T;(x), T5 (x), I3(x), Ty (x) and T5(x) using
their polynomial equivalents and truncate after six terms, than you have,

e =1.00045 — 1.000022x + 0.4991992x* — 0.166488x°
+0.043794x* — 0.008687x°

Comparing this representation with the Taylor series representation, you
observe that there is a slight difference in the coefficients of different powers of x.
The main advantage of this representation as a sum of Chebyshev polynomials is
that, for a given error bound, you can truncate the series with a smaller number of
terms compared to the Taylor series. Also, the error is more uniformly distributed
for various arguments. The possibility of a series with a lower number of terms is
called economization of power series. The maximum error in the six terms of

Chebyshev representation of €~ is 0.00045 whereas the error in the six terms of

Taylor series representation of ¢~ is 0.0014. Thus, you have to add one more



term in Taylor series to ensure that the error is less than that in the Chebyshev Expectation of
. . Random Variables
approximation.

Check Your Progress NOTES

7. What is an expected value?
8. Define variance with respect to discrete random variable.

9. Summarize the first few Chebyshev polynomials.

3.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Arandom variable is a variable that takes on different values as a result of the
outcomes of a random experiment.

2. Arandom variable can be either discrete or continuous. Ifa random variable
is allowed to take on only a limited number of values, it is a discrete random
variable but if it is allowed to assume any value within a given range, itis a
continuous random variable.

(i) A probability cannot be less than zero or greater than one, i.e., 0 <pr
<1, where, pr represents probability.

(71) The sum of all the probabilities assigned to each value of the random
variable must be exactly one.

3. The variance of random variable is defined as the sum of the squared deviations
of the values of random variable from the expected value weighted by their
probability.

4. According to probability theory, moment generating function generates the
moments for the probability distribution of a random variable X, and can be
defined as:

M) =E (), ter

5. The function that shows the location of each sample is called a ‘density
function’. By showing locations of each sample, density of the samples can
be understood.

6. Random variables X, ...... X, of continuous nature are independent of
each other if and only if fX|, ..., X (x,..,x)=/X (x)" - fX (x).

7. The expected value (or mean) of X'is the weighted average of the possible
values that X can take. Here X'is a discrete random variable and each value
is being weighted according to the probability of the possibility of the
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occurrence of the event. The expected value of X'is usually written as £(X)
or L.

. The variance of a random variable tells us something about the spread of the

possible values of the variable. For a discrete random variable X, the variance
of X'is written as Var(X).

Var(X) = E[(X - )]
Where, |1 is the expected value E(X).

9. The first few Chebyshev polynomials can be summarized as follows:

Ty(x) =1
Ii(x) =x

3.6 SUMMARY

¢ A function which assigns numerical values to each element of the set of
events that may occur (i.e., every element in the sample space) is termed a
random variable.

¢ [farandom variable is allowed to take on only a limited number of values,
itis adiscrete random variable but if it is allowed to assume any value within
a givenrange, it is a continuous random variable.

o The sum of all the probabilities assigned to each value of the random variable
must be exactly one.

o we want to measure the dispersion of random variable (X) about its expected
value, i.e., E(X). The variance and the standard deviation provide measures
of this dispersion.

e The variance of random variable is defined as the sum of the squared
deviations of the values of random variable from the expected value weighted
by their probability.

¢ According to probability theory, moment generating function generates the
moments for the probability distribution of a random variable X, and can be
defined as:

Mx(t):E(etX)’ teR

¢ In graphical representation, a probability density functions gives information
about the existence of samples at various locations and the entire graph
area can be considered as a sample space.



¢ The mean or the average value is available in majority of cases. This MEAN
is taken as sum of products x x PDF(x). In case of continuous variables,
MEAN is given by an integral of X x PDF(x), integrated in the range.

¢ [fa JPDF (joint probability distribution function) of a vector of n random
variables shown as a product of 7 functions of one variable X , ...., X (x,,
X ) =f.(x) " f.(x ), then all these variables are independent of each
other.

e The maximum error in the six terms of Chebyshev representation of € ™ is
0.00045 whereas the error in the six terms of Taylor series representation
of € is0.0014.

3.7 KEY WORDS

¢ Expected value: The expected value (or mean) of X is the weighted
average of the possible values that X can take.

e Variance: The variance of arandom variable tells us something about the
spread of the possible values of the variable.

e Chebyshev polynomials: The Chebyshev polynomials {7 (x)} are
orthogonal on (—1, 1) with respect to the weight function w(x) = (1 —x?)">.

3.8 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

DA

Explain the techniques of assigning probability.

What is moment generating function?

Explain the concept of expectation of a random variable.
Explain briefly the terms ‘expectation’ and ‘expected value’.
Define variance.

Long-Answer Questions

1. Discuss the techniques of assigning probabilities.

2. Give the mathematically representation of the variance of random variable.

3. Define the various theories of moment generating function with syntax and

example.

4. Explain the probability density functions of discrete and continuous type.
5. Drive the relation of expected value of a function of X.

6. Briefly describe about the Chebyshev inequality.
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4.0 INTRODUCTION

A random variable is a phenomenon of interest in which the observed outcomes of
an activity are entirely by chance, are absolutely unpredictable and may differ
from response to response. By definition of randomness, each possible entity has
the same chance of being considered. For instance, lottery drawings are considered
to be random drawings so that each number has exactly the same chance of being
picked up. Similarly, the value of the outcome of a toss of a fair coin is random,
since a head or a tail has the same chance of occurring. A random variable may be
qualitative or quantitative in nature. The qualitative random variables yield
categorical responses so that the responses fit into one category or another. For
example, a response to a question such as ‘Are you currently unemployed?’ would
fit in the category of either “Yes’ or ‘No’. On the other hand, quantitative random
variables yield numerical responses.

In this unit, you will study about the multivariate distribution, distribution of
two random variable, conditional distribution and expectation.

4.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Analyse the multivariate distributions
¢ Explain the distribution of two random variable

¢ Discuss about the conditional distribution and expectation
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4.2 MULTIVARIATE DISTRIBUTION

Uniform or Rectangular Distribution

Each possible value of the random variable x has the same probability in the
uniform distribution. If x takes vaues x , x,....,x,, then,

1
p(xi’ k) = ;

The numbers on a die follow the uniform distribution,
1
plx, 6) = 5 (Herex=1,2,3,4,5, 6)

Bernoulli Trials

In a Bernoulli experiment, an Event E either happens or does not happen (E”).
Examples are, getting a head on tossing a coin, getting a six on rolling a die, and so
on.

The Bernoulli random variable is written,
X =11if E occurs
=0if £’ occurs

Since there are two possible value it is a case of a discrete variable
where,

Probability of success =p = p(E)

Profitability of failure=1—p =g =p(E")
We can write,

Fork=1,fk)=p

For k=0, flk)=¢q

For k=0 or 1, (k) = p‘q"*

Geometric Distribution

Suppose the probability of success p in a series of independent trials remains
constant.

Suppose, the first success occurs after x failures, i.e., there are x failures
preceding the first success. The probability of this event will be given by p(x) =

gp(x=0,1,2,..)
This is the geometric distribution and can be derived from the negative
binomial. If we put 7= 1 in the Negative Binomial distribution:

p(x) — x+r-1 rilpr—l qx



We get the geometric distribution,
pxX)="Cp'q" =pq’

o P
2p(x) = Zq p=—-=1

E(x) =Mean = L
q
Variance = %
q

Example 1: Find the expectation of the number of failures preceding the first
success in an infinite series of independent trials with constant probability p of
success.

Solution: The probability of success in,
Isttrial =p (Success at once)
2nd trial = gp (One failure then success, and so on)
3rdtrial =¢’p (Two failures then success, and so on)
The expected number of failures preceding the success,
ExX)=0.pt1.pg+2p°p+ ...
=pqg(1 +2q+3¢*>+......... )

P
(1-q) P’

= Pq

< e

Sincep=1-—g4.
Hypergeometric Distribution

From a finite population of size /V, a sample of size 7 is drawn without replacement.
Let there be N, successes out of V.
The number of failures is V,= N-N,

The disribution of the random variable X, which is the number of successes
obtained in the above case, is called the Hypergeometric distribution.

N, AN

px) = ﬁ X=0,1,2,..,n)

Here x is the number of successes in the sample and # — x is the number of
failures in the sample.

Distribution of

Random Variables

NOTES

Self-Instructional
Material 97



Distribution of
Random Variables

NOTES

Self-Instructional
98 Material

It can be shown that,

Nl
Mean : E(X) = n—

N
) N-n(nN, nN]
Variance : Var (X) = 1| Ty N

Example 2: There are 20 lottery tickets with three prizes. Find the probability
that out of 5 tickets purchased exactly two prizes are won.

Solution: We have N =3, N, =N-N, =17, x=2,n=35.

3 C 17C
PO= =i
3 C 17C
The probability of getting no prize p(0)= —; C 2
5
3 Cl 17(:14

The probability of getting exactly 1 prize p(1)= —; C
5

Example 3: Examine the nature of the distibution of 7 balls are drawn, one at a
time without replacement, from a bag containing m white and n black balls.

Solution: It is the hypergeometric distribution. It corresponds to the probability
that x balls will be white out of 7 balls so drawn and is given by,

) Cx ! Crfx

x =
p( ) m+n Cr

Multinomial

There are k possible outcomes of trials, viz., x , x,, ..., x, with probabilities p , p,,
..., P, n independent trials are performed. The multinomial distibution gives the
probability that out of these 7 trials, x, occurs n, times, x, occurs 7, times, and so

n ' o n n
on. This is given by the following equation: PP Py Dy e Py

k
Where, Z”f =n
i=1

Characteristic Features of the Binomial Distribution

The following are the characteristics of Binomial distribution:
1. Itisadiscrete distribution.
2. It gives the probability of x successes and n —x failures in a specific order.

3. The experiment consists of n repeated trials.



Each trial results in a success or a failure.
The probability of success remains constant from trial to trial.

The trials are independent.

A

The success probability p of any outcome remains constant over time. This
condition is usually not fully satisfied in situations involving management and
economics, for example, the probability of response from successive
informants is not the same. However, it may be assumed that the condition
is reasonably well satisfied in many cases and that the outcome of one trial
does not depend on the outcome of another. This condition too, may not be
fully satisfied in many cases. An investigator may not approach a second
informant with the same set-up of mind as used for the first informant.

8. The Binomial distribution depends on two parameters z and p. Each set of
different values of n, p has a different Binomial distribution.

9. If p=0.5, the distribution is symmetrical. For asymmetrical distribution,
inn
Prob (X=0) = Prob (X=n)
1.e., the probabilities of 0 or 2 successes in 7 trials will be the same. Similarly,
Prob (X=1) =Prob(X=n-1), and so on.
Ifp> 0.5, the distribution is not symmetrical. The probabilities on the right
are larger than those on the left. The reverse case is when p <0.5.

When n becomes large, the distribution becomes bell shaped. Even when n
isnot very large but p = 0.5, it is fairly bell shaped.

10. The Binomial distribution can be approximated by the normal. As n becomes
large and p is close to 0.5, the approximation becomes better.

Example 4: If the ratio n/N, i.e., sample size to population size is small, the result
given by the Binomial may not be reliable. Comment.

Solution: When the distribution is Binomial, each successive trial, being independent
of other trials, has constant probability of success. If he sampling of » items is
without replacement from a population of size N, the probability of success of any
event depends upon what happened in the previous events. In this case the Bionomial
cannot be used unless the ratio n/N is small. Even then there is no guarantee of
getting accurate results.

n
The Binomial should be used only if the ratio ~ is very small, say less that

0.05.

Example 5: Explain the concept of a discrete probability distribution.

Solution: If arandom variable x assumes 7 discrete values x , x,, ....... X, with
respective probabilities p, p.,.......... L2,0, D, T + p, = 1) then, the
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distribution of values x, with probabilities p, (= 1, 2,....,n), is called the discrete
probability distribution of x.

The frequency function or frequency distribution of x is defined by p(x)
which for different values x , x., ...... X ofx, gives the corresponding probabilities:

p(x) = p, where, p(x) 20 Ip(x) = 1
Example 6: For the following probability distribution, find p(x > 4) and
px=4):
X |0|l|2|3|4|5
p(x)‘O‘a‘a/2‘a/2‘a/4‘a/4

Solution: The solution is obtained as follows:

Since, Ip(x) = 1,0+a+%+§+%+%:1

Ea=10r a=7y
>4y =plr=5)= 2=
pix>4) =px=35)= =1,

a a a 9a 9
S =0+ag+ —F—F—+—=—
plx<4) T4 T 10

Example 7: A fair coin is tossed 400 times. Find the mean number of heads and
the corresponding standard deviation.

Solution: This is a case of Binomial distribution withp =g = 7on= 400

1
The mean number of heads is given by p=np = 400 x 5= 200

AndS.D. o= /npq = ‘/400x%x% =10

Example 8: A manager has thought of 4 planning strategies each of which has an
equal chance of being successful. What is the probability that at least one of his

. . . . o 1 3
strategies will work if he tries them in 4 situations? Here p = 2977

Solution: The probability that none of the strategies will work is given by,
1Y (3) (3Y
O="*cl—=||=] =|=
o (4) (4) (4)
3

4
175
The probability that at least one will work is given by 1 - [—j =

4) 256



Example 9: Suppose the proportion of people preferring a car Cis 0.5. Let X
denote the number of people out of a set of 3 who prefer C. The probabilities of
0, 1,2, 3 of them preferring C are,

Solution: The solution is obtained as follows:

PAX=0) =G0 (05 =
pX=1) =05 (057 =2
PI=2) = C,(0.57(0.5) =3

p(X=3) ='GC(0.5(0.5) zé

1 3 3 3 1
= =YX p =0x—+1x=+2°=4+2x=+3x—=1.5
u=EX) D 2 g 2 g 2
O’ =E(X —p)’ = E(X?)-p’ =2x'p, -1

= 02x1+12x§+22x3+32x1_1.52
8 8 8 8
=0.75

Example 10: For the Poisson distribution, write the probabilities of 0, 1, 2, ....
successes.

Solution: The solution is obtained as follows:

x| plx)=e”
x!
0 p(0)y=e"m’/0!
T m
1 p(H)=e F = p(0).m

M = ).
2|e > r2) P(l)-2

m m
3le" = p3)=p(2).=

Y rB3)=p(2) 3
, and so on.

Total of all probabilities Zp(x)=1

Distribution of

Random Variables

NOTES

Self-Instructional
Material 101



Distribution of
Random Variables

NOTES

Self-Instructional
102 Material

Example 11 What are the raw moments of Poisson distribution?
Solution: First raw moment u’, = m

Second raw moment ', = m* + m

Third raw moment ', = m* + 3m* + m
Example 12: For a Poisson distribution p(0) = p(1), find p(x> 0).
Solution: We have e™ m®0! =e™ m°/1! so that m = 1

- p0) =e'=1/2.718=0.37

p(x>0) =1-p(0)=0.63

Example 13: It is claimed that the TV branded M is demanded by 70% of
customers. If X'is the number of TVs demanded, find the probability distribution
of X when there are four customers.

Solution: If all the four demand M then p(4) = 0.7* = 0.2401. The probability
distribution is:

X 4 3 2 1 0

p 0.2401 0.4116  0.2646  0.0756  0.0081

These values may be plotted.

Note: Poisson Approximation to the Binomial is given by when the number of trials # is large
and the probability p of a success is small, the Binomial distribution can be approximated by
the Poisson. This approximation is useful is practice.

If p=0.002, n=1000, m =np =2
The probability of 2 successes in 1000 trials is,
p(X=2)="C.p'q"* ='°C,(0.002)> (0.998)"*

Similarly, pX=3) ="C,(0.002)’ (0.998)"7, etc.

These terms are difficult to calculate. If we employ the Poisson, we have a
much easier task before us.
m=np =100 x0.002 =2
-m__ X 212
px=2)="¢ "" _¢ '2 = 0.1353x20.2706
X .

—m X

2n3
e’'m e?2

= =0.1804
x!

pX=3) =

Example 14: One in every 100 items made on a machine is defective. Out of 25
items picked, find the probability of 1 item being defective.

Solution: p=0.01,4=0.99,n=25,np=0.25
Binomial : p(1) = * C,(0.1)' (0.99)** =0.1964

-25 1
% —0.1947

Poisson : p(1) =



Exponential Distribution

In probability theory and statistics, the exponential distributions, also known as
negative exponential distributions, are a set of continuous probability distributions.
They describe the times between events in a Poisson process, i.¢€., a process in
which events occur continuously and independently at a constant average rate.

Probability Density Function

The Probability Density Function (PDF) of an exponential distribution is defined
as,

}&e’}“, x 20,
0, x<0.

1l :a)={

Here A > 0 is the parameter of the distribution and is frequently termed as the rate
parameter, L. The distribution is based on the interval (0, *). When a random
variable X has exponential distribution, then it is written as X ~ Exp(4).

Cumulative Distribution Function

The cumulative distribution function is defined as,

ﬂmM={

l—e™, x20,

0, x<O0.

Alternative Parameterization

The Probability Density Function (PDF) of an exponential distribution can also be
defined using alternative parameterization as,

1
—e ™, x>0,

f(x’ B) - O, x<0.

Here B > 0 is a scale parameter of the distribution. It is the reciprocal of the rate
parameter, A. In this specific notation,  is considered as a survival parameter if
arandom variable X which is the duration of time that manages system to survive
and X ~ Exponential() then E[.X] = B. Thus, the expected duration of survival of
the system is 3 units of time. The parameterization involves the ‘rate parameter’
that arises in the context of events arriving at a rate A, when the time between
events has amean of f =\,

Occurrence and Uses

The exponential distribution occurs automatically while the lengths of the inter-
arrival times are described in a homogeneous Poisson process. It can be analysed
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as a continuous counterpart of the geometric distribution for describing the number
of Bernoulli trials necessary for a discrete process to change state. Thus, the
exponential distribution describes the time for a continuous process to change
state.

Exponential variables can be used to model situations where specific events
occur with a constant probability per unit length. In queuing theory, the service
times of agents in a system are frequently modeled as exponentially distributed
variables, for example the time taken by a bank teller to serve a customer. The
length of a process can be considered as a sequence of several independent events
and is modeled using a variable following the Erlang distribution, which is the
distribution of the sum of several independent exponentially distributed variables.

The exponential distribution is also used in reliability theory and reliability
engineering. Because this distribution has the memoryless property, hence it is
quite compatible to model the constant hazard rate portion of the bathtub curve in
reliability theory. In physics, when a gas is observed at a fixed temperature and
pressure in a uniform gravitational field, then the altitudes of the various molecules
also adhere to an approximate exponential distribution.

Properties of Exponential Distribution

Mean: The mean or expected value of an exponentially distributed random variable
X with rate parameter A is given as,

1
E[X]=—.
[X] y
Variance: The variance of X'is given as,
1
Var[X] = F

Median: The median of X'is given as,

m[X]= znTz < E[X],

Here, In refers to the natural logarithm. Hence, the absolute difference between
the mean and median is given as shown below in accordance with the median-
mean inequality.

| E[X] - m X 1202

< X = Standard deviation

Memorylessness: It is an important property of the exponential distribution.
This explains that when a random variable 7'is exponentially distributed, then its
conditional probability follows the following notation:

Pr(T >s+t|T >s]=P1[T >¢] foralls,t>0.



Let us use the above equation to explain memorylessness. For example, the
conditional probability that we need to wait more than another 10 seconds before
the first arrival specified that the first arrival has not still happened even after 30
seconds, then it is equal to the initial probability that we need to wait more than 10
seconds for the first arrival. Thus, if we have waited for 30 seconds and the first
arrival did not happen (7> 30), then there is a probability that we need to wait for
another 10 seconds for the first arrival (7> 30 + 10). This is similar to the initial
probability that we need to wait more than 10 seconds for the first arrival (7> 10).
This does not mean that the events 7> 40 and 7 > 30 are independent events.
The exponential distributions and the geometric distributions are the only
memoryless probability distributions. The exponential distribution also has a
constant hazard function.

Quartiles: The quartile function or inverse cumulative distribution function for
Exponential (1) is given as,

FlpA]= —_ln(i_ ?)

b

For 0 <p < 1. Therefore the quartiles are as follows:
First Quartile - In (4/3)/A

Median - In (2)/A

Third Quatrtile - In (4)/A

Kullback-Leibler Divergence: The directed Kullback—Leibler divergence
between Exp(,) for “True’ distribution and Exp(A) for ‘ Approximating’ distribution
is given as,

AL, | 1] =log(, ) - log(}) +%—1.

0

Maximum Entropy Distribution: The Exponential distribution with A= 1/p has
the largest entropy with all continuous probability distributions having support (0,
o) and mean .

Distribution of the Minimum of Exponential Random Variables

Let X , ..., X bethe independent exponentially distributed random variables with
rate parameters A, ..., A . Then, min { X, ..., X } isalso exponentially distributed
with parameter =X + ...+ A

This can be defined using the complementary cumulative distribution function as
shown below:

Pr(min{X,,...,X,} >x)=P1[ X, > xand...and X, > x)

= ﬁPr(Xf >x)= ﬁexp(—xk,.) =exp(—xzn:ki j
i=1 i=1 i=l1
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The index of the variable which achieves the minimum is distributed according to
the law,

A
Pr(X, =min{X,,...,. X })=—* .
( k { 1 n}) }\'i+.”+?\‘n

Remember thatmin { X , ..., X} is not exponentially distributed.

Check Your Progress

1. What are the Bernoulli trials?

2. Define the term hypergeometric distribution.

3. Give some characteristics features of the binomial distribution.
4. What is exponential distribution?

4.3 DISTRIBUTION OF TWO RANDOM
VARIABLE

Mean of Random Variable or The Expected Value of
Random Variable

Mean of random variable is the sum of the values of the random variable weighted
by the probability that the random variable will take on the value. In other words,
itis the sum of the product of the different values of the random variable and their
respective probabilities. Symbolically, we write the mean of a random variable,
say X, as x . The Expected value of the random variable is the average value
that would occur if we have to average an infinite number of outcomes of the
random variable. In other words, it is the average value of the random variable in
the long run. The expected value of a random variable is calculated by weighting
each value of a random variable by its probability and summing over all values.
The symbol for the expected value of a random variable is £ (X). Mathematically,
we can write the mean and the expected value of a random variable, X, as follows:

?:é(x,.).pr.(xi)

And,

E(X)=Y(X,)pr(X;)

i=1
Thus, the mean and expected value of a random variable are conceptually
and numerically the same but usually denoted by different symbols and as such
the two symbols, viz., X and E (X) are completely interchangeable. We can,
therefore, express the two as follows:



n

E(X)=Y(X,)pr(X;)=X

i=1

Where X 1s the ith value X can take.

Sum of Random Variables

If we are given the means or the expected values of different random variables,
say X, Y, and Z to obtain the mean of the random variable (X + Y + Z), then it can
be obtained as under:

E(X+Y+Z)=E(X)+E(Y)+E(Z)=X+Y+Z

Similarly, the expectation of a constant time a random variable is the
constant time the expectation of the random variable. Symbolically, we can
write this as under:

E(cX)=cE(X)=cX

Where cX is the constant time random variable.

4.4 CONDITIONAL DISTRIBUTION AND
EXPECTATION

Expectation (Conditional)

The expectation of a random variable X with probability density function (PDF)
p(x) is theoretically defined as:

E[X]=[xp(x)dx

If we consider two random variables X and Y (not necessarily independent), then
their combined behaviour is described by their joint probability density function
p(x, y)and is defined as:

pix<X<x+dx,y<Y<y+dy}=p(x, y).dx.dy

The marginal probability density of Xis defined as,

Px(x) =] p(x, y)dy

For any fixed value y of ¥, the distribution of X is the conditional distribution of X,
where Y=y, and it is denoted by p(x , y).

Expectation (Iterated)

The expectation of the random variable is expressed as:

E[X]=E[E[X] Y]]

Distribution of

Random Variables

NOTES

Self-Instructional
Material 107



Distribution of
Random Variables

NOTES

Self-Instructional
108 Material

This expression is known as the ‘Theorem of Iterated Expectation’ or
‘Theorem of Double Expectation’. Symbolically, it can be expressed as:

(7) For the discrete case:
E[X]=%, E[X| Y =y].P{Y =y}
(if) For the continuous case:
E[X]=]TE[X|Y = y].f(»)-dy
Expectation: Continuous Variables

If x is a continuous random variable we define that,

E(x) = T xP(x)dx =u

—00

The expectation of a function A(x) is,
Eh(x) = [ h(x) P(x)dx

The rth moment about the mean is,

E(e—py = | (-p) P(x)dx

Example 15: A newspaper earns Rs. 100 a day if there is suspense in the news.
Heloses Rs. 10 a day if it is an eventless newspaper. What is the expectation of
his earnings if the probability of suspense news is 0.4?

Solution: E(x)=px +px,
=0.4x100-0.6 x 10
=40-6=34

Example 16: A player tossing three coins, earns Rs. 10 for 3 heads, Rs. 6 for 2
heads and Re. 1 for 1 head. He loses Rs. 25, if 3 tails appear. Find his expectation.

111 1
i . = —e—r— = — = Ssa
Solution: p(HHH) 23373 Dy say 3 heads
Han =G -2 L Lo sy D heads, 1 tail
p(HHT) = 2y 5T g Py eads, 1 tai
HT' -3C lll—g— sa 1 head. 2 tail
p(HTT) = "¢, 33 3Ty TP ead, 2 tails



Distribution of

1 1 1 3 . Random Variables

—_ — e — s — = —= sa
P(TTT) = 55 5 =g=Psay  3tails
E(x) - P +p2x2 +p3x3—p4x4
NOTES

:lx10+§x6+§x2—lx25

8 8 8 8
:2:Rs 1.125

8

Example 17: 4 and B roll adie. Whoever gets a 6, first wins Rs. 550. Find their
individual expectations if 4 makes a start. What will be the answer if B makes a
start?

. . 1
Solution: 4 may not get 6 in 1st trial, p = s
A may not get in 1st, B may not get in 2nd and 4 may get in 3rd,
5 5 1 (5)1
Py~ gxgxg: 5% and so on.

Fewinming chance— Sx Sx o3V L,
S winning chance = 6 6 6 6) 6

2
. . . . (5
[Geometrlc progression with common ratio (gj ]

Bs winnine ch 1 6 5
innin nce=1-—=—
SW g chance TRET

6
A wins Rs. 550 with probability p = T

5
A gets nothing if he loses with probability g = 1
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Expectationof4=p.x+q.0

= £x550+ix0:300
11 11

5
Similarly B wins withp = 1

6
B gets nothing if he loses with g = 1

5 6
Expectation of B= Hx 550+ m x0 =200

If B starts first his expectation would be 300 and 4’s would be 250.

Example 18: Calculate the standard deviation (S.D.) when x takes the values 0,
1, 2 and 9 with probability, 0.4, 0—0.1.

Solution: x takes the values 0, 1, 2, 9 with probability 0.4,0.2, 0.3, 0.1.
U=E@x) =Z(xp)=0x04+1>x02+3x03+9x0.1=2.0
E(x*) =Xx’p,=0°x04+1°x02+3x03+9x0.1=11.0
Vx) =E@*)—p*=11-2=9

SD.(x) =9 =3

Example 19: The purchase of some shares can give a profit of Rs. 400 with
probability 1/100 and Rs. 300 with probability 1/20. Comment on a fair price of
the share.

Solution: Expected value E(x) = Xx p, = 400 x ﬁ +300x 1 19

20
Example 20: Find the variance and standard deviation (S.D.) of the following
probability distribution:
X | 1 | 2 | 3 | 4
P |01]03]0204

Solution: E(x)=Zpx =0.1 x1+03x2+02x3+04x4=29
Variance (x) = V(x) = E(x*) — x°

Spxt =% =0.0x1> +03x2% +02x3 +0.4x4* —2.9°
=0.1+12+1.8+64—-841=1.09

S.D.(x) = V' (x) =~/1.091.044



Example 21: Prove that the variance of a constant is zero.
Solution: If kis a constant, it has no variability.
Vik)=0

If the constant k£ is attached to a variable x then,

V(kx) = F*V(x)

V(2x) = 4V(x)

V(2 +3x) =V(3x) =9 Vx)

Example 22: Abox contains 2" tickets of which "C: tickets bear the number i(i =

1,2,3,....,n). Ifaset of m tickets is drawn, find the expected value of the sum of
their numbers.

Solution: To find £(4), where A =x +x,+...+x . Here x, can take values 0, 1,
2,...., n with probabilities,

nCO nCl nCn
on > on L b

E(x) = Zpx, = C°.0+ C1.1+ C2.2+....+ C".n
1 2n 2” 2"

n

= %[” C+2'C,+..+n"C,]

n _ _ -
=—[1+""C+"'C,+...+"'C

X 1] (By taking » common)

2'1" A+1"" =§ [Expand (1 + 1)"-! and check]

E(4) = iE(xi):%

Check Your Progress

5. Explain the mean of random variable.

6. What is conditional expectation?

4.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Ina Bernoulli experiment, an Event E either happens or does not happen
(E"). Examples are, getting a head on tossing a coin, getting a six on rolling
a die, and so on.

Distribution of

Random Variables

NOTES

Self-Instructional
Material 111



Distribution of
Random Variables

NOTES

Self-Instructional
112 Material

2. The disribution of the random variable X, which is the number of successes
obtained in the above case, is called the Hypergeometric distribution.

N, CN C
P =~ (X=0,1,2, )
3. The following are the characteristics of Binomial distribution:
(a) Itisadiscrete distribution.

(b) It gives the probability of x successes and n — x failures in a specific
order.

(c) The experiment consists of n repeated trials.
(d) Each trial results in a success or a failure.

4. In probability theory and statistics, the exponential distributions, also known
as negative exponential distributions, are a set of continuous probability
distributions.

5. Mean of random variable is the sum of the values of the random variable
weighted by the probability that the random variable will take on the value.

6. The expectation of a random variable X with probability density function
(PDF) p(x)is theoretically defined as:

E[X]=[xp(x)dx

If we consider two random variables X and Y (not necessarily independent),
then their combined behaviour is described by their joint probability density
function p(x, y) and is defined as:

pix<X<x+dx,y<Y<y+dy} = p(x, y).dx.dy
The marginal probability density of Xis defined as,
px(¥) =] p(x, y)dy

For any fixed value y of Y, the distribution of X'is the conditional distribution
of X, where Y=y, and it is denoted by p(x , »).

4.6 SUMMARY

o Each possible value of the random variable x has the same probability in the
uniform distribution. If x takes vaues x , x,....,x,, then,

1
plx, k) =+
e The multinomial distibution gives the probability that out of these 7 trials, x|
occurs 72, times, x, occurs 7, times, and so on. This is given by the following

. I/l‘ no__n n
equation: —— 7, Pi P2 Py
n .

Any g,



e The Binomial distribution depends on two parameters » and p. Each set of
different values of n, p has a different Binomial distribution.

¢ The Binomial distribution can be approximated by the normal. As n becomes
large and p is close to 0.5, the approximation becomes better.

e The Probability Density Function (PDF) of an exponential distribution can
also be defined using alternative parameterization as,

1
—e’X/B, x=0,

f(x’ B)= 0, x<O0.

o The Expected value of the random variable is the average value that would
occur if we have to average an infinite number of outcomes of the random
variable.

4.7 KEY WORDS

o Cumulative distribution function: The cumulative distribution function is
defined as,

ﬂmM={

e Quartiles: The quartile function or inverse cumulative distribution function
for Exponential (L) is given as,

l—e™, x20,

0, x<O0.

Fipping=—20=p)
A
e Maximum entropy distribution: The Exponential distribution with A=1/
w has the largest entropy with all continuous probability distributions having
support (0, =) and mean L.

b

4.8 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Explain about the uniform or rectangular distribution.
2. What is geometric distribution?

3. What is meant by multinomial?

4. Explain the sum of random variables.

5. What is iterated expectation?
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Long-Answer Questions

1. Briefly describe the probability density function.
2. Discuss the properties of exponential distribution.
3. Describe the expected value of random variables.

4. Explain the continuous variables expectation.
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5.0 INTRODUCTION

Correlation analysis looks at the indirect relationships in sample survey data and
establishes the variables which are most closely associated with a given action or
mind-set. It is the process of finding how accurately the line fits using the
observations. Correlation analysis can be referred as the statistical tool used to
describe the degree to which one variable is related to another. The relationship, if
any, is usually assumed to be a linear one. In fact, the word correlation refers to
the relationship or interdependence between two variables. There are various
phenomena which have relation to each other. The theory by means of which
quantitative connections between two sets of phenomena are determined is called
the ‘Theory of Correlation’. On the basis of the theory of correlation you can
study the comparative changes occurring in two related phenomena and their cause-
effect relation can also be examined. Thus, correlation is concerned with relationship
between two related and quantifiable variables and can be positive or negative.

In this unit you will study about the correlation, types of correlation and
properties of correlation coefficient, methods of studying correlation, scatter diagram,
Karl Pearson’s coefficient, rank coefficient and coefficient of determination.
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5.1 OBJECTIVES

After going through this unit, you will be able to:
o Define correlation
¢ Explain the different types of correlation
¢ Understand the function of correlation coefficient

¢ Understand the different methods of studying correlation

5.2 CORRELATION

Correlation analysis is the statistical tool generally used to describe the degree to
which one variable is related to another. The relationship, if any, is usually assumed
to be alinear one. This analysis is used quite frequently in conjunction with regression
analysis to measure how well the regression line explains the variations of the
dependent variable. In fact, the word correlation refers to the relationship or
interdependence between two variables. There are various phenomena which have
relation to each other. For instance, when demand of a certain commodity
increases, then its price goes up and when its demand decreases then its price
comes down. Similarly, with age the height of the children increases; with height
the weight of the children increases, with money supply the general level of prices
goup. Such sort of relationship can as well be noticed for several other phenomena.
The theory by means of which quantitative connections between two sets of
phenomena are determined is called the Theory of Correlation.

On the basis of the theory of correlation one can study the comparative
changes occurring in two related phenomena and their cause-effect relation can
be examined. It should, however, be borne in mind that relationship like ‘black cat
causes bad Iuck’, “filled-up pitchers result in good fortune’ and similar other beliefs
of the people cannot be explained by the theory of correlation since they are all
imaginary and are incapable of being justified mathematically. Thus, correlation is
concerned with the relationship between two related and quantifiable variables. If
two quantities vary in sympathy so that a movement (an increase or decrease) in
the one tends to be accompanied by a movement in the same or opposite direction
in the other and the greater the change in the one, the greater is the change in the
other, the quantities are said to be correlated. This type of relationship is known as
correlation or what is sometimes called, in statistics, co-variation.

For correlation it is essential that the two phenomena, should have cause-
effect relationship. If such relationship does not exist then one should not talk of
correlation. For example, if the height of the students as well as the height of the
trees increases, then one should not call it a case of correlation because the two
phenomena, viz., the height of students and the height of trees are not causally
related. But the relationship between the price of a commodity and its demand,
the price of a commodity and its supply, the rate of interest and savings, etc., are



examples of correlation since in all such cases the change in one phenomenon is
explained by a change in the other phenomenon.

Check Your Progress

1. What are the different types of correlations?
2. Explain the meaning of correlation analysis.

3. What is the scatter diagram method?

4. What is the least-squares method?

5.3 TYPES OF CORRELATION

It is appropriate here to mention that correlation in case of phenomena pertaining
to natural sciences can be reduced to absolute mathematical terms, for example,
heat always increases with light. But in phenomena pertaining to social sciences, it
is often difficult to establish any absolute relationship between two phenomena.
Hence, in social sciences we must take the fact of correlation being established if
in a large number of cases, two variables always tend to move in the same or the
opposite direction.

Correlation can either be positive or it can be negative. Whether
correlation is positive or negative would depend upon the direction in which the
variables are moving. If both variables are changing in the same direction, then
correlation is said to be positive but when the variations in the two variables take
place in opposite direction, the correlation is termed as negative. This can be
explained as follows:

Changes in Independent Changes in Dependent Nature of
Variable Variable Correlation
Increase (+)T Increase (+)T Positive (+)
Decrease (—){ Decrease (—){ Positive (+)
Increase (+)T Decrease (—){ Negative (-)
Decrease (—){ Increase (+)T Negative (-)

Correlation can either be linear or it can be non-linear. Non-linear
correlation is also known as curvilinear correlation. The distinction is based upon
the constancy of the ratio of change between the variables. When the amount of
change in one variable tends to bear a constant ratio to the amount of change in the
other variable then the correlation is said to be linear. In such a case, if the values
of the variables are plotted on a graph paper, then a straight line is obtained. This
is why the correlation is known as linear correlation. But when the amount of
change in one variable does not bear a constant ratio to the amount of change in
the other variable, i.e., the ratio happens to be variable instead of constant, then
the correlation is said to be non-linear or curvilinear. In such a situation we shall
obtain a curve if the values of the variables are plotted on a graph paper.
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Correlation can either be simple correlation or it can be partial
correlation or it can be multiple correlation. The study of correlation for two
variables (of which one is independent and the other is dependent) involves
application of simple correlation. When more than two variables are involved in a
study relating to correlation then it can either be as of multiple correlation or of
partial correlation. Multiple correlation studies the relationship between a dependent
variable and two or more independent variables. In partial correlation, we measure
the correlation between a dependent variable and one particular independent variable
assuming that all other independent variables remain constant.

Statisticians have developed two measures for describing the correlation
between two variables viz., the coefficient of determination and the coefficient of
correlation.

5.4 PROPERTIES OF CORRELATION
COEFFICIENT

The coefficient of correlation symbolically denoted by ‘7’ is an important measure to
describe how well one variable is explained by another. It measures the degree of
relationship between the two causally-related variables. The value of this coefficient
can never be more than + 1 or less than—1. Thus, + 1 and —1 are the limits of this
coefficient. For a unit change in independent variable, if there happens to be a constant
change in the dependent variable in the same direction then the value of the coefficient
will be+ 1 indicative of the perfect positive correlation; but if such a change occurs
in the opposite direction, the value of the coefficient will be —1, indicating perfect
negative correlation. In practical life the possibility of obtaining either a perfect positive
or perfect negative correlation is very remote, particularly in respect of phenomena
concerning social sciences. If the coefficient of correlation has a zero value then it
means that there exists no correlation between the variables under study.

There are several methods of finding the coefficient of correlation but the
following ones are considered important:'
(1) Coefficient of correlation by the method of least squares

(i) Coefticient of correlation through product moment method or Karl
Pearson’s coefficient of correlation

(#if) Coefticient of correlation using simple regression coefficients

Whichever of these three methods, we adopt we get the same value of 7.
Now, we explain in brief each one of these three methods of finding 7.

5.5 METHODS OF STUDYING CORRELATION

5.5.1 Scatter Diagram

Least squares method of fitting a line (the line of best fit or the regression line)
through the scatter diagram is a method which minimizes the sum of the squared



vertical deviations from the fitted line. In other words, the line to be fitted will pass
through the points of the scatter diagram in such a fashion that the sum of the
squares of the vertical deviations of these points from the line will be a minimum.
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Fig 5.1 Scatter Diagram

The meaning of the least squares criterion can be better understood more
easily through reference to the following Figure 5.2 where the Scatter diagram has
been reproduced along with a line which represents the least squares fit to the
data.
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Fig 5.2 Scatter Diagram, Regression Line and
Short Vertical Lines Representing ‘e’

In Figure 5.2, the vertical deviations of the individual points from the line are
shown as the short vertical lines joining the points to the least squares line. These
deviations are denoted by the symbol ‘e’. The value ‘e’ varies from one point to
another. In some cases it is positive, in others it is negative. If the line drawn
happens to be the least squares line then the values of e’ is the least possible. It
is because of this feature the method is known as Least Squares Method.

Why we insist on minimizing the sum of squared deviations is a question that
needs explanation. If we denote the deviations from the actual value Y to the
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estimated value as (v - ¥)ore,, it is logical that we want the X(Y ~Y) or Y e, to
i=1

n
be as small as possible. However, mere examining 3(Y —Y) or > e, isinappropriate
i=1
since any e,can be positive or negative and large positive values and large negative
values would cancel one another.

But large values of e regardless of their sign, indicate a poor prediction. Even

if we ignore the signs while working out .| € |, the difficulties may continue to be

i=1
there. Hence, the standard procedure is to eliminate the effect of signs by squaring
each observation. Squaring each term accomplishes two purposes viz., (i) It magnifies
(or penalizes) the larger errors, and (i) It cancels the effect of the positive and
negative values (since a negative error squared becomes positive). The choice of
minimizing the squared sum of errors rather than the sum of the absolute values
implies that we would make many small errors rather than a few large errors. Hence,
in obtaining the regression line we follow the approach that the sum of the squared
deviations be minimum and on this basis work out the values of its constants viz., ‘a’
and ‘b’ or what is known as the intercept and the slope of the line. This is done with
the help of the following two normal equations:?

XY =na+ bEX

XXY =aXX + bIX?

In these two equations, ‘a’ and ‘b’ are unknowns and all other values viz.,
XX, XY, ¥X2, ¥ XY are the sum of the products and the cross products to be
calculated from the sample data and ‘»’ means the number of observations in the
sample. Hence, one can solve these two equations for finding the unknown values.
Once these values are found, the regression line is said to have been defined for
the given problem. Statisticians have also derived a short cut method through
which these two equations can be rewritten so that the values of ‘a’ and ‘b’ can be
directly obtained as follows:

b n2 XY -XXXY
nEX?-(ZXx)

XY XX

== _p=2

n n

5.5.2 Karl Pearson’s Coefficient

Karl Pearson’s method is the most widely used method for measuring the
relationship between two variables. This coefficient is based on the following
assumptions:



(i) There is a linear relationship between the two variables which means that a
straight line would be obtained if the observed data is plotted on a graph.

(77) Thetwo variables are causally related which means that one of the variables
is independent and the other one is dependent.

(7ii) A large number of independent causes operates in both the variables so as
to produce a normal distribution.

According to Karl Pearson, ‘7’ can be worked out as follows:

XXy

"~ noo,

Here, x =x-x)
y =0-»

o, = Standard deviation of

2
Xseries and is equal to 4| L
n

o, = Standard deviation of

2
Y series and is equal to 4| 2y
n

n = Number of pairs of X'and Y observed

A short cut formula known as the Product Moment Formula can be derived

from the earlier formula:

2xy
- no,o,
Xy

Z x2 . z y2
n n
nYxy

JZx® T y?

These formulae are based on obtaining the true means (viz., ¥ and y ) first

and then performing all other calculations.

5.5.3 Rank Coefficient

If observations on two variables are given in the form of ranks and not as numerical
values, it is possible to compute what is known as rank correlation between the
two series.

The rank correlation, written p, is a descriptive index of agreement between

ranks over individuals. It is the same as the ordinary coefficient of correlation
computed on ranks, but its formula is simpler.
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__6xD;
n(n® —1)

p=I1

Here, n is the number of observations and D, the positive difference between

NOTES ranks associated with the individuals i.

Like 7, the rank correlation lies between —1 and +1.

Example 1: The ranks given by two judges to 10 individuals are as follows:

Rank given by

Individual  Judge 1 Judge 11 D D?
X v =Xx-y
1 1 7 6 36
2 2 5 3 9
3 7 8 1 1
4 9 10 1 1
5 8 9 1 1
6 6 4 2 4
7 4 1 3 9
8 3 6 3 9
9 10 3 7 49
10 5 2 3 9
¥D? =128
Solution: The rank correlation is given by,
2
p=1-OZDT _ OXI2 906 _ 0024
n’ —n 10° =10
The value of p = 0.224 shows that the agreement between the judges is not

high.
Example 2: In the previous case, compute » and compare.

Solution: The simple coefficient of correlation » for the previous data is calculated

as follows:
X y x? y2 Xy
1 7 1 49 7
2 5 4 25 10
7 8 49 64 56
9 10 81 100 90
8 9 64 81 72
6 4 36 16 24
4 1 16 1 4
3 6 9 36 18
10 3 100 9 30
5 2 25 4 10
x =55 Xy=55 >x% = 385 3y? =385 Xxy = 321
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55 55
- 321-10x %70 185 185
r 5512 so\2  f825x825 825
385-10x| 22| ,[385-10x| 2>
10 10

= 0.224

This shows that the Spearman p for any two sets of ranks is the same as
the Pearson r for the set of ranks. But it is much easier to compute p.

Often, the ranks are not given. Instead, the numerical values of observations
are given. In such a case, we must attach the ranks to these values to calculate

p.

Example 3:
Marks in  Marks in Rank in Rank in
Maths Stats Maths Stats D D?

45 60 4 2 2 4
47 61 3 1 2 4
60 58 1 3 2 4
38 48 5 4 1 1
50 46 2 5 3 9

¥D? =22

2
632D _ 1_6><22 01
n —n 125-5

p=I1-

Solution: This shows a negative, though small, correlation between the ranks.
If two or more observations have the same value, their ranks are equal and
obtained by calculating the means of the various ranks.

If in this data, marks in maths, are 45 for each of the first two students, the

rank of each would be % = 3.5. Similarly, if the marks of each of the last

two students in statistics are 48, their ranks would be % =45
The problem takes the following shape:
Rank
Marks in Marks in X y D

D? Maths Stats
45 60 3.5 2 1.5 2.25
45 61 3.5 1 2.5 6.25
60 58 1 3 2 4.00
38 48 5 4.5 1.5 2.25
50 48 2 4.5 2.5 6.25
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2
p=1_6:;D _U6x21
n—n 120
An elaborate formula which can be used in case of equal ranks is
6 o, o s
=1- 2D +—X(m —m
P n3—n|: 12 ( ):"

Here, %z(nf _m) is to be added to £D? for each group of equal ranks, m

being the number of equal ranks each time.
For the given data, we have
For series x, the number of equal ranks m = 2.
For series y, also, m = 2; so that,

1—i 21+£+£
120 12 12

3 6x22
120

Example 4: Show by means of diagrams various cases of scatter expressing
correlation between x, .

6 1 1
p=1-7% 5[21+E(23—2)+E(23-2)]

=1

=-0.1

Solution:
@ v ®) 7
0 Negative slope X 0 Positive slope
Inverse linear relationship Direct linear relationship
High scatter » low, negative High scatter r low, positive
© 7 @ 1
. . ° N
[ . L4 [ o
° . e ° L]
e o °
0 Slope =0 X 0
r=0 No relationship

r=0



(e v 1)) f

o . X
o Inverse X _ Direct
curvilinear relationship curvilinear relationship
©
) . .
Perfect relationship

But, » = 0 because of
non-linear relation

Correlation analysis helps us in determining the degree to which two or
more variables are related to each other.

When there are only two variables we can determine the degree to which
one variable is linearly related to the other. Regression analysis helps in determining
the pattern of relationship between one or more independent variables and a
dependent variable. This is done by an equation estimated with the help of data.

5.6 COEFFICIENT OF DETERMINATION

Coefficient of determination (+*) which is the square of the coefficient of correlation
(r) is amore precise measure of the strength of the relationship between the two
variables and lends itself to more precise interpretation because it can be presented
as a proportion or as a percentage.

The coefficient of determination (7%) can be defined as the proportion of the
variation in the dependent variable Y, that is explained by the variation in independent
variable X, in the regression model. In other words:

, _ Explained variation
’/‘ =

Total variation
(Y, -Y)
(Y -Y)?
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byZY +bEXY
n
= 2
NOTES _ ' _ _
Example 5: The heights of fathers and their sons are given. Calculate the coefficient
of correlation  and the coefficient of determination (+?). Also, given that
b, =26.25,
b, =0.625
Father (X) Son (Y)
63 66
65 68
66 65
67 67
67 69
68 70
Solution: Now,
52
By +hzxy - &V
n
- (=)’
2
x(r)? -
X Y X2 Xy Y2
63 66 3969 4158 4356
65 68 4225 4420 4624
66 65 4356 4290 4225
67 67 4489 4489 4489
67 69 4489 4623 4761
68 70 4624 4760 4900
¥X =396 XY =405 YX? =26152 XY =126740 Y2 =27355
Hence,
405)?
26.25(405)+ 0.625(26740) — ¢ 065 )
2 —
re= 2
27355 - (405)7
_ 10631.25+16712.5—27337.5
- 27355-27377.5
2
= 625 =0.357
17.5
and r = r? =40.357 =0.597
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While the value of =0.597 is more of an abstract figure, the value of 72 =

0.357 tells us that 35.7% of the variation in Y is explained by the variation in X.
This indicates a weak relationship since the value of 7 =0, means no relationship
at all and the value of =1 or 100% means perfect relationship. In general, for a
high degree of correlation which leads to better estimates and prediction, the
coefficient of determination 7> must have a high value.

5. What do you mean by coefficient of correlation?

6. State the assumptions for finding the coefficient of correlation by Karl

7. Define coefficient of determination, 7.

Check Your Progress

Pearson’s method.

5.7 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

1. There are several types of correlations. They are:

(a) Positive or negative correlations
(b) Linear or non-linear correlations
(c¢) Simple, partial or multiple correlations

2. Correlation analysis is the statistical tool that is generally used to describe

the degree to which one variable is related to another. The relationship, if
any, is usually assumed to be a linear one. This analysis is used quite frequently
in conjunction with regression analysis to measure how well the regression
line explains the variations of the dependent variable. In fact, the word
correlation refers to the relationship or interdependence between two
variables. There are various phenomena, which are related to each other.
For instance, when demand of a certain commodity increases, then its price
goes up and when its demand decreases then its price comes down.

. Scatter diagram is the method to calculate the constants in regression models

that makes use of scatter diagram or dot diagram. A scatter diagram is a
diagram that represents two series with the known variables, i.e., independent
variable plotted on the X-axis and the variable to be estimated, i.e., dependent
variable to be plotted on the Y-axis.

. The least squares method is a method to calculate the constants in regression

models for fitting a line through the scatter diagram that minimizes the sum
ofthe squared vertical deviations from the fitted line. In other words, the
line to be fitted will pass through the points of the scatter diagram in such a
fashion that the sum of the squares of the vertical deviations of these points
from the line will be a minimum.
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5. The coefficient of correlation, which is symbolically denoted by 7, is another
important measure to describe how well one variable explains another. It
measures the degree of relationship between two casually related variables.
The value of this coefficient can never be more than +1 or—1. Thus, +1 and
—1 are the limits of this coefficient.

6. Karl Pearson’s method is most widely used method of measuring the
relationship between two variables. This coefficient is based on the following
assumptions:

(7)) Thereis a linear relationship between the two variables which means
that a straight line would be obtained if the observed data is plotted on
a graph.

(@) The two variables are casually related which means that one of the
variables is independent and the other is dependent.

(#ii) Alarge number of independent causes are operating in both the variables
so as to produce a normal distribution.

7. The coefficient of determination (r?), the square of the coefficient of
correlation (), is a more precise measure of the strength of the relationship
between the two variables and lends itself to more precise interpretation
because it can be presented as a proportion or as a percentage.

5.8 SUMMARY

¢ Correlation analysis is the statistical tool generally used to describe the degree
to which one variable is related to another. The relationship, if any, is usually
assumed to be a linear one. This analysis is used quite frequently in
conjunction with regression analysis to measure how well the regression
line explains the variations of the dependent variable.

o Correlation can either be positive or it can be negative. Whether correlation
is positive or negative would depend upon the direction in which the variables
are moving.

o Non-linear correlation is also known as curvilinear correlation. The distinction
is based upon the constancy of the ratio of change between the variables.

o [east squares method of fitting a line (the line of best fit or the regression
line) through the scatter diagram is a method which minimizes the sum of the
squared vertical deviations from the fitted line.

o There is a linear relationship between the two variables which means that a
straight line would be obtained if the observed data is plotted on a graph.

o The two variables are causally related which means that one of the variables
is independent and the other one is dependent.

e [fobservations on two variables are given in the form of ranks and not as
numerical values, it is possible to compute what is known as rank correlation
between the two series.



o Coefficient of determination (%) which is the square of the coefficient of Correlation
correlation (7) is a more precise measure of the strength of the relationship
between the two variables and lends itself to more precise interpretation

because it can be presented as a proportion or as a percentage.
NOTES

5.9 KEY WORDS

¢ Correlation analysis: It is the statistical tool to describe the degree to
which one variable is related to another.

e Scatter diagram: It is a graph of observed plotted points where each
point represents the values of X'and Y as a coordinate.

¢ Coefficient of determination: It can be defined as the proportion of the
variation in the dependent variable Y that is explained by the variation in
independent variable X.

¢ Rank correlation: In this type of correlation, observations on two variables
are given in the form of ranks instead of numerical values. Rank correlation
is a descriptive index of agreement between ranks over individuals.

5.10 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What is a scatter diagram?
2. Under what conditions will you say that a correlation is linear?

3. How does a scatter diagram help in studying the correlation between two
variables?

4. List the different types of correlation.

5. Define correlation analysis.
Long-Answer Questions

1. Obtain the estimating equation by the method of least squares from the

following information:
X Y
(Independent variable) (Dependent variable)
2 18
4 12
5 10
6 8
8 7

11 5
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Correlation 2. Find out the coefficient of correlation between the two kinds of assessment
of M. A. students’ performance.

(1) By adopting Karl Pearson’s method

NOTES (ii) By the method of least squares
S.N. of Internal assessment External assessment
Students (Marks obtained (Marks obtained
out of 100) out of 100)
1 51 49
2 63 72
3 73 74
4 46 4
5 50 58
6 60 66
7 47 50
8 36 30
9 60 35
Also, work out 7, and interpret the same.
3. Calculate correlation coefficient from the following results:
n = 10; XX=140; XY =150
(X —10)* = 180; X(Y—-15)2=215
(X-10)(Y-15) = 60
4. Givenis the following information:
Observation Test score Sales (,000 Rs)
X Y
1 73 450
2 78 490
3 R 570
4 61 380
5 87 540
6 81 500
7 77 480
8 70 430
9 65 410
10 8 490
Total 766 4740
You are required to:
(1) Graph the scatter diagram for the given data.
(7) Find the regression equation and draw the line corresponding to the
equation on the scatter diagram.
(7if) Make an estimate of sales if the test score happens to be 75.
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130 Material



5. Calculate correlation coefficient and the two regression lines for the following Correlation
information:

Ages of Wives (in years)

10-20 20-30 30-40 40-50 Total NOTES
Ages of 1020 20 26 — — 46
Husbands 20-30 8 14 37 — 59
(in 3040 — 4 18 3 25
years) 40-50 — — 4 6 10
Total 2 4 59 9 140

6. To know what relationship exists between unemployment and suicide
attempts, a sociologist surveyed twelve cities and obtained the following

data:
S.N. of the Unemployment rate Number of suicide attempts

city per cent per 1000 residents
1 73 2

2 64 17

3 62 9

4 55 8

5 64 12

6 47 5

7 5.8 7

8 79 19

9 6.7 13

10 9.6 29

11 103 33

12 72 18

(7)) Develop the estimating equation that best describes the given
relationship.

(7) Findaprediction interval (with 95% confidence level) for the attempted
suicide rate when unemployment rate happens to be 6%.
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UNIT 6 DISTRIBUTIONS

Structure

6.0 Introduction

6.1 Objectives

6.2 Binomial Distribution

6.3 The Poisson Distribution

6.4 Limiting Form of Binomial and Poisson Fitting

6.5 Discrete Theoretical Distributions
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6.7 Summary

6.8 Key Words

6.9 Self-Assessment Questions and Exercises
6.10 Further Readings

6.0 INTRODUCTION

Binomial distribution is used in finite sampling problems where each observation is
one of two possible outcomes (‘success’ or ‘failure’). Poisson distribution is used
for modelling rates of occurrence. Exponential distribution is used to describe
units that have a constant failure rate. The term ‘normal distribution’ refers to a
particular way in which observations will tend to pile up around a particular value
rather than be spread evenly across a range of values, i.e., the Central Limit Theorem
(CLT). It is generally most applicable to continuous data and is intrinsically
associated with parametric statistics (For example, ANOVA, t-test, regression
analysis). Graphically, the normal distribution is best described by a bell-shaped
curve. This curve is described in terms of the point at which its height is maximum,
1.e., its mean and its width or standard deviation.

In this unit, you will study about the binomial distribution, Poisson distribution,
limiting form of binomial and Poisson fitting and discrete theoretical distributions.

6.1 UNIT OBJECTIVES

After going through this unit, you will be able to:
¢ Understand about the binomial distribution
¢ Analyse the Poisson distribution
¢ Discuss the limiting form of binomial and Poisson fitting

o Explain the discrete theoretical distributions
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6.2 BINOMIAL DISTRIBUTION

Binomial distribution (or the Binomial probability distribution) is a widely used
probability distribution concerned with a discrete random variable and as such is
an example of a discrete probability distribution. The binomial distribution describes
discrete data resulting from what is often called as the Bernoulli process. The
tossing of a fair coin a fixed number of times is a Bernoulli process and the outcome
of such tosses can be represented by the binomial distribution. The name of Swiss
mathematician Jacob Bernoulli is associated with this distribution. This distribution
applies in situations where there are repeated trials of any experiment for which
only one of two mutually exclusive outcomes (often denoted as ‘success’ and
“failure’) can result on each trial.

Bernoulli Process
Binomial distribution is considered appropriate in a Bernoulli process which has
the following characteristics:

(a) Dichotomy. This means that each trial has only two mutually exclusive
possible outcomes, for example, ‘Success’ or ‘failure’, ‘Yes’ or ‘No’,
‘Heads’ or ‘Tails’ and the like.

(b) Stability. This means that the probability of the outcome of any trial is
known (or given) and remains fixed over time, 1.€., remains the same for all
the trials.

(c) Independence. This means that the trials are statistically independent, i.e.,
to say the happening of an outcome or the event in any particular trial is
independent of its happening in any other trial or trials.

Probability Function of Binomial Distribution

The random variable, say X, in the Binomial distribution is the number of ‘successes’
in n trials. The probability function of the binomial distribution is written as under:

fX=r)="Cpq"
r=0,1,2...n
Where, n = Numbers of trials.
p = Probability of success in a single trial.
q = (1 — p) = Probability of ‘failure’ in a single trial.

r = Number of successes in ‘n’ trials.

Parameters of Binomial Distribution

This distribution depends upon the values of p and » which in fact are its parameters.
Knowledge of p truly defines the probability of X since 7 is known by definition of



the problem. The probability of the happening of exactly » events in  trials can be
found out using the above stated binomial function.

The value of p also determines the general appearance of the binomial
distribution, if shown graphically. In this context the usual generalizations are:

(a) When p is small (say 0.1), the binomial distribution is skewed to the right,
i.e., the graph takes the form shown in Figure 6.1.

Probability

0 1 2 3 4 5 6 7 8
No. of Successes

Fig. 6.1

b) When p is equal to 0.5, the binomial distribution is symmetrical and the
ym
graph takes the form as shown in Figure 6.2.

Probability

No. of Successes

Fig. 6.2

(c) When p is larger than 0.5, the binomial distribution is skewed to the left and
the graph takes the form as shown in Figure 6.3.

Probability

o 1 2 3 4 5 6 7 8
No. of Successes

Fig. 6.3

But if ‘p’ stays constant and ‘»’ increases, then as ‘n’ increases the vertical
lines become not only numerous but also tend to bunch up together to form a bell
shape, i.e., the binomial distribution tends to become symmetrical and the graph
takes the shape as shown in Figure 6.4.
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Probability

No. of Successes

Fig. 6.4

Important Measures of Binomial Distribution

The expected value of random variable [i.e., E(X)] or mean of random variable
(i.e., X) of the binomial distribution is equal to z.p and the variance of random
variable is equal to n. p. g or n. p. (1 — p). Accordingly the standard deviation

of binomial distribution is equal to \/n.p.q. The other important measures relating
to binomial distribution are as under:

1-2p
Skewness =
\n.p.gq
2
Kurtosis = 3 +M
n.p.q

When to Use Binomial Distribution

The use of binomial distribution is most appropriate in situations fulfilling the
conditions outlined above. Two such situations, for example, can be described as
follows.

(a) When we have to find the probability of 6 heads in 10 throws of a fair coin.

(b) When we have to find the probability that 3 out of 10 items produced by a
machine, which produces 8 per cent defective items on an average, will be
defective.

Example 1: A fair coin is thrown 10 times. The random variable X is the number
of'head(s) coming upwards. Using the binomial probability function, find the
probabilities of all possible values which X can take and then verify that binomial

distribution has amean: x = n.p. and variance: 5*> =n.p.q

Solution: Since the coin is fair and so, when thrown, can come either with head

upward or tail upward. Hence, p (head) = % and g (no head) = % The required

probability function is,
f(X: },.) — nCr prqn—r
r=20,1,2..10



The following table of binomial probability distribution is constructed using this Distributions
function.

X, (Number Probability pr, X pr, (X,— )_() X - )_()2 (X, - X’)z.pl.
of Heads) NOTES

0 10¢, p° ¢'° = 1/1024 0/1024 -5 25 25/1024

1 10C p'¢° = 10/1024 10/1024 —4 16 160/1024

2 10C, p? ¢ = 45/1024 90/1024 -3 9 405/1024

3 ¢, p*q’ = 120/1024 360/1024 -2 4 480/1024

4 10C, p* ¢° = 210/1024 840/1024 -1 1 210/1024

5 0C, p* ¢ = 252/1024 1260/1024 0 0 0/1024

6 0C, pog* = 210/1024  1260/1024 1 1 210/1024

7 e p’ ¢ = 120/1024 840/1024 2 4 480/1024

8 10C, p® ¢* = 45/1024 360/1024 3 9 405/1024

9 10¢,p ¢! = 10/1024 90/1024 4 16 160/1024

10 0C,p¢" = 171024 10/1024 5 25 25/1024
X = 5120/1024 Variance = 62 =

X=5 2 (X X)pr,=

2560/1024 = 2.5

The mean of the binomial distribution' is given by . p. =10 x % =5and the

variance of this distribution is equal to n. p. g. = 10 % X % =25

These values are exactly the same as we have found them in the above table.

Hence, these values stand verified with the calculated values of the two
measures as shown in the table.

Check Your Progress

1. Explain the Bernoulli process.

2. Write the probability function of binomial distribution.

3. Explain the different parameters of binomial distributions.
4. Explain the important measures of binomial distribution.

5. Under what circumstances will you use binomial distribution?

6.3 THE POISSON DISTRIBUTION

Poisson distribution is also a discrete probability distribution with which is associated
the name of a Frenchman, Simeon Denis Poisson who developed this distribution.
This distribution is frequently used in context of Operations Research and for this
reason has a great significance for management people. This distribution plays an
important role in Queuing theory, Inventory control problems and also in Risk
models.
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Unlike binomial distribution, Poisson distribution cannot be deducted on
purely theoretical grounds based on the conditions of the experiment. In fact, it
must be based on experience, i.¢., on the empirical results of past experiments
relating to the problem under study. Poisson distribution is appropriate specially
when probability of happening of an event is very small (so that g or (1-p) is
almost equal to unity) and » is very large such that the average of series (viz., n. p.)
is a finite number. Experience has shown that this distribution is good for calculating
the probabilities associated with X occurrences in a given time period or specified
area.

The random variable of interest in Poisson distribution is number of
occurrences of a given event during a given interval (interval may be time, distance,
area, etc.). We use capital X to represent the discrete random variable and lower
case x to represent a specific value that capital X can take. The probability function
of this distribution is generally written as under:

x=0,1,2...

Where, . = Average number of occurrences per specified interval.? In other
words, it is the mean of the distribution.

e = 2.7183 being the basis of natural logarithms.

x = Number of occurrences of a given event.

Poisson Process

The distribution applies in case of Poisson process which has following
characteristics.

¢ Concerning a given random variable, the mean relating to a given interval
can be estimated on the basis of past data concerning the variable under
study.

¢ If we divide the given interval into very very small intervals we will find:

(a) The probability that exactly one event will happen during the very very
small interval is a very small number and is constant for every other
very small interval.

(b) The probability that two or more events will happen within a very small
interval is so small that we can assign it a zero value.

(c) The event that happens in a given very small interval is independent,
when the very small interval falls during a given interval.

(d) The number of events in any small interval is not dependent on the
number of events in any other small interval.



Parameter and Important Measures of Poisson Distribution

Poisson distribution depends upon the value of A, the average number of
occurrences per specified interval which is its only parameter. The probability
of exactly x occurrences can be found out using Poisson probability function
stated above. The expected value or the mean of Poisson random variable is
A and its variance is also A. The standard deviation of Poisson distribution

is, /-

Underlying the Poisson model is the assumption that if there are on the
average A occurrences per interval ¢, then there are on the average k A
occurrences per interval kz. For example, if the number of arrivals at a service
counted in a given hour, has a Poisson distribution with A = 4, then y, the

number of arrivals at a service counter in a given 6 hour day, has the Poisson
distribution A = 24, i.c., 6x4.

When to Use Poisson Distribution

The use of Poisson distribution is resorted to those cases when we do not know
the value of ‘n’ or when ‘n’ can not be estimated with any degree of accuracy.
In fact, in certain cases it does not make any sense in asking the value of ‘n’.
For example, the goals scored by one team in a football match are given, it
cannot be stated how many goals could not be scored. Similarly, if one watches
carefully one may find out how many times the lightning flashed but it is not
possible to state how many times it did not flash. It is in such cases we use
Poisson distribution. The number of death per day in a district in one year due
to a disease, the number of scooters passing through a road per minute during
a certain part of the day for a few months, the number of printing mistakes per
page in a book containing many pages, are a few other examples where Poisson
probability distribution is generally used.

Example 2: Suppose that a manufactured product has 2 defects per unit of
product inspected. Use Poisson distribution and calculate the probabilities of
finding a product without any defect, with 3 defects and with four defects.

Solution: If the product has 2 defects per unit of product inspected. Hence,
A=2.

Poisson probability function is as follows:

x A
f(X :’C):_/1 xe'
x=0,12,...
Using the above probability function, we find the required probabilities as under:
. . 207
P(without any defects, i.e., x = 0) = 0
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1.(0.13534)
=—— - =013534
e 2x2x2(0.13534)
P(with 3 defects, i.e, x =3)= —— =
(W o Le, x=3)= 3 3x2x1
_ 03436 _ 4 15045

2% 2x2x2x2(0.13534)

P(with 4 defects, i.e., x =4) = 1 4x3%2 %1

= 02?MS=OOWE3

Example 3: How would you use a Poisson distribution to find approximately
the probability of exactly 5 successes in 100 trials the probability of success in
each trial being p = 0.1?

Solution: In the question we have been given,
n =100 and p = 0.1
A =np=100 x 0.1 =10

To find the required probability, we can use Poisson probability function as an
approximation to Binomial probability function as shown below:

_ et (np) &)

f(Xi B x) x! B x!
10°27'°  (100000)(0.00005 5.00000
or P(5) = ¢ =( I ) =
5 Sx4x3x2x1 Sx4x3x2x1
LI 0.042
24
Check Your Progress

6. What is Poisson distribution?

7. Where and when will you use Poisson distribution?

6.4 LIMITING FORM OF BINOMIAL AND
POISSON FITTING

Fitting a Binomial Distribution

When a binomial distribution is to be fitted to the given data, then the following
procedure is adopted:



(a) Determine the values of ‘p’ and ‘¢’ keeping in view thatXx = n. p. and
q9=1-p).

(b) Find the probabilities for all possible values of the given random variable
applying the binomial probability function, viz.,

JSX.=r) ="Cpq~"
r=0,1,2,...n

(c) Work out the expected frequencies for all values of random variable by
multiplying N (the total frequency) with the corresponding probability.

(d) The expected frequencies, so calculated, constitute the fitted binomial
distribution  to the given data.
Fitting a Poisson Distribution

When a Poisson distribution is to be fitted to the given data, then the following
procedure is adopted:

(a) Determine the value of A, the mean of the distribution.

(b) Find the probabilities for all possible values of the given random variable
using the Poisson probability function, viz.,

B /'l_x.e—).

X

f(Xi :x)

x=0,1,2,..
(c) Work out the expected frequencies as follows:
n.p.(X; = x)

(d) The result of case (c) above is the fitted Poisson distribution to the given
data.

Poisson Distribution as an Approximation of Binomial Distribution

Under certain circumstances Poisson distribution can be considered as a
reasonable approximation of Binomial distribution and can be used accordingly.
The circumstances which permit all this, are when ‘n’ is large approaching to
infinity and p is small approaching to zero (n = Number of Trials, p = Probability
of ‘Success’). Statisticians usually take the meaning of large », for this purpose,
when n 2 20 and by small ‘p’ they mean when p < 0.05. In cases where these
two conditions are fulfilled, we can use mean of the binomial distribution (viz.,
n.p.) in place of the mean of Poisson distribution (viz., 1) so that the probability
function of Poisson distribution becomes as stated below:

¥ )

f(Xi=X)=L

X
We can explain Poisson distribution as an approximation of the Binomial
distribution with the help of following example.
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Example 4: Given is the following information:
(a) There are 20 machines in a certain factory, i.e., n = 20.
(b) The probability of machine going out of order during any day is 0.02.

What is the probability that exactly 3 machines will be out of order on the same
day? Calculate the required probability using both Binomial and Poissons
Distributions and state whether Poisson distribution is a good approximation of
the Binomial distribution in this case.

Solution: Probability, as per Poisson probability function (using n.p in place

of &)
(since n =20 and p £0.05)

(n.p) ™

x!

J(X;=x)=
Where, x means number of machines becoming out of order on the same day.

(20x0.02)" ¢ 202
3

P(X, =3) =

_ (04).(0.67032) _ (0.064)(0.67032)
3x2x1 6

0.00715
Probability, as per Binomial probability function,

f(‘Xz — ,,.) — ncrprqnfr

Where, n =20, =13, p=0.02 and hence g = 0.98
fX, =3) = 20C3(O.02)3 (0.98)17
= 0.00650

The difference between the probability of 3 machines becoming out of order on
the same day calculated using probability function and binomial probability
function is just 0.00065. The difference being very very small, we can state that
in the given case Poisson distribution appears to be a good approximation of
Binomial distribution.

Example 5: How would you use a Poisson distribution to find approximately
the probability of exactly 5 successes in 100 trials the probability of success in
each trial being p = 0.1?

Solution: In the question we have been given,
n =100 and p = 0.1
A =np=100 x 0.1 =10

To find the required probability, we can use Poisson probability function as an
approximation to Binomial probability function, as shown below:



f@&= ) x! - X!
10°e7'°  (100000)(0.00005 5.00000
o, Py =10 _(100000)(0.00005)
5 Sx4x3x2x1 Sx4x3x2x1
LI 0.042
247
Check Your Progress

&. How can we measure the area under the curve?

9. Under what circumstances, is a Poisson distribution considered as an
approximation of binomial distribution?

6.5 DISCRETE THEORETICAL DISTRIBUTIONS

Theoretical Distributions: If a certain hypothesis is assumed, it is sometimes
possible to derive mathematically, what the frequency distributions of certain
universes should be. Such distributions are called theoretical distributions.

Binomial Distribution

Binomial distribution was discovered by James Bernoulli in the year 1700.

Let there be an event the probability of its success” is P and the probability
of'its failure is Q is one trial, so P+ O =1

Consider a set of # independent trials and the probability P of success is the
same in every trial, then Q = 1 — P is the probability of failure in any trial.

Let the set of n trials be repeated N times, where NV is a very large number.
Out of these N, there will be sets with few success and also with number of
successes and so on.

Now the probability that the first & trials are successes and the remaining
(n — k) trial are failures is PAQ9,

Since k can be chosen out of n-trials in "c, ways, the probability of
k-successes, P(k) in a series of n-independent trials is given by,

P(k)y =rc. PLQ" P
The probability distribution of the number of successes, so obtained is called
the ‘Binomial probability distribution’.

The probabilities of 0, 1, 2, ... n successes are "C P°Q", "C,P'Q"",
."C P"()’, are the successive terms of binomial expansion (Q + PY".
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Definition: Arandom variable Xis said to follow binomial distribution if it assumes
only non-negative values and its probability mass function is given by,

{ ¢ PF O 1 k=0,1,2,..0=1-P

PX= k)= Pk) = : Otherwise

Usually we use the notation X ~ B(n, P) to denote that the random variable X
follows binomial distribution with parameters n and P.

Notes: 1. Since n and P are independent constants in the binomial distribution,,
they are called the parameters of distribution.

2 S Pt = X, "GP O = Py =1

k=0 k=0

3. If the experiment consisting of n-trials is repeated » times, then the
frequency function of the binomial distribution is given by,

f(k) =N.P(k)=N. [nC.P*.Q"P]; k=0,1,2, ..

and the expected frequencies of 0, 1, 2, ...n successes are the successive terms of
the binomial expansion, N(Q + P)*; (Q+ P=1)

Moments

The first four moments about origin of binomial distribution are obtained as follows:

(i) Mean or First Moment about Origin

B = 3 xTCLP.OT

x=0

_nPZn IC le

=nP[Q"' +"'CP.O"+ ...+ P]
=nP(Q+P)y'=nP asP+Q=1

So, meanorp’, =nP.
(ii) Second Moment about Origin
n
2 —
= EX) = Z x“"C.PPO"
k=0
n

= Y+ x(x—=1)"C,.P Q"]

x=0



n Distributions
n

=Y x"C PO 4 D x(x =D CL PO

x=0 x=0

n

_ _ _ NOTE
=nP+ n(n—1)P2. Z ! 2Cx72-Px Z-Qn * OTES
x=2

=nP+n(n—- 1P .(Q — P)y?
W, =nPQ+n’P.
(iii) Third Moment about Origin

n
W=EXY =2 X C.P O

k=0
On simplifying, we get,
W, =n(n—1)(n—-2)P*+3n(n — 1)P*+nP.
(iv) Fourth Moment about Origin
n
uf4: E(Xﬂ) — 2 x4 .}’l Cx.Px .anx
k=0

And on simplifying, we get,
W, =nn—1)(n-2)(n-3)P*+6nn —1)(n —2)P°
+ 7n(n — 1)P*+nP.
Now, the moment about ‘Mean of Binomial Distribution will be Discussed’.
(1) First Moment about Mean
H, =0 (always)

(i1) Second Moment about Mean

Lo = ()= E0O) - [E@P

=nPQ + n’P* — n’P*= nPQ

Thus, Var (X) =u,=nPQ and standard deviation 6(X) = \/@

(iii) Third and Fourth Moment about Mean

(@) W, = = 3+ 2(u))?
=nPQ (Q—-P) (Onsimplification)
(b) M, = M= 4pip + 6p () — 2(u))?

= 3n*P*Q* — 6nP’Q*+ nPQ
nPQ[1 + 3(n—2)PQ]
Ws _n’P0Q-P)° _(-2P)

Hence, 3, =

H32 n3P3Q3 I’lPQ
n, nPO[l+3(n-2)PO] 1-6PQ
=== Sy P4
2 ].122 I’Z2P2Q2 I’ZPQ Self-Instructional
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VIZ\/EZ%and%:@—S:W

Moment Generating Function of Binomial Distribution: Let.x have a binomial
distribution with probability function,
P(x) ="C PQ™; x=0,1,2,..n

The moment generating function about the origin is given as

M) =E(e~)= D ""C, P O""
x=0
_ Zan (Pet)x.anx
x=0

M(®) =(Q+ Pey

Moment generating function about mean nP is given by,
an(t) — E[ et(x—nP)] — E(etx e—nPt)
= e E(e")= e . M(t)
— efnPt(Q + et.P)n
=(Q.eT + P.el-Pry
M (1) =(Q.e™+ P.e2)

Poisson Distribution with Mean and Variance

The Poisson distribution is a limiting case of binomial distribution when the probability
of success or failure (i.e., P or Q) is vary small and the number of trial n is very
large (i.e. n — =) enough so that nP is a finite constant say A i.e. nP = A. Under
these conditions, P(x) the probability of x success in the binomial distribution,

P(x) =PX-x) ="C_P‘Q" canbe written as,

ot (A (AT
Px) _x!.(n—x)!'(nj ’(1 nj

SR S
x! n A

nx(n—x)!(l—jx
n

Using Lim n — =, we have,

X n |
P(x) = K_Lim(l—&j Lim T " ..(6.1)
x! n—>0 n n—»o0 }\' X
(n—-x)!{1-—| n
n



LY LY
We know that Lim(l - —j =e¢*and Lim(l — —j =

n—»0 n n—0 n

And using Stirling’s formula for n!, we have,

n =22

n! B 2V
(n—x)! /211?(1’1 _ x)n—x+l/2.e—n+x

| nn+1/2 e "
n .
SO —. = _ _
) (n_x)! (n_x)n x+1/2.e n+x'nx

Thus, Equation (6.1) becomes,

1/2 —n
A n"te
P(x) =—ee * Lim oYL R—
x! n—w (n—x)" T gt
xx.e—k . nn+1/2.e—n
= .Lim 172
xle® noo(n—x)" e
23 e—k nn—x+1/2
=——— Lim ;
xlet nox S
_ X 2
n" x+1/2 (1 _ j
n
Ae 1
= .Lim 0
xle¥ now n gt
i)
n) n
e 1 A e
xlet e .1 x!
Thus,
_ B A et
P(X=x) = P(x) = ;x=0,1,2, ..
x!

Whenn — oo, nP=Aand P —= 0

Here, A is known as the parameter of Poisson distribution.

Definition: A random variable X is said to follow a Poisson distribution if
it assumes only non-negative values and its probability mass function is

given by,

1
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A e

X

P(x, 1) = P(X=x)= ;x=0,1,2,..;A>0.

Constants of the Poisson Distribution:

(i) Mean, u; =A=EX).

@ p, =EX)=r+A%.

() p, =EX)=AM+31+A

(iv) W, =EX)=A+61+T\+A

(v) Firstmoment about mean 1, = 0.

) V) =p,= Q) — [EQOF = 2
=A+A A=A

Note that, Mean = Variance = A.
(vii) Standard deviation 6(X)= VA .
(viii) W, i.. the third moment about mean
e L T

=M +302+ 1) - 3AA+A) + 203 =

(ix) B, = A o - 3ut =300+ A
Thus, coefficients of skewness and kurtosis are given by,
2 42
_ K3 A 1 _ _ 1
=——=—=—andy =P =—
Bl “23 7u3 Py Y By \/x
7 1 - _ 1
Also, B, = u_22_3+ = andy,=p,-3= -

Hence, the Poisson distribution is always a skewed distribution if Lim , we get,

A—>00
B, =0,B,=3.

Negative Binomial Distribution: Suppose there are n-trials of an event. We
assume that

(1) The n-trials are independent.
(i1) Pis the probability of success which remains constant from trial to trial.

Let f(x; r, P) denote the probability that there are x failures preceeding the
rth success in (x + 7) trials.

Now, in (x +7) trials the last trial must be a success with probability P. Then
in the remaining (x +»— 1) trials, we must have (»— 1) successes whose probability
is given by

x+r-1 Cr,l . Pr—l . Qx

Therefore, the compound probability theorem f{x; r, P) is given by the

product of these two probabilities.



So  fogr,P)y =x"'C_. P QP
— x+r—lcrii. Pr. Qx

Moment Generating Function of Poisson Distribution

Let P(X=x) =t

X 0,1, 2, ...00; > 0Dbe a Poisson distribution.

Then the moment generating function is given by,

00 o 6—7\,. }\’x
M(t) =E(e)= 2" ———
x=0 :

s} I\X
_ Ae
I A_Z( )
Jour x!
= efx.exe’ :eh(etfl)

and moment generating function about mean is,

M(l) = E(et(x—?.)) =M E(etx)
= oM pMel-1)
— (h+he -2
SO, M(I) — e( t+he )

Definition: A random variable Xis said to follow a negative binomial distribution,
if its probability mass function is given by,

PX=x)=Pkx) =""'C_.P.0%x=0,1,2,..
0; otherwise.
Also, we know that "C ="C
So x+r71Cr71 - x+rfle

x+r-Dx+r=-2)...(r+1.r
x!

_ D E)Er ) (A x+2) (rx D)
x!

(1. €,

TGP (=) x=0,1,2,...

So p) = {0 ; otherwise

which is the (x + 1)th term in the expansion of P"(1 — Q)”, a binomial expansion
with a negative index. Hence, the distribution is called a negative binomial
distribution. Also,

0

YPx) =P Y0 =P x(1-0) =1
x=0

x=0
Therefore, P(x) represents the probability function and the discrete variable
which follows this probability function is called the negative binomial variable.
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Example 6: A continuous random variable X has a probability distribution function
fix)=3x,0< x< 1.

Find a and b such that
(i) p{X<a}=p{X>a},and
(i) p{X>b}=0.05

Solution: (i) Since P{X<a}= P{X>a}

each must be equal to %, because total probability is always 1.

P{X<a} = % = [f()dx =

N | —

S =

a 1 21
Or, 3Ix2dx =- = 3[—} =—
0 2

2 3 )
1/3
Or, a& -1 a= (lj
2 2
()  piX<bl  =0.5.
1 1
- j £ (x)dx =0.05 = 3j x’dx =0.05
b b

3l
= 3{)‘—} —005=1-b'= -
3 |, 20

1/3
.
20

Example 7: A probability curve y = f(x) has a range from 0 to ee. If
flx)= e~ find the mean and variance and the third moment about mean.

Solution: We know that, the »th moment about origin,

x". e Ydx

Ty = j X f(x)dx =
0

oS —8

=T (r+1) =r! (Using Gamma Integral)

Substituting, r =1,2,and 3, we have,
Mean, =1!=1
T8 =2!=2andp;=3!=6
Thus, variance =, = p,— (U))*=2-1=1
And =W, = 3u. W) +2(n))* =63 x2+2=2is the required third
moment about mean.



Uniform Distribution

A random variable Xis said to have a continuous uniform distribution over an
interval (a, b) ifits probability density function is constant say &, over the entire
range of X.

k; a<X<b

0; otherwise

Thatis, flx) = {

Since total probability is always unity, we have,

[[feyde=1 = k= [ dv=1

;o a<X<b
Thus, (x) =31b—a

0 ; otherwise
This is also known as rectangular distribution as the curve y = f(x) describes
arectangle over the x-axis and between the ordinates at x =a and x =b.

The distribution function F(x) is given by,

0 if-wo<x<a
xX—a
F(x) b—a; a<x<b
1 ; b<x<ow

Since F(x) is not continuous at x = a and x = b, it is not differentiable at

these points. Thus, di F(x)=f(x)= % # 0, exists everywhere except at
X

the points x = q and x = b and consequently probability distribution function f{x)
is given by,

; a<x<b
a

0 ; otherwise

fixy  =b

P X

i

Fig. 6.5 Uniform Distribution
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Distributions Moments of Uniform Distribution:

a 1 br+l_ar+l
W, = Jo ) de= ( 1].

(b—-a) r+
NOTES In particular,
1 b? —a? (b+a
meb b T4 2 2
1 b3—a3 1 2 2
And u', = =—(b"+ab+a
H2 b—a[ 3 J 3¢ )
Variance=p, = p'y — (1)
2
_ L bty 224
3 2
1 2
= — b—
12( a)
Moment generating function is given by,
bt at
b e —e
M@= | e f(x)dx=
(0= [, ¢ f@ds="r—
And the characteristic function is given by,
b eibt_eiat
H=\| &*f(x)dx=——"—
0,0 = [, ¢S () ds ="
Check Your Progress

10. Who discovered binomial distribution?
11. Whenis a random variable X said to follow binomial distribution?
12. Whatis Poisson distribution?

6.6 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. Bernoulli process or Binomial distribution is considered appropriate and has
the following characteristics;

(a) Dichotomy: This means that each trial has only two mutually exclusive
possible outcomes. For example, success or failure, yes or no, heads or
tail, etc.

(b) Stability: This means that the probability of the outcome of any trial is

known and remains fixed over time, i.e., remains the same for all the
trials.
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(c) Independence: This means that the trials are statistically independent,
1.e., to say the happening of an outcome or the event in any particular trial
is independent of its happening in any other trial or trials.

2. The probability function of binomial distribution is written as under:

f&X=r="Cp"q""
r=0,1,2,..n
Where,n = Numbers of trials.
p = Probability of success in a single trial.
q = (1—p)=Probability of failure in a single trial.
r = Number of successes in 7 trials.

. The parameters of binomial distribution are p and n, where p specifies the

probability of success in a single trial and 7 specifies the number of trials.

. The important measures of binomial distribution are:

1-2
Skewness = P
\1n.p.q
. 1-6p + 64>
Kurtosis =3 +#
n.p.q

. Weneed to use binomial distribution under the following circumstances:

(a) When we have to find the probability of heads in 10 throws of a fair coin.

(b) When we have to find the probability that 3 out of 10 items produced by
amachine, which produces 8% defective items on an average, will be
defective.

. Poisson distribution is a discrete probability distribution that is frequently used

in the context of Operations Research. Unlike binomial distribution, Poisson
distribution cannot be deduced on purely theoretical grounds based on the
conditions of the experiment. In fact, it must be based on the experience, i.e.,
on the empirical results of past experiments relating to the problem under
study.

. Poisson distribution is used when probability of happening of an event is very

small and 7 is very large such that the average of series is a finite number. This
distribution is good for calculating the probabilities associated with X
occurrences in a given time period or specified area.

. For measuring the area under a curve, we make use of the statistical tables

constructed by mathematicians. Using these tables, we can find the area that
the normally distributed random variable will lie within certain distances from
the mean. These distances are defined in terms of standard deviations. While
using the tables showing the area under the normal curve, it is considered in
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10.
11.

12.

terms of standard variate, which means standard deviations without units of
measurement and it is calculated as:

Where, Z = The standard variate or number of standard deviations from X
to the mean of the distribution.

X = Value of the random variable under consideration.
L = Mean of'the distribution of the random variable.

o = Standard deviation of the distribution.

. When # is large approaching to infinity and p is small approaching to zero,

Poisson distribution is considered as an approximation of binomial distribution.
Binomial distribution was discovered by James Bernoulli.

A random variable Xis said to follow binomial distribution if it assumes only

non-negative values and its probability mass function is given by,
"o PROUTR k=0,1,2,..0=1-P
0 ; otherwise

P(X=k) = P(k) = {

Poisson distribution is a limiting case of binomial distribution when the
probability of success or failure is very small and the number of trial z is very
large.

6.7 SUMMARY

¢ The binomial distribution describes discrete data resulting from what is often
called as the Bernoulli process. The tossing of a fair coin a fixed number of
times is a Bernoulli process and the outcome of such tosses can be
represented by the binomial distribution. The name of Swiss mathematician
Jacob Bernoulli is associated with this distribution.

e The expected value of random variable [i.e., £(X)] or mean of random
variable (i.e., X) ofthe binomial distribution is equal to 7.p and the variance
of random variable is equal to n. p. g or n. p. (1 —p).

e Unlike binomial distribution, Poisson distribution cannot be deducted on
purely theoretical grounds based on the conditions of the experiment. In
fact, it must be based on experience, i.e., on the empirical results of past
experiments relating to the problem under study.

¢ Poisson distribution is appropriate specially when probability of happening
ofan event is very small (so that g or (1-p) is almost equal to unity) and n
is very large such that the average of series (viz., . p.) is a finite number.



e Poisson distribution depends upon the value of A, the average number of

occurrences per specified interval which is its only parameter.

If a certain hypothesis is assumed, it is sometimes possible to derive
mathematically, what the frequency distributions of certain universes should
be. Such distributions are called theoretical distributions.

A random variable Xis said to follow binomial distribution if it assumes only
non-negative values and its probability mass function is given by,

an.Pk-Q(n_k) ;k — O’ 1’ 2, . Q: 1 —P
PX=k =Pk =1, : Otherwise

The Poisson distribution is a limiting case of binomial distribution when the
probability of success or failure (i.e., P or Q) is vary small and the number
of trial n is very large (i.e. n — =) enough so that nP is a finite constant say
A, l.e., nP=A.

A random variable X is said to follow a Poisson distribution if it
assumes only non-negative values and its probability mass function
is given by

A e

P(x,\) = P(X=x)= ;x=0,1,2,..; A>0.

A random variable X is said to have a continuous uniform distribution over
an interval (a, b) if its probability density function is constant say &, over the
entire range of X.

6.8

KEY WORDS

Binomial distribution: It is also called as Bernoulli process and is used to
describe discrete random variable.

Poisson distribution: It is used to describe the empirical results of past
experiments relating to the problem and plays important role in queuing
theory, inventory control problems and risk models.

6.9

SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Define probability distribution and probability functions.

2. Describe binomial distribution and its measures.

3. How a binomial distribution can be fitted to a given data?
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. Describe Poisson distribution and its important measures.

5. Poisson distribution can be an approximation of binomial distribution.

Explain.

6. When is the Poisson distribution used?
7. Write the formula for measuring the area under the curve.

8. Explain the circumstances when the normal probability distribution can be

used.

Long-Answer Questions
1. Given is the following probability distribution:

X, prX)
0 1/8
1 2/8
2 3/8
3 2/8

Calculate the expected value of X, its variance, and standard deviation.

. A coin is tossed 3 times. Let X be the number of runs in the sequence of

outcomes: first toss, second toss, third toss. Find the probability distribution
of X. What values of X are most probable?

. (a) Explain the meaning of Bernoulli process pointing out its main

characteristics.

(b) Give a few examples narrating some situations wherein binomial pr:
distribution can be used.

. State the distinctive features of the Binomial, Poisson and Normal probability

distributions. When does a Binomial distribution tend to become a Normal
and a Poisson distribution? Explain.

. Explain the circumstances when the following probability distributions are

used:

(a) Binomial distribution
(b) Poisson distribution
(c) Normal distribution

. Certain articles were produced of which 0.5 per cent are defective, are

packed in cartons, each containing 130 articles. When proportion of cartons
are free from defective articles? What proportion of cartons contain 2 or
more defective?

(Given e 05=0.6065).



7. The following mistakes per page were observed in a book:

No. of Mistakes No. of Times the Mistake
Per Page Occurred

0 211
1 9
2 19
3 5
4 0

Total 345

Fit a Poisson distribution to the data given above and test the goodness of
fit.

8. In a distribution exactly normal, 7 per cent of the items are under 35 and 89
per cent are under 63. What are the mean and standard deviation of the
distribution?

9. Assume the mean height of soldiers to be 68.22 inches with a variance of
10.8 inches. How many soldiers in a regiment of 1000 would you expect to
be over six feet tall?.
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Special Distributions

UNIT 7 SPECIAL DISTRIBUTIONS

NOTES Structure

7.0 Introduction

7.1 Objectives

7.2 The Gamma Distribution

7.3 Chi-Square Distribution

7.4 The Normal Distribution

7.5 The Bivariate Normal Distribution

7.6 Answers to Check Your Progress Questions

7.7 Summary

7.8 Key Words

7.9 Self-Assessment Questions and Exercises
7.10 Further Readings

7.0 INTRODUCTION

Any statistical hypothesis test, in which the test statistic has a Chi-square distribution,
when the null hypothesis is true, is termed as Chi-square test. Chi-square test is a
non-parametric test of statistical significance for bivariate tabular analysis, also
known as cross-breaks. Amongst the several tests used in statistics for judging the
significance of the sampling data, Chi-square test, developed by Prof. Fisher, is
considered an important test. Chi-square, symbolically written as y? (pronounced
as Ki-square), is a statistical measure with the help of which it is possible to assess
the significance of the difference between the observed frequencies and the expected
frequencies obtained from some hypothetical universe. Chi-square tests enable us
to test and compare whether more than two population proportions can be
considered equal. Hence, it is a statistical test commonly used to compare observed
data with expected data and testing the null hypothesis, which states that there is
no significant difference between the expected and the observed result.

In this unit, you will study about the Gamma distribution, Chi-square
distribution, the normal distribution and the bivariate normal distribution.

7.1 OBJECTIVES

After going through this unit, you will be able to:
o Understand about the Gamma distribution
o Explain various Chi-square distribution
o Describe the normal distribution

o Analyse the bivariate normal distribution
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7.2 THE GAMMA DISTRIBUTION

The Erlang distribution is a continuous probability distribution with wide
applicability primarily due to its relation to the Exponential and Gamma distributions.
The Erlang distribution was developed by A. K. Erlang. He developed the Erlang
distribution to examine the number of telephone calls which might be made at the
same time to the operators of the switching stations. This work on telephone traffic
engineering has been expanded to consider waiting times in queuing systems in
general. Erlang distribution is now used in the fields of stochastic processes and
biomathematics.

Given a Poisson distribution with a rate of change A, the Distribution Function
D (x) giving the waiting times until the /th Poisson event is:

D(x)=1- hz_ie’“ O
0 k!
- T(h,xX\)
I'(h)

For x € (0, ), where I'(x) is a complete gamma function, and I'(a, x) an
incomplete gamma function. With 4 explicitly an integer, this distribution is known
as the Erlang distribution and has the following probability function:

200

PO=0"0)

Itis closely related to the gamma distribution, which is obtained by letting a
= h (not necessarily an integer) and defining 6= 1/A. When /= 1, it simplifies to
the exponential distribution.

The probability density function of the Erlang distribution is given below:

xkxk—le—lx
=———for )C,?L > O,

S (xk,h)
Where, ['(k) is the gamma function evaluated at &, the parameter £ is called
the shape parameter and the parameter A is called the rate parameter.

An alternative but equivalent parameterization (Gamma distribution) uses
the scale parameter L1, which is the reciprocal of the rate parameter (i.e., L= 1/1):

X

[
x et

ko) =—
S (k) TR

for x,u>0.

When the scale parameter L equals to 2, the distribution simplifies the Chi-
square distribution with 2k degrees of freedom. It can, therefore, be regarded as
a generalized Chi-squared distribution for even numbers of degrees of freedom.
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Because of the factorial function in the denominator, the Erlang distribution
is only defined when the parameter £ is a positive integer. In fact, this distribution
is sometimes called the Erlang-k distribution (for example, an Erlang-2 distribution
is an Erlang distribution with £=2). The Gamma distribution generalizes the Erlang
distribution by allowing & to be any real number, using the Gamma function instead
of the factorial function.

The Cumulative Distribution Function (CDF) of the Erlang distribution is
given below:

v(k,Ax)

F(x;k,)) = T

Where, Y () is the lower incomplete gamma function. The CDF may also
be expressed as follows:

k-1
F(x;k,0)=1- Z%e_“ (Ax)".
n=0 ft-

An asymptotic expansion is known for the median of an Erlang distribution,
for which coefficients can be computed and bounds are known.

Generating Erlang Distributed Random Numbers

Erlang distributed random numbers can be generated from uniform distribution
random numbers (U € (0, 1)) using the following formula:

k
E(k,\) ~ —%mHU,.
i=1

Waiting Times

Events that occur independently with some average rate are modeled with a Poisson
process. The waiting times between k occurrences of the event are Erlang
distributed.

The Erlang distribution, which measures the time between incoming calls,
can be used in conjunction with the expected duration of incoming calls to produce
information about the traffic load measured in Erlang units. This can be used to
determine the probability of packet loss or delay, according to various assumptions
made about whether blocked calls are aborted (Erlang B formula) or queued until
served (Erlang C formula). The Erlang B and C formulae are still in everyday use
for traffic modelling for applications, such as the design of call centers.

A K. Erlang worked a lot in traffic modelling. Thus, there are two other
Erlang distributions which used in modelling traffic. They are given below:

¢ Erlang B Distribution: This is the easier of the two distributions and can
be used in a call centre to calculate the number of trunks one need to carry
a certain amount of phone traffic with a certain ‘target service’.



¢ Erlang C Distribution: This formula is much more difficult and is often
used to calculate how long callers will have to wait before being connected
to a human in a call centre or similar situation.

Stochastic Processes

The Erlang distribution is the distribution of the sum of k independent and identically
distributed random variables each having an exponential distribution. The long-run
rate at which events occur is the reciprocal of the expectation of X, that is, l/k. The
(age specific event) rate of the Erlang distribution is, for k> 1, monotonic in x,
increasing from zero at x = 0, to | as x tends to infinity.

Check Your Progress

1. Define Erlang-k distribution.
2. Whatis Erlang C distribution?

7.3 CHI-SQUARE DISTRIBUTION

Chi-square test is a non-parametric test of statistical significance for bivariate tabular
analysis (also known as cross-breaks). Any appropriate test of statistical significance
lets you know the degree of confidence you can have in accepting or rejecting a
hypothesis. Typically, the Chi-square test is any statistical hypothesis test, in which
the test statistics has a chi-square distribution when the null hypothesis is true. It is
performed on different samples (of people) who are different enough in some
characteristic or aspect of their behaviour that we can generalize from the samples
selected. The population from which our samples are drawn should also be different
in the behaviour or characteristic. Amongst the several tests used in statistics for
judging the significance of the sampling data, Chi-square test, developed by Prof.
Fisher, is considered as an important test. Chi-square, symbolically written as
(pronounced as Ki-square), is a statistical measure with the help of which, it is
possible to assess the significance of the difference between the observed
frequencies and the expected frequencies obtained from some hypothetical universe.
Chi-square tests enable us to test whether more than two population proportions
can be considered equal. In order that Chi-square test may be applicable, both
the frequencies must be grouped in the same way and the theoretical distribution
must be adjusted to give the same total frequency which is equal to that of observed
frequencies. ¢? is calculated with the help of the following formula:

xzzz{m}mz}

Where, /f, means the observed frequency; and

/. means the expected frequency.
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Whether or not a calculated value of %? is significant, it can be ascertained by
looking at the tabulated values of % (given at the end of this book in appendix
part) for given degrees of freedom at a certain level of confidence (generally a
5% level is taken). If the calculated value of %* exceeds the table value, the
difference between the observed and expected frequencies is taken as
significant but if the table value is more than the calculated value of 2, then the
difference between the observed and expected frequencies is considered as
insignificant, i.e., considered to have arisen as a result of chance and as such
can be ignored.

Degrees of Freedom

As already stated in the earlier unit, the number of independent constraints
determines the number of degrees of freedom? (or df). If there are 10 frequency
classes and there is one independent constraint, then there are (10 — 1) =9
degrees of freedom. Thus, if 7 is the number of groups and one constraint is
placed by making the totals of observed and expected frequencies equal, df =
(n —1); when two constraints are placed by making the totals as well as the
arithmetic means equal then df = (n — 2) and so on. In the case of a contingency
table (i.e., a table with two columns and more than two rows or table with two
rows but more than two columns or a table with more than two rows and more
than two columns) or in the case of a 2 x 2 table the degrees of freedom is
worked out as follows:

df = (c—-D)(r-1)
Where, ¢ = Number of columns

r = Number of rows
Conditions for the Application of Test

The following conditions should be satisfied before the test can be applied:

(i) Observations recorded and used are collected on a random basis.
(@) All the members (or items) in the sample must be independent.

(#if) No group should contain very few items say less than 10. In cases
where the frequencies are less than 10, regrouping is done by combining
the frequencies of adjoining groups so that the new frequencies become
greater than 10. Some statisticians take this number as 5, but 10 is
regarded as better by most of the statisticians.

(iv) The overall number of items (i.e., N) must be reasonably large. It
should at least be 50, howsoever small the number of groups may be.

(v) The constraints must be linear. Constraints which involve linear equations
in the cell frequencies of a contingency table (i.e., equations containing
no squares or higher powers of the frequencies) are known as linear
constraints.



Areas of Application of Chi-Square Test

Chi-square test is applicable in large number of problems. The test is, in fact,
a technique through the use of which it is possible for us to (a) Test the
goodness of fit; (b) Test the homogeneity of a number of frequency distributions;
and (c) Test the significance of association between two attributes. In other
words, Chi-square test is a test of independence, goodness of fit and
homogeneity. At times Chi-square test is used as a test of population variance
also.

As a Test of Goodness of Fit, y* test enables us to see how well the
distribution of observe data fits the assumed theoretical distribution such as
Binomial distribution, Poisson distribution or the Normal distribution.

As a Test of Independence, %> test helps explain whether or not two
attributes are associated. For instance, we may be interested in knowing
whether a new medicine is effective in controlling fever or not and ? test will
help us in deciding this issue. In such a situation, we proceed on the null
hypothesis that the two attributes (viz., new medicine and control of fever) are
independent. Which means that new medicine is not effective in controlling
fever. It may, however, be stated here that % is not a measure of the degree
of relationship or the form of relationship between two attributes but it simply
is a technique of judging the significance of such association or relationship
between two attributes.

As a Test of Homogeneity, y> test helps us in stating whether different
samples come from the same universe. Through this test, we can also explain
whether the results worked out on the basis of sample/samples are in conformity
with well defined hypothesis or the results fail to support the given hypothesis.
As such the test can be taken as an important decision-making technique.

As a Test of Population Variance. Chi-square is also used to test the
significance of population variance through confidence intervals, specially in case
of small samples.

Steps Involved in Finding the Value of Chi-Square
The various steps involved are as follows:
(7) First of all calculate the expected frequencies.

(71) Obtain the difference between observed and expected frequencies and
find out the squares of these differences, i.e., calculate (£, — /).

(7if) Divide the quantity ( f, — f))* obtained, as stated above by the
(o= 1)

corresponding expected frequency to get —— .

Je
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_ 2
(iv) Then find summation of % values or what we call
2{“0 ff )’ } This is the required % value.

The y? value obtained as such should be compared with relevant table value of
x? and inference may be drawn as stated above.

The following examples illustrate the use of Chi-square test.

Example 1: A dice is thrown 132 times with the following results:

Number Turned Up 1 2 3 4 5 6
Frequency 16 20 25 14 29 28

Test the hypothesis that the dice is unbiased.

Solution: Let us take the hypothesis that the dice is unbiased. If that is so, the
probability of obtaining any one of the six numbers is 1/6 and as such the

expected frequency of any one number coming upward is 132 x% =22. Now,

we can write the observed frequencies along with expected frequencies and
work out the value of %2 as follows:

No. Turned Observed Expected ( f, — f) (fy = L) (foffe)2

Je
Up Frequency Frequency
(or fo) (or fe )

1 16 22 -6 36 36/22
2 20 22 -2 4 4/22
3 25 22 3 9 9/22
4 14 22 -8 64 64/22
5 29 22 7 49 49/22
6 28 22 6 36 36/22

(fo—= 1)’
.2«{ B }9

Hence, the calculated value of ¥> =9

-+ Degrees of freedom in the given problemis (n —1)=(6—-1)=35

The table value® of 2 for 5 degrees of freedom at 5% level of significance is
11.071. If we compare the calculated and table values of %> we find that
calculated value is less than the table value and as such could have arisen due

to fluctuations of sampling. The result thus supports the hypothesis and it can
be concluded that the dice is unbiased.



Example 2:
Find the value of %? for the following information:
Class Observed A B C D E
Frequency 8 29 44 15 4
Theoretical (or
Expected) Frequency 7 24 38 24 7
Solution:

Since some of the frequencies are less than 10, we shall first regroup the given
data as follows and then work out the value of

Class  Observed Frequency — Expected Frequency (fy—=1) (fo— ]"e)2

fe
) ()
Aand B (8+29)=37 (7+24) =31 6 36/31
C 44 3 6 36/38
Dand E  (15+4)=19 (24+7) =31 12 144731

_ 2
e =Z{%}= 6.76 approx.

Example 3:

Two research workers classified some people in income groups on the basis of
sampling studies. Their results are as follows:

Income Groups
Investigators Poor Middle Rich Total
A 160 30 10 200
B 140 120 40 300
Total 300 150 50 500

Show that the sampling technique of at least one research worker is defective.
Solution:

Let us take the hypothesis that the sampling techniques adopted by the research
workers are similar (i.e., there is no difference between the techniques adopted
by the research workers). This being so, the expectation of 4 investigator
classifying the people in,

(i) Poor income group = 200300 _ 5,
500
; : 200x150
(if) Middle income group == == 60
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20050
500

20

(@ii) Rich income group =

Similarly, the expectation of B investigator classifying the people in

. 300 %300
(7) Poor income group ~=————— =180
500
. . 300x150
(it) Middle income group = TS0 - 90
C 300 x50
(@ii) Rich income group = s00 30

We can now calculate value of % as follows:

Groups Observed  Expected  (f, — f) (fy — L)L,
Frequency Frequency
(/y) (/)
Investigator 4
Classifies people as poor 160 120 40  1600/120 =13.33
Classifies people as middle class 30 60 =30 900/60=15.00
Classifies people as rich 10 20 -10 100/20 = 5.00
Investigator B
Classifies people as poor 140 180 —40 1600/180 = 8.88
Classifies people as middle class120 90 30 900/90 = 10.00
Classifies people as rich 40 30 10 100/30 = 3.33
- =Z«{—(f° ;,fe)z }z 55.54

-» Degrees of freedom = (¢ — 1)(r — 1)

=3-D2-1)=2
The table value of % for two degrees of freedom at 5% level of significance
is 5.991. The calculated value of %2 is much higher than this table value which
means that the calculated value cannot be said to have arisen just because of
chance. It is significant. Hence, the hypothesis does not hold good. This means
that the sampling techniques adopted by the two investigators differ and are not

similar. Naturally, then the technique of one must be superior than that of the
other.

Alternative Formula for Finding the Value of Chi-Square in a (2 x 2)
Table

There is an alternative method of calculating the value of % in the case of a
(2 x 2) table. Let us write the cell frequencies and marginal totals in case of
a (2 x 2) table as follows:



a_ b (a +b)

c><d (c+d

(a+c)(b+d) N

Then the formula for calculating the value of %* will be stated as follows:

, (ad —bc)* N
X~ aroybrdya+bic+d)

Where, N means the total frequency, ad means the larger cross product, bc
means the smaller cross product and (a + ¢), (b + d), (a + b) and (¢ + d)
are the marginal totals. The alternative formula is rarely used in finding out the
value of Chi-square as it is not applicable uniformly in all cases but can be used
only in a (2 x 2) contingency table.

Yates’ Correction

F. Yates has suggested a correction in > value calculated in connection with a
(2 x 2) table particularly when cell frequencies are small (since no cell frequency
should be less than 5 in any case, though 10 is better as stated earlier) and >
is just on the significance level. The correction suggested by Yates is popularly
known as Yates’ correction. It involves the reduction of the deviation of
observed, from expected frequencies which of course reduces the value of %>
The rule for correction is to adjust the observed frequency in each cell of a (2
x 2) table in such a way as to reduce the deviation of the observed from the
expected frequency for that cell by 0.5, and this adjustment is made in all the
cells without disturbing the marginal totals. The formula for finding the value of
? after applying Yates’ correction is written as under:

N.(ad —bc—0.5N)?
(a+b)c+d)a+c)b+d)

¥? (corrected) =

In case we use the usual formula for calculating the value of Chi-square

] 2
viz., [-xz = Z {@H then Yates’ correction can be applied as under:

[ /o = ful -05T o=t
fel er

It may again be emphasized that Yates’ correction is made only in case of
(2 x 2) table and that too when cell frequencies are small.

~0.57
+

y*(corrected) =

Chi-Square as a Test of Population Variance

¥ is used, at times, to test the significance of population variance ((Sp)2 through
confidence intervals. This, in other words, means that we can use y? test to
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judge if a random sample has been drawn from a normal population with mean
(1) and with specified variance (G,)>. In such a situation, the test statistic for
a null hypothesis will be as under:
v \2 2
== (X; = X;) UG )2 with (n—1) degrees of freedom.

(c,) (c,)
By comparing the calculated value (with the help of the above formula) with the
table value of y for (n—1) df at a certain level of significance, we may accept
or reject the null hypothesis. If the calculated value is equal or less than the table
value, the null hypothesis is to be accepted but if the calculated value is greater
than the table value, the hypothesis is rejected. All this can be made clear by
an example.

Example 4:

Weight of 10 students is as follows:

S1. No. 1 2 3 4 5 6 7 8 9
10

Weightinkg. 38 40 45 53 47 43 55 48 52
49

Can we say that the variance of the distribution of weights of all students from
which the above sample of 10 students was drawn is equal to 20 square kg?
Test this at 5% and 1% level of significance.

Solution:
First of all, we should work out the standard deviation of the sample (G))

Calculation of the sample standard deviation:

SL. No. X X, - X, (X;-X,)?
Weight in kg
1 38 -9 81
2 40 -7 49
3 45 ~2 04
4 33 +6 36
5 47 +0 00
6 43 — 4 16
7 55 +8 64
8 48 +1 01
9 52 +5 25
10 49 +2 04
n=10 XX =470 I (X=X =280
Y :&=ﬂ=47kg
s n 10



X, -X,)
o = JEE=X) %:@:5.31@
§ n

~o(0) =28
Taking the null hypothesis as H,: (()'p)2 =(o,)

n(c,)’ 10x28 280

The test statistic > = ©,) 70 20 14

Degrees of freedom in this case is (n — 1) =10-1=9

At 5% level of significance, the table value of *> = 16.92, and at 1% level of
significance it is 21.67 for 9 df, and both these values are greater than the
calculated value of %> which is 14. Hence, we accept the null hypothesis and
conclude that the variance of the given distribution can be taken as 20 square
kg at 5% as well as at 1% level of significance.

Additive Property of Chi-Square (%%

An important property of % is its additive nature. This means that several values
of %? can be added together and if the degrees of freedom are also added, this
number gives the degrees of freedom of the total value of > Thus, if a number
of ? values have been obtained from a number of samples of similar data, then,
because of the additive nature of % we can combine the various values of %>
by just simply adding them. Such addition of various values of % gives one
value of 2 which helps in forming a better idea about the significance of the
problem under consideration. The following example illustrates the additive
property of the 2.

Example 5: The following values of yx? are obtained from different
investigations carried to examine the effectiveness of a recently invented
medicine for checking malaria.

Investigation 1’ df
1 2.5 1
2 3.2 1
3 4.1 1
4 3.7 1
5 4.5 1

What conclusion would you draw about the effectiveness of the new medicine
on the basis of the five investigations taken together?

Solution: By adding all the values of *, we obtain a value equal to 18.0. Also
by adding the various d.f. as given in the question, we obtain a figure 5. We can
now state that the value of %2 for 5 degrees of freedom (when all the five
investigations are taken together) is 18.0.
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Let us take the hypothesis that the new medicine is not effective. The table value
of %* for 5 degrees of freedom at 5% level of significance is 11.070. But our
calculated value is higher than this table value which means that the difference
is significant and is not due to chance. As such the hypothesis is wrong and it
can be concluded that the new medicine is effective in checking malaria.

Important Characteristics of Chi-Square (?) Test

(1) This test is based on frequencies and not on the parameters like mean and
standard deviation.

() This test is used for testing the hypothesis and is not useful for estimation.
(#ii) This test possesses the additive property.

(iv) This test can also be applied to a complex contingency table with several
classes and as such is a very useful test in research work.

(v) This test is an important non-parametric (or a distribution free) test as no
rigid assumptions are necessary in regard to the type of population and no
need of the parameter values. It involves less mathematical details.

A Word of Caution in Using ¥* Test

Chi-square test is no doubt a most frequently used test but its correct application
is equally an uphill task. It should be borne in mind that the test is to be applied
only when the individual observations of sample are independent which means
that the occurrence of one individual observation (event) has no effect upon the
occurrence of any other observation (event) in the sample under consideration.
The researcher, while applying this test, must remain careful about all these things
and must thoroughly understand the rationale of this important test before using it
and drawing inferences concerning his hypothesis.

Check Your Progress

3. Whatis a chi-square test?
4. What do you mean by degrees of freedom?

9]

. What conditions should be satisfied before the application of Chi-square
test?

. What are the areas of application in which Chi-square test is applied?
. What do you mean by goodness of fit?

. What are the steps involved in Chi-square test?

O o0 I O

. Is there any alternative formula to find the value of Chi-square?
10. What is Yates’ correction method?

11. Explain the additive property of Chi-square.

12. What are the important characteristics of Chi-square test?




7.4 THE NORMAL DISTRIBUTION

Among all the probability distributions the normal probability distribution is by far
the most important and frequently used continuous probability distribution. This is
so because this distribution well fits in many types of problems. This distribution is
of special significance in inferential statistics since it describes probabilistically the
link between a statistic and a parameter (i.e., between the sample results and the
population from which the sample is drawn). The name of Karl Gauss, eighteenth
century mathematician-astronomer, is associated with this distribution and in honour
of'his contribution, this distribution is often known as the Gaussian distribution.

The normal distribution can be theoretically derived as the limiting form of many
discrete distributions. For instance, if in the binomial expansion of (p + g)”, the

.. . 1 .
value of ‘n’is infinityand p=¢g = 3 then a perfectly smooth symmetrical curve

would be obtained. Even if the values of p and ¢ are not equal but if the value of
the exponent ‘»’ happens to be very very large, we get a curve of normal probability
smooth and symmetrical. Such curves are called normal probability curves (or at
times known as normal curves of error) and such curves represent the normal
distributions.’

The probability function in case of normal probability distribution® is given as:
1 x—u 2
A
f X)=————¢ 2\ o
()=~
Where, |t = The mean of the distribution.

2= Variance of the distribution.

The normal distribution is thus defined by two parameters viz., i and 62 This
distribution can be represented graphically as under:

L 1 1 1 1 1 1X
30 26 -loc 1 +lc +20 +30

Fig. 7.1 Curve Representing Normal Distribution

Characteristics of Normal Distribution

The characteristics of the normal distribution or that of normal curve are, as given
below:
1. Itis symmetric distribution.’
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. The mean p defines where the peak of the curve occurs. In other words, the

ordinate at the mean is the highest ordinate. The height of the ordinate at a
distance of one standard deviation from mean is 60.653% of the height of the
mean ordinate and similarly the height of other ordinates at various standard
deviations (o) from mean happens to be a fixed relationship with the height of
the mean ordinate.

. The curve is asymptotic to the base line which means that it continues to

approach but never touches the horizontal axis.

. The variance (6%) defines the spread of the curve.

. Area enclosed between mean ordinate and an ordinate at a distance of one

standard deviation from the mean is always 34.134% of the total area of the
curve. It means that the area enclosed between two ordinates at one sigma (S.D.)
distance from the mean on either side would always be 68.268% of the total
area. This can be shown as follows:

é (34.134% + 34.134%) = 68.268%
Area of the total

curve between 1 £ 1(0)

X or X

-36 26 -6 46 +2c0 +3o

Similarly, the other area relationships are as follows:

Between Area Covered to Total Area of the
Normal Curve®

p+l S.D. 68.27%

pE2 S.D. 95.45%

p+3 S.D. 99.73%

u=+1.96 S.D. 95%

u+2.578 S.D. 99%

p+0.6745 S.D. 50%

6. The normal distribution has only one mode since the curve has a single peak. In

other words, it is always a unimodal distribution.

. The maximum ordinate divides the graph of normal curve into two equal parts.
. Inaddition to all the above stated characteristics the curve has the following

properties:
(@ p=x
(b) n,=o*= Variance
(¢) 30
(d) Moment Coeftficient of Kurtosis =3



Family of Normal Distributions

We can have several normal probability distributions but each particular normal
distribution is being defined by its two parameters viz., the mean (i) and the standard
deviation (6). There is, thus, not a single normal curve but rather a family of normal
curves. We can exhibit some of these as under:

Normal curves with identical means but different standard deviations:

Curve having small standard

deviation say gc =1)

Curve having large standard

deviation say (c=5)

— Curve having very large standard
deviation say (o= 10)

M in a normal
distribution

Normal curves with identical standard deviation but each with different means:

VINIVANIVAIN

nw=15 p=30 p=>50
Curve 4 with Curve B with mean Curve C with the
smallest mean between means of largest mean

curve 4 and curve C

Normal curves each with different standard deviations and different means:

o=1 3
c=10
n=>s pn=15 n=130
Curve with smaller Curve with larger Curve with very
mean and smaller mean and larger large mean
standard deviation standard deviation and very large

standard deviation

How to Measure the Area under the Normal Curve?

We have stated above some of the area relationships involving certain intervals of
standard deviations (plus and minus) from the means that are true in case of a
normal curve. But what should be done in all other cases? We can make use of the
statistical tables constructed by mathematicians for the purpose. Using these tables
we can find the area (or probability, taking the entire area of the curve as equal to
1) that the normally distributed random variable will lie within certain distances
from the mean. These distances are defined in terms of standard deviations. While
using the tables showing the area under the normal curve we talk in terms of
standard variate (symbolically Z ) which really means standard deviations without
units of measurement and this ‘2 is worked out as under:
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Where, Z = The standard variate (or number of standard deviations from X to the
mean of the distribution).

X = Value of the random variable under consideration.
p =Mean of the distribution of the random variable.
¢ = Standard deviation of the distribution.

The table showing the area under the normal curve (often termed as the standard
normal probability distribution table) is organized in terms of standard variate (or
Z)values. It gives the values for only halfthe area under the normal curve, beginning
with Z= 0 at the mean. Since the normal distribution is perfectly symmetrical the
values true for one half of the curve are also true for the other half. We now
illustrate the use of such a table for working out certain problems.

Example 6: A banker claims that the life of a regular saving account opened with
his bank averages 18 months with a standard deviation of 6.45 months. Answer
the following: (a) What is the probability that there will still be money in 22 months
in a savings account opened with the said bank by a depositor? (b) What is the
probability that the account will have been closed before two years?

Solution: (a) For finding the required probability we are interested in the area of
the portion of the normal curve as shaded and shown below:

c=6.45
pn=18
z=0 X=22
Let us calculate Z as under:
S KXo 2o
o 6.45

The value from the table showing the area under the normal curve for Z=0.62 is
0.2324. This means that the area of the curve between p = 18 and X =22 is
0.2324. Hence, the area of the shaded portion of the curve is (0.5) — (0.2324) =
0.2676 since the area of the entire right hand portion of the curve always happens
to be 0.5. Thus the probability that there will still be money in 22 months in a
savings account is 0.2676.

(b) For finding the required probability we are interested in the area of the portion

of the normal curve as shaded and shown in figure:



— N
n=18  p_94
z=0
For the purpose we calculate,
7=22"18 403
6.45

The value from the concerning table, when Z=0.93, is 0.3238 which refers to the
area of the curve between p = 18 and X = 24. The area of the entire left hand
portion of the curve is 0.5 as usual.

Hence, the area of the shaded portion is (0.5) +(0.3238) = 0.8238 which is the
required probability that the account will have been closed before two years, i.e.,
before 24 months.
Example 7: Regarding a certain normal distribution concerning the income of the
individuals we are given that mean=500 rupees and standard deviation =100 rupees.
Find the probability that an individual selected at random will belong to income
group,

(a) Rs 550 to Rs 650 (b) Rs 420 t0 570
Solution: (a) For finding the required probability we are interested in the area of
the portion of the normal curve as shaded and shown below:

a=100

i =500 X =650
z=0 X=550
For finding the area of the curve between X= 550 to 650, let us do the following
calculations:

_550-500 _ 50 _ o
100 100

Corresponding to which the area between p =500 and X= 550 in the curve as
per table is equal to 0.1915 and,

Z
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650-500 150

VA =——=
100 100

1.5

Corresponding to which, the area between p = 500 and X= 650 in the curve, as
per table, is equal to 0.4332.

Hence, the area of the curve that lies between X= 550 and X=650 1is,
(0.4332)—(0.1915)=0.2417

This is the required probability that an individual selected at random will belong to
income group of Rs 550 to Rs 650.

(b) For finding the required probability we are interested in the area of the portion
of the normal curve as shaded and shown below:

To find the area of the shaded portion we make the following calculations:

o=100
=100
z=0
X=420 X=570
7 :M: 0.70
100

Corresponding to which the area between p = 500 and X= 570 in the curve as
per table is equal to 0.2580.

And 7-=%0-300_ ¢
100

Corresponding to which the area between p = 500 and X=420 in the curve as
per table is equal to 0.2881.

Hence, the required area in the curve between X=420 and X=570 is,
(0.2580) + (0.2881) = 0.5461

This is the required probability that an individual selected at random will belong to
income group of Rs 420 to Rs 570.

Example 8: A certain company manufactures 1% all-purpose rope made from

imported hemp. The manager of the company knows that the average load-bearing
capacity of the rope is 200 Ibs. Assuming that normal distribution applies, find the



standard deviation of load-bearing capacity for the 11? rope if it is given that the

rope has a 0.1210 probability of breaking with 68 lbs. or less pull.

Solution: Given information can be depicted in a normal curve as shown below:

Probability of this
area (0.5) —(0.1210) = 0.3790

6 = ? (to be found out)

Probability of this area
(68 1bs. or less)
as given is 0.1210

f =200
X=068 2:0

Ifthe probability of the area falling within p =200 and X =68 is 0.3790 as stated
above, the corresponding value of Z as per the table’ showing the area of the
normal curve is — 1.17 (minus sign indicates that we are in the left portion of the
curve)

Now to find o, we can write,

z=XH
g
Or 11768200
(o2

Or -1.170=-132
Or o= 112.8 lbs. approx.
Thus, the required standard deviation is 112.8 Ibs. approximately.

Example 9: In a normal distribution, 31 per cent items are below 45 and 8 per
cent are above 64. Find the X and o of this distribution.

Solution: We can depict the given information in a normal curve as shown below:

Probability of the area Probability of the area
between p and X= 45 between p and X= 64
is (0.5) - (0.31)=0.19 (0.5) - (0.08)=0.42

Probability of the
shaded area as
given 0.08

Probability of the
shaded area as
given 0.31

X=45 p=-7 «x-64

X (to be found out)

Ifthe probability of the area falling within p and X=45is 0.19 as stated above, the
corresponding value of Z from the table showing the area of the normal curve is —
0.50. Since, we are in the left portion of the curve, we can express this as under,
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45— pu

- )
Similarly, if the probability of the area falling within p and X= 64 1s 0.42, as stated
above, the corresponding value of Z from the area table is, +1.41. Since, we are
in the right portion of the curve we can express this as under,

-0.50 =

64— U
141=
= @)
If we solve Equations (1) and (2) above to obtain the value of p or X , we have,
-0506 =45—u 3)
1416 =64—u 4)
By subtracting the Equation (4) from Equation (3) we have,
-1916 =-19
c =10
Putting =10 in Equation (3) we have,
-5 =45-p
p =50

Hence, X (or p)=50 and =10 for the concerning normal distribution.

7.5 THE BIVARIATE NORMAL DISTRIBUTION

Binomial, Poisson, negative binomial and uniform distribution are some of the
discrete probability distributions. The random variables in these distributions assume
a finite or enumerably infinite number of values but in nature these are random
variables which take infinite number of values i.e. these variables can take any
value in an interval. Such variables and their probability distributions are known as
continuous probability distributions.

A random variable Xis the said to be normally distributed if it has the following
probability density function:

: _(xujz
fx)= —e 2V 9 ) for—e<x<oo
(¢} T

where L and 6 > 0 are the parameters of distribution.

Normal Curve: A curve given by,

y.= Yoe

Which is known as the normal curve when origin is taken at mean.



N | —
a ‘x
[38] 8]

Then y.= Yo¢

yO yX I

1
—0 O + w0

Fig. 7.2 Normal Curve

Standard Normal Variate : A normal variate with mean zero and standard
deviation unity, is called a standard normal variate.

That is; if X is a standard normal variate then £(X) =0 and V(X)=1.
Then, X~ N (0, 1)
The moment generating function or MGF of a standard normal variate is

given as follows:

ut+~%t262 %12
M()=e =e

n=0
co=1

Frequently the exchange of variable in the integral:

1 Te—(x—u)z/ZGZ
ov2n

is used by introducing the following new variable:

X—p

7= ~N (07 l)
This new random variable Z simplifies calculations of probabilities etc.
concerning normally distributed variates.
C e . o ) X—p
Standard Normal Distribution: The distribution of arandom variable Z = P
which is known as standard normal variate, is called the standard normal distribution

or unit normal distribution, where X has a normal distribution with mean pt end
variance G°.
The density function of Zis given as follows:
s

(l)(Z): \/ﬂe 2 ,—oo< [/ <oo
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L2
withmean O variance one of MGF e ? . Normal distribution is the most frequently
used distribution in statistics. The importance of this distribution is highlighted by
central limit theorem, mathematical properties, such as the calculation of height,
weight, the blood pressure of normal individuals, heart diameter measurement,
etc. They all follow normal distribution if the number of observations is very large.
Normal distribution also has great importance in statistical inference theory.

Examples of Normal Distribution:

1. The height of men of matured age belonging to same race and living in
similar environments provide a normal frequency distribution.

2. The heights of trees of the same variety and age in the same locality would
confirm to the laws of normal curve.

3. Thelength of leaves of a tree form a normal frequency distribution. Though
some of them are very short and some are long, yet they try to tend towards
their mean length.

Example 10: X has normal distribution with pt = 50 and 6% = 25. Find out
(1) The approximate value of the probability density function for X= 50
(i1) The value of the distribution function for x = 50.

1 (-p?rad?
Solution: (i x) = e H ,— o0 < x < oo,
(@) Sx) od2n

for X=50,0°=25, pn=>50,youhave

) = ——=0.08.

5V2m
Distribution function f(x)

X

1
-l

— 0

20,02
e~ (X207

X—p

e 2 dZ, whereZ=

_ 72
e 2 .dZ=0.5.

0
1
F(50) =
(50) L =
Example 11: If X'is a normal variable with mean 8 and standard deviation 4, find
(1) P[X<5]
(i) P[5<X<10]



X - 5-8
Solution: (i) P[X<5] = P( - S—J
c 4
D ¥Z20.75
|
X =uZ =075
) —— 0.5—>
=P (Z<-0.75)
=P (Z= 0.75)
[By Symmetry]
=0.5-P(0<Z<0.75)
[To use relevant table]
=0.5-0.2734 [See Appendix for value of ‘2]
=0.2266.

5.8 10-8
(ii) P[SSXSIO]ZP(TSZS y j

=P(-0.75<7<0.5)
=P(-075<Z<0)+P0<Z£0.5)
=P-0<£Z<0.75)+P(0<Z<0.5)

=0.2734 +0.1915 [See Appendix]
=0.4649.

Example 12: Xis anormal variate with mean 30 and S.D. 5. Find
(1) P[26 <X <40]
(i) P[|X —-30|>5]

Solution: Here p =30, o =5.

_//////ZV- P[26 < X < 40]

X=26X=p  X=40
Z=-08Z=0 z-9

X_
(i) When X =26, Z =T“=—o.8

And for X=40, Z = =2

P[26 <X <40] = P[- 0.8 <Z<2]
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Special Distributions =P[0<Z<0.8]+P[0<Z<2]
=0.2881 + 0.4772 = 0.7653
(i) Pl X-3|>5] =1-P[|X-3|<5]
NOTES P[|X—-3|<5] =P[25<X<35]

:P(25—30SZS35—3Oj

5 5

=2.P(0< Z<1)=0.
=2 % 0.3413 = 0.6826.

So P[|X-3|>5] =1-P[|X-3|<5]
=1-0.6826=0.3174.

Central Limit Theorem

Let X, X,,.... X be nindependent random variables all of which have the
same distribution. Let the common expectation and variance be |1 and o,
respectively.

S

n
Let X =) -
i=1 "
Then, the distribution of X approches the normal distribution with mean m
2

. c
and variance — asn — o
n

H has standard normal distribution.

That is, the variate Z =
c/n

Proof: Moment generating function of Z about origin is given as follows:

M 1) = E(e?) = E et(f/ _IHJ

e—Ht\/;/GE(efX\/;/G)
n i Z\/Z(X1+X2+.,.+X,,)

—ut—

—e c El e® n

_“,ﬂ L (X + Xob .t X,)
_e c E em/;
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i " NOTES

—pt— ¢

_e S |\ M, |——
GL
[cﬁj

== X

This is because the random variables are independent and have the same
MGEF by using logarithms, you have:

—utn t
log M (1) = *; +nbg&u(6 n]

—utdn
(&)

2
Wit uht| i
+nlog| 1+ + +...
on 2! [G n]

' ! 2 ! 2
_ l,tt\/;_i_n Wyt Kol St _l(“_lt_,_J +...

' 2
—uwn+uﬁwyghﬂ_u3ﬂ+
2 2
c c 2c 20

2
t - 4 / 4
=S +0m ") [ u—up =0t/ =

Hence, as n — «

2
t
1ﬂmma3-m.m@wﬁ

However, this is the M.GF. of a standard normal random variable. Thus,
the random variable Z converges to V.

This follows that the limiting distribution of \/x as normal with mean pand
.5
variance — .
n

Normal Approximation

Under certain circumstance one can use normal distribution to approximate a
binomial distribution as well as Poisson distribution.
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If X~ B(n, p) and value of n 1s quite large with p quite close to /2, then, X
can be approximated as N (np, npg), where g =1 —p.

There are cases in which use of normal distribution is found to be easier
than that of a Binomial distribution.

Also, as already told, normal distribution may also be utilized for
approximating Poisson distribution when value of A is large. Here, A is the mean
of Poisson distribution.

Thus, X ~Po(A) = X ~ N(A, A) approximately when values of A is large.

Continuity Correction

Normal distribution is continuous whereas both the distributions, Binomial as well
as Poisson are discrete random variables. This fact has to be kept in mind while
making use of normal distribution for approximating Binomial or Poisson distribution
and use continuity correction.

Each probability, in case of discrete distribution, is represented using a
rectangle as shown in the Figure 7.2(b).

Fig. 7.2 (a) Continuous Distribution

Fig. 7.3 (b) Discrete Distribution

While working out for probabilities, we like inclusion of the whole rectangles
in applying continuity correction.

Example 13: A fair coin is tossed 20 times. Find the probability of getting between
9 and 11 heads.

Solution: Let the random variable be represented by X that shows the number of
heads thrown.

X ~Bin(20, %)



As p is very near to /2, normal approximation can be used for the binomial
distribution and we may write as X ~ N(20 x 2, 20 x 72 x 152) — X~ N(10, 5).

In the diagram as shown in below rectangles show binomial distribution
which is discrete and curve shows normal distribution which is continuous in nature.

g9 10 1112

8.5
Using normal distribution for showing Binomial distribution

Ifit is desired to have P(9 < X < 11) as shown by shaded area one may
note that first rectangle begins at 8.5 and last rectangle terminates at 11.5. By
making a continuity correction, probability becomes P(8.5 <X <11.5) in normal
distribution. We may standardize this, as given below:

B P(9—10<X—10<11—10j
V5 5 V5
=P (- 0.447 < Z<0.447)

=2x0.67—1 (using tables) =0.34

Check Your Progress

13. Whatis anormal distribution?
14. Explain any four characteristics of normal distribution.

15. Define a standard normal variate.

7.6 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Because of the factorial function in the denominator, the Erlang distribution
is only defined when the parameter £ is a positive integer. In fact, this
distribution is sometimes called the Erlang-k distribution.

2. This formula is much more difficult and is often used to calculate how long
callers will have to wait before being connected to a human in a call centre
or similar situation.
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Special Distributions 3. Chi-square test is a non-parametric test of statistical significance for bivariate
tabular analysis. Chi-square tests enable us to test whether more than two
population proportions can be considered equal.

4. The degree of freedom is determined by the number of constraints. If there
NOTES are 10 frequency classes and there is one independent constraint, then there
are 10— 1 =9 degrees of freedom.

5. Before the application of chi-square test, the following conditions need to be
satisfied:

(i) Observations recorded and used are collected on a random basis.
(i) All the members or items in the sample must be independent.

(iii) No group should contain very few items say less than 10. In cases where
the frequencies are less than 10, regrouping is done by combining the
frequencies of adjoining groups so that the new frequencies become
greater than 10.

(iv) The overall number of items must be reasonably large; it should at least
be 50 howsoever small the number of groups may be.

(v) The constraints must be linear. Constraints, which involve linear equations
in the cell frequencies of a contingency table, are known as linear
constraints.

6. Chi-square test is applicable in large number of problems. These include:
(i) Testing the goodness of fit.
(it) Testing the homogeneity of a number of frequency distributions.
(iii) Testing the significance of association between two attributes.
(iv) Establishing hypotheses.
(v) Testing independence between two variables.

7. Goodness of fit describes that how well the theoretical distribution fits with
the observed data.

8. The various steps involved in the chi-square test are:
(i) Calculation of the expected frequencies.

(i) Obtaining the difference between observed and expected frequencies
and finding out the squares of these differences.

(7i7) Dividing the quantity (fo —f)? obtained in the result by the corresponding
(o= 1)

expected frequency to get 7

PRy
(iv) Finding summation of % values also called as required %2 value,

(o= 1.)*

and is represented as ZT .
e
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9. The alternative method of calculating the value of chi-square is used in the Special Distributions
case of'a (2 x 2) table. The cell frequencies and marginal totals of'a (2 x 2)
table are written as follows:

a><b (a+D) NOTES
d (ctd
(at+c)(b+d N

C

The alternative formula for calculating the value of %2 is:
. (ad —be)* -N
K= (a+c)brd)a+b)c+d)
Where, N means the total frequency, ad means the larger cross product, bc

means the smaller cross product and (a + ¢), (b + d), (a + b) and (¢ + d) are
the marginal totals.

10. F.Yates has suggested a correction in %2 value calculated in connection with
a (2 x 2) table particularly when cell frequencies are small and ¢ is just on
the significance level. The correction suggested by Yates is popularly known
as Yates’ correction. It involves the reduction of the deviation of observed
from expected frequencies, which of course reduces the value of 2. The
rule for correction is to adjust the observed frequency in each cell ofa (2 x 2)
table in such a way as to reduce the deviation of the observed from the
expected frequency for that cell by 0.5, and this adjustment is made in all the
cells without disturbing the marginal totals.

11. Itis animportant property of 2. This means that several values of %> can be
added together and if the degrees of freedom are also added, this number
gives the degrees of freedom of total value of %2. Thus, if a number of >
values have been obtained from a number of samples of similar data, then
because of the additive nature of %> we can combine the various values of %2
by just simply adding them.

12. The important characteristics of chi-square test are:

(7)) This testis based on frequencies and not on the parameters like mean
and standard deviation.

(i7) This testis used for testing the hypothesis.
(@ii) This test possesses the additive property.

(iv) Thistest can also be applied to a complex contingency table with several
classes and as such is a very useful test in research work.

(v) This test is an important non-parametric test as no rigid assumptions are
necessary in regard to the type of population.. F. Yates has suggested a
correction in 2 value calculated in connection with a (2 x 2) table
particularly when cell frequencies are small and %2 is just on the
significance level. The correction suggested by Yates is popularly known
as Yates’ correction. It involves the reduction of the deviation of observed
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13.

14.

15.

from expected frequencies, which of course reduces the value of 2.
The rule for correction is to adjust the observed frequency in each cell of
a (2 x2) table in such a way as to reduce the deviation of the observed
from the expected frequency for that cell by 0.5, and this adjustment is
made in all the cells without disturbing the marginal totals.

It is an important property of x2. This means that several values of 2 can be
added together and if the degrees of freedom are also added, this number
gives the degrees of freedom of total value of 2. Thus, if a number of %2
values have been obtained from a number of samples of similar data, then
because of the additive nature of 2> we can combine the various values of 32
by just simply adding them.

The important characteristics of chi-square test are:

(7)) This testis based on frequencies and not on the parameters like mean
and standard deviation.

(if) This testis used for testing the hypothesis.

(7ii) This test possesses the additive property.

(iv) This test can also be applied to a complex contingency table with several
classes and as such is a very useful test in research work.

(v) This test is an important non-parametric test as no rigid assumptions are
necessary in regard to the type of population.

A normal variate with mean zero and standard deviation unity, is called a
standard normal variate.

7.7

SUMMARY

The Erlang distribution is a continuous probability distribution with wide
applicability primarily due to its relation to the Exponential and Gamma
distributions.

The Erlang distribution, which measures the time between incoming calls,
can be used in conjunction with the expected duration of incoming calls to
produce information about the traffic load measured in Erlang units.

The Erlang distribution is the distribution of the sum of £ independent and
identically distributed random variables each having an exponential
distribution.

Chi-square test is a non-parametric test of statistical significance for bivariate
tabular analysis (also known as cross-breaks). Any appropriate test of
statistical significance lets you know the degree of confidence you can have
in accepting or rejecting a hypothesis.

The constraints must be linear. Constraints which involve linear equations in
the cell frequencies of a contingency table (i.e., equations containing no
squares or higher powers of the frequencies) are known as linear constraints.



e > test enables us to see how well the distribution of observe data fits the

assumed theoretical distribution such as Binomial distribution, Poisson
distribution or the Normal distribution.

Chi-square is also used to test the significance of population variance through
confidence intervals, specially in case of small samples.

¥? is used, at times, to test the significance of population variance (()'p)2
through confidence intervals.

The curve is asymptotic to the base line which means that it continues to
approach but never touches the horizontal axis.

The normal distribution has only one mode since the curve has a single
peak. In other words, it is always a unimodal distribution.

X _
The distribution of a random variable Z = TH which is known as

standard normal variate, is called the standard normal distribution or unit
normal distribution, where X has a normal distribution with mean L end
variance G°.

Under certain circumstance one can use normal distribution to approximate
abinomial distribution as well as Poisson distribution.

Normal distribution is continuous whereas both the distributions, Binomial
as well as Poisson are discrete random variables. This fact has to be kept in
mind while making use of normal distribution for approximating Binomial or
Poisson distribution and use continuity correction.

7.8

KEY WORDS

Erlang B distribution: This is the easier of the two distributions and can
be used in a call centre to calculate the number of trunks one need to carry
a certain amount of phone traffic with a certain ‘target service’.

Degrees of freedom: The number of independent constraints determines
the number of degrees of freedom? (or df). If there are 10 frequency classes
and there is one independent constraint, then there are (10— 1) =9 degrees
of freedom.

7.9

SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What is meant by Gamma function?

2. Explain stochastic process.
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10.
11.
12.
13.
14.
15.

1.
2.
3.

4.

Explain chi-square test.

Why is it considered an important test in statistical analysis?
Describe the term ‘Degrees of Freedom’.

Define the necessary conditions required for the application of test?
What are the areas of application of chi-square test?

How will you find the value of chi-square?

Define Yates’ correction formula for chi-square.

Chi-square can be used as a test of population variance. Explain.
Describe the additive properties of chi-square.

Explain the important characteristics of chi-square test.

Give the characteristics of normal distribution.

Explain some examples of normal distribution.

Define central limit theorem.

Long-Answer Questions

Briefly discuss about the Gamma distributions.

What is Chi-square test? Explain its significance in statistical analysis.
Write short notes on the following:
(i) Additive property of chi-square

(i) Chi-square as a test of ‘goodness of fit’

(iii) Precautions in applying chi-square test

(iv) Conditions for applying chi-square test

On of the basis of information given below about the treatment of 200 patients
suffering from a disease, state whether the new treatment is comparatively
superior to the conventional treatment.

Treatment No. of Patients

Favourable Response No Response
New 60 20
Conventional 70 50

For drawing your inference use the value of ¥ for one degree of freedom at
the 5% level of significance, viz., 3.841.

200 digits were chosen at random from a set of tables. The frequencies of
the digits were:

Digit 0 1 2 3 4 5 6 7 8
9

Frequency 18 19 23 21 16 25 2 20 21
15

Calculate 2.



6. The normal rate of infection for a certain disease in cattle is known to be
50%. In an experiment with seven animals injected with a new vaccine it
was found that none of the animals caught infection. Can the evidence be
regarded as conclusive (at 1% level of significance) to prove the value of the
new vaccine?

7. Result of throwing dice were recorded as follows:

Number Falling
Upwards 1 2 3 4 5 6
Frequency 27 33 31 29 30 24

Is the dice unbiased? Answer on the basis of Chi-square test.

8. (i) 1000 babies were born during a certain week in a city of which 600
were boys and 400 girls. Use 2 test to examine the correctness of the
hypothesis that the sex ratio is 1:1 in newly born babies.

(i) The percentage of smokers in a certain city was 90. A random sample
of 100 persons was selected in which 85 persons were found to be
smokers. Is the sample proportion significantly different from the
proportion of smokers in the city? Answer on the basis of chi-square
test.

9. How to measure the area under the normal curve? Give examples also.

10. Discuss about the standard normal distribution.
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UNIT 8 DISTRIBUTION OF
FUNCTIONS OF RANDOM
VARIABLE AND SAMPLING

Structure

8.0 Introduction

8.1 Objectives

8.2 Distribution of Functions of Random Variable
8.3 Sampling Theory

8.4 Transformation of Variable of the Discrete Type
8.5 Answers to Check Your Progress Questions
8.6 Summary

8.7 Key Words

8.8 Self-Assessment Questions and Exercises

8.9 Further Readings

8.0 INTRODUCTION

One of the major objectives of the field of statistical analysis is to know the true or
actual values of different parameters of population. The ideal situation would be to
take the entire population into consideration in determining these values. However,
that is not feasible due to cost, time, labour and other constraints. Accordingly,
random samples of a given size are taken from the population and these samples
are properly analysed with the beliefthat the characteristics of these random samples
represent similar characteristics of the population from which these samples have
been taken. The results obtained from such analyses lead to generalizations that
are considered to be valid for the entire population.

You will study two broad types of sampling: probability samples and non-
probability samples. Probability samples involve simple random sampling and
restricted random sampling. Non-probability samples are characterized by non-
random sampling. As simple random sampling is costly and time consuming,
restricted random sampling is preferred. Sampling distribution of mean is a
probability distribution of all possible sample means of a given size selected from
a population, while sampling distribution of proportions is a distribution of
proportions of all possible random samples of a fixed size.

In this unit, you will study about the distribution of functions of random
variable, sampling theory and transformation of variable of the discrete type.



8.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Analyse the distribution of functions of random variable
e Understand the various sampling theories

¢ Explain the transformation of variable of the discrete type

8.2 DISTRIBUTION OF FUNCTIONS OF RANDOM
VARIABLE

A random variable takes on different values as a result of the outcomes of'a random
experiment. In other words, a function which assigns numerical values to each
element of the set of events that may occur (i.e., every element in the sample
space) is termed as random variable. The value of a random variable is the general
outcome of the random experiment. One should always make a distinction between
the random variable and the values that it can take on. All these can be illustrated
by a few examples shown in Table 8.1.

Table 8.1 Random Variable

Random Variable Values of the Description of the Values of
Random Variable the Random Variable
X 0,1,2,3,4 Possible number of heads
in four tosses of a fair coin
Y 1,2,3,4,5,6 Possible outcomes in a
single throw of a die
Z 2,3,4,5,6,7,8,9,10,11, 12 Possible outcomes from
throwing a pair of dice
M 0,1,2,3,........... S Possible sales of

newspapers by a
newspaper boy,
S representing his stock

All the stated random variable assignments cover every possible outcome
and each numerical value represents a unique set of outcomes. A random variable
can be either discrete or continuous. If a random variable is allowed to take on
only a limited number of values, it is a discrete random variable, but if it is allowed
to assume any value within a given range, it is a continuous random variable.
Random variables presented in Table 8.1 are examples of discrete random
variables. We can have continuous random variables if they can take on any value
within a range of values, for example, within 2 and 5, in that case we write the
values of a random variable x as,

2<x<5
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Techniques of Assigning Probabilities

We can assign probability values to the random variables. Since the assignment of
probabilities is not an easy task, we should observe following rules in this context:

(1) A probability cannot be less than zero or greater than one, i.e.,0 <pr<1,
where prrepresents probability.

(71) The sum ofall the probabilities assigned to each value of the random variable
must be exactly one.

There are three techniques of assignment of probabilities to the values of the random
variable that are as follows:

(7)) Subjective Probability Assignment: It is the technique of assigning
probabilities on the basis of personal judgement. Such assignment may
differ from individual to individual and depends upon the expertise of the
person assigning the probabilities. It cannot be termed as a rational way
of assigning probabilities, but is used when the objective methods cannot
be used for one reason or the other.

(ii) A-Priori Probability Assignment: It is the technique under which the
probability is assigned by calculating the ratio of the number of ways in
which a given outcome can occur to the total number of possible outcomes.
The basic underlying assumption in using this procedure is that every possible
outcome is likely to occur equally. However, at times the use of this technique
gives ridiculous conclusions. For example, we have to assign probability to
the event that a person of age 35 will live upto age 36. There are two
possible outcomes, he lives or he dies. If the probability assigned in
accordance with a-priori probability assignment is half then the same may
not represent reality. In such a situation, probability can be assigned by
some other techniques.

(iii) Empirical Probability Assignment: It is an objective method of assigning
probabilities and is used by the decision-makers. Using this technique the
probability is assigned by calculating the relative frequency of occurrence
of a given event over an infinite number of occurrences. However, in practice
only a finite (perhaps very large) number of cases are observed and relative
frequency of the event is calculated. The probability assignment through this
technique may as well be unrealistic, if future conditions do not happen to
be areflection of the past.

Thus, what constitutes the ‘best” method of probability assignment can only
be judged in the light of what seems best to depict reality. It depends upon
the nature of the problem and also on the circumstances under which the
problem is being studied.



Probability Distribution Functions: Discrete and Continuous

When a random variable x takes discrete values x , x

1» X,seee, X, With probabilities

D> DyseiP,, WE have a discrete probability distribution of X.

The function p(x) for which X=x,

X,,..., X takes valuesp ,p,,....p , is

the probability function of X.

The variable is discrete because it does not assume all values. Its properties

are:

p(x,) = Probability that X'assumes the value x
= Prob (x =x) = p,
p(x) 20, Zp(x) =1

For example, four coins are tossed and the number of heads X noted. X can take
values 0, 1, 2, 3, 4 heads.

_o= (1)L
p=0)=(1] -

A (1Y(1) _ 4
pX=1)="G Ej(aj =
_ 4 1 1
pa=2) Cz@ (5)
(1Y (1) 4
pE= Cﬁ(ﬂ (5] G
_ 4 1 1

PE=9 C@ (5)

6 |

16

S |

16

4 _|

16

3 _|

16

2 _|

16

1 ]

16
o) | |

0 1 2 3 4
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- 1 4 6 4 1
DY pX)=—F—+—+—+—=
o 16 16 16 16 16

This is a discrete probability distribution.

Example 1: If a discrete variable X has the following probability function, then
find (i) a (ii) p(X £ 3) (iii) p(X 2 3).
Solution: The solution is obtained as follows:

X, p(x)
0 0
1 a
2 2a
3 2a?
4 4a?
5 2a

Since Xp(x)=1,0+a+2a+2a*+4a*>+2a=1
' 6a’>+5a—1=0,sothat (6a—1)(a+1)=0

a = — ora=-1 (Not admissible)

1
6

1 5
Fora=g,p(XS3)=0+a+2a+2a2=2a2+3a=5

4
p(X23)=4a2+2a=§

(v) Continuous Probability Distributions

When a random variate can take any value in the given intervala <x < b, itisa
continuous variate and its distribution is a continuous probability distribution.

Theoretical distributions are often continuous. They are useful in practice
because they are convenient to handle mathematically. They can serve as good
approximations to discrete distributions.

The range of the variate may be finite or infinite.

A continuous random variable can take all values in a given interval. A
continuous probability distribution is represented by a smooth curve.

The total area under the curve for a probability distribution is necessarily
unity. The curve is always above the x axis because the area under the curve for
any interval represents probability and probabilities cannot be negative.

If Xis a continous variable, the probability of X falling in an interval with end
points z , z, may be written p(z, < X<z).



This probability corresponds to the shaded area under the curve in Figure 8.1.

™\

Z, 7,

Fig. 8.1 Continuous Probability Distribution
A function is a probability density function if,

J':p(x)dx =1, p(x)>0,—0 < x < o, i.e., the area under the curve p(x) is

1 and the probability of x lying between two values a, b, i.e., p(a <x < b) is
positive. The most prominent example of a continuous probability function is the
normal distribution.

Cumulative Probability Function (CPF)

The Cumulative Probability Function (CPF) shows the probability that x takes a
value less than or equal to, say, z and corresponds to the area under the curve up
toz:

p(x<z)=[ p(x)dx
This is denoted by F{(x).
Extension to Bivariate Case: Elementary Concepts

Ifin a bivariate distribution the data is quite large, then they may be summed up in
the form of a two-way table. In this for each variable, the values are grouped into
different classes (not necessary same for both the variables), keeping in view the
same considerations as in the case of univariate distribution. In other words, a
bivariate frequency distribution presents in a table pairs of values of two variables
and their frequencies.

For example, if there is m classes for the X — variable series and z classes
for the Y — variable series then there will be m % n cells in the two-way table. By
going through the different pairs of the values (x, y) and using tally marks, we can
find the frequency for each cell and thus get the so called bivariate frequency table
as shown in Table 8.2.
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Table 8.2 Bivariate Frequency Table

X Seﬁ Classes Lof
- - Total o
, Mid Points Frequencies
Y Series
of y
\V4 xl xl ”..x .......... xm
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Y
i Sy —
5l
gl=
O|=
Y
Total of . Total
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of x o

Here, f(x,y) is the frequency of the pair (x, y). The formula for computing
the correlation coefficient between x and y for the bivariate frequency table is,

NEZxf (x, ) — (%) (Byfy)
N2 £, e [ Va2, -’ ]

=

Where, N is the total frequency.

Check Your Progress

1. What is meant by subjective probability assignment?
2. What is continuous probability distribution?

8.3 SAMPLING THEORY

A sample is a portion of the total population that is considered for study and
analysis. For instance, if we want to study the income pattern of professors at City
University of New York and there are 10,000 professors, then we may take a
random sample of only 1,000 professors out of this entire population. Then this
number of 1,000 professors constitutes a sample. The summary measure that
describes a characteristic, such as average income of this sample is known as a
statistic.

Sampling is the process of selecting a sample from the population. It is technically and
economically not feasible to take the entire population for analysis. So we must take



arepresentative sample out of this population for the purpose of such analysis. A
sample is part of the whole, selected in such a manner as to be representing
the whole.

Random Sample

It is a collection of items selected from the population in such a manner that each
item in the population has exactly the same chance of being selected, so that the
sample taken from the population would be truly representative of the population.
The degree of randomness of selection would depend upon the process of selecting
the items from the sample. A true random sample would be free from all biases
whatsoever. For example, if we want to take a random sample of five students
from a class of twenty-five students, then each one of these twenty-five students
should have the same chance of being selected in the sample. One way to do this
would be writing the names of all students on separate but small pieces of paper,
folding each piece of this paper in a similar manner, putting each folded piece into
a container, mixing them thoroughly and drawing out five pieces of paper from this
container.

Sampling without Replacement

The sample as taken in the previous example is known as sampling without
replacement, because each person can only be selected once so that once a piece
of paper is taken out of the container, it is kept aside so that the person whose
name appears on this piece of paper has no chance of being selected again.

Sampling with Replacement

There are certain situations in which the piece of paper once selected and taken
into consideration is put back into the container in such a manner that the same
person has the same chance of being selected again as any other person. For
example, if we are randomly selecting five persons for award of prizes so that
each person is eligible for any and all prizes, then once the slip of paper is drawn
out of the container and the prize is awarded to the person whose name appears
on the paper, the same piece of paper is put back into the container and the same
person has the same chance of winning the second prize as anybody else.

Sample Selection

The third step in the primary data collection process is selecting an adequate
sample. It is necessary to take a representative sample from the population, since
it is extremely costly, time-consuming and cumbersome to do a complete census.
Then, depending upon the conclusions drawn from the study of the characteristics
of such a sample, we can draw inferences about the similar characteristics of the
population. If the sample is truly representative of the population, then the
characteristics of the sample can be considered to be the same as those of the
entire population. For example, the taste of soup in the entire pot of soup can be
determined by tasting one spoonful from the pot if the soup is well stirred. Similarly,
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a small amount of blood sample taken from a patient can determine whether the
patient’s sugar level is normal or not. This is so because the small sample of blood
is truly representative of the entire blood supply in the body.

Sampling is necessary because of the following reasons: First, as discussed earlier,
it is not technically or economically feasible to take the entire population into
consideration. Second, due to dynamic changes in business, industrial and social
environment, it is necessary to make quick decisions based upon the analysis of
information. Managers seldom have the time to collect and process data for the
entire population. Thus, a sample is necessary to save time. The time element has
further importance in that if the data collection takes a long time, then the values of
some characteristics may change over the period of time so that data may no longer
be up to date, thus defeating the very purpose of data analysis. Third, samples, if
representative, may yield more accurate results than the total census. This is due to
the fact that samples can be more accurately supervised and data can be more
carefully selected. Additionally, because of the smaller size of the samples, the routine
errors that are introduced in the sampling process can be kept at a minimum. Fourth,
the quality of some products must be tested by destroying the products. For example,
in testing cars for their ability to withstand accidents at various speeds, the
environment of accidents must be simulated. Thus, a sample of cars must be selected
and subjected to accidents by remote control. Naturally, the entire population of cars
cannot be subjected to these accident tests and hence, a sample must be selected.

One important aspect to be considered is the size of the sample. The sampling
size—which is the number of sampling units selected from the population for
investigation—must be optimum. If the sample size is too small, it may not
appropriately represent the population or the universe as it is known, thus leading
to incorrect inferences. Too large a sample would be costly in terms of time and
money. The optimum sample size should fulfil the requirements of efficiency,
representativeness, reliability and flexibility. What is an optimum sample size is
also open to question. Some experts have suggested that 5 per cent of the
population properly selected would constitute an adequate sample, while others
have suggested as high as 10 per cent depending upon the size of the population
under study. However, proper selection and representation of the sample is more
important than size itself. The following considerations may be taken into account
in deciding about the sample size:

(a) The larger the size of the population, the larger should be the sample size.

(b) Ifthe resources available do not put a heavy constraint on the sample size,
a larger sample would be desirable.

(c) Ifthe samples are selected by scientific methods, a larger sample size
would ensure greater degree of accuracy in conclusions.

(d) A smaller sample could adequately represent the population, if the
population consists of mostly homogeneous units. A heterogeneous universe
would require a larger sample.



Census and Sampling

Under the census or complete enumeration survey method, data is collected for
each and every unit (for example, person, consumer, employee, household,
organization) of the population or universe which are the complete set of entities
and which are of interest in any particular situation. In spite of the benefits of such
an all-inclusive approach, it is infeasible in most of the situations. Besides, the time
and resource constraints of the researcher, infinite or huge population, the incidental
destruction of the population unit during the evaluation process (as in the case of
bullets, explosives etc) and cases of data obsolescence (by the time census ends)
do not permit this mode of data collection.

Sampling is simply a process of learning about the population on the basis
of a sample drawn from it. Thus, in any sampling technique, instead of every unit
of the universe, only a part of the universe is studied and the conclusions are
drawn on that basis for the entire population. The process of sampling involves
selection of a sample based on a set of rules, collection of information and making
an inference about the population. It should be clear to the researcher that a sample
is studied not for its own sake, but the basic objective of its study is to draw
inference about the population. In other words, sampling is a tool which helps us
know the characteristics of the universe or the population by examining only a
small part of it. The values obtained from the study of a sample, such as the
average and dispersion are known as ‘statistics’ and the corresponding such values
for the population are called ‘parameters’.

Although diversity is a universal quality of mass data, every population has
characteristic properties with limited variation. The following two laws of statistics
are very important in this regard.

1. The law of statistical regularity states that a moderately large number of
items chosen at random from a large group are almost sure on the
average to possess the characteristics of the large group. By random
selection, we mean a selection where each and every item of the
population has an equal chance of being selected.

2. The law of inertia of large numbers states that, other things being equal,
larger the size of the sample, more accurate the results are likely to be.

Hence, a sound sampling procedure should result in a representative,
adequate and homogeneous sample while ensuring that the selection of items should
occur independently of one another.

Sampling Techniques

The various methods of sampling can be grouped under two broad categories:
Probability (or random) sampling and Non-probability (or non-random) sampling.

Probability sampling methods are those in which every item in the universe
has a known chance, or probability of being chosen for the sample. Thus, the
sample selection process is objective (independent of the person making the study)
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and hence, random. It is worth noting that randomness is a property of the sampling
procedure instead of an individual sample. As such, randomness can enter
processed sampling in a number of ways and hence, random samples may be of
many types. These methods include: (a) Simple Random Sampling, (b) Stratified
Random Sampling, (c) Systematic Sampling and (d) Cluster Sampling.

Non-probability sampling methods are those which do not provide every
item in the universe with a known chance of being included in the sample. The
selection process is, at least, partially subjective (dependent on the person making
the study). The most important difference between random and non-random
sampling is that whereas the pattern of sampling variability can be ascertained in
case of random sampling, there is no way of knowing the pattern of variability in
the non-random sampling process. The non-probability methods include:
(a) Judgement Sampling, (b) Quota Sampling and (c) Convenience Sampling.

The following Figure 8.2 depicts the broad classification and sub-
classification of various methods of sampling.

‘ Sampling Methods ‘

Non-probability Probability
Samples Samples
|
| | |
Judgement Quota Convenience
Sampling Sampling Sampling
| | | |
Simple Random Stratified Systematic Cluster
Sampling Sampling Sampling Sampling

Fig. 8.2 Methods of Sampling

Non-Probability Sampling Methods

(a) Judgement Sampling: In this method of sampling, the choice of sample
items depends exclusively on the judgement of the investigator. The sample
here is based on the opinion of the researcher, whose discretion will clinch
the sample. Though the principles of sampling theory are not applicable to
judgement sampling, it is sometimes found to be useful. When we want to
study some unknown traits of a population, some of whose characteristics
are known, we may then stratify the population according to these known
properties and select sampling units from each stratum on the basis of
judgement. Naturally, the success of this method depends upon the
excellence in judgement.

(b) Convenience Sampling: A convenience sample is obtained by selecting
convenient population units. It is also called a chunk, which refers to that



fraction of the population being investigated, which is selected neither by
probability nor by judgement but by convenience. A sample obtained from
readily available lists such as telephone directories is a convenience sample
and not arandom sample, even if the sample is drawn at random from such
lists. In spite of the biased nature of such a procedure, convenience sampling
is often used for pilot studies.

(c) Quota Sampling: Quota sampling is a type of judgement sampling and is
perhaps the most commonly used sampling technique in non-probability
category. In a quota sample, quotas (or minimum targets) are set up
according to some specified characteristics, such as age, income group,
religious or political affiliations, and so on. Within the quota, the selection of
the sample items depends on personal judgement. Because of the risk of
personal prejudice entering the sample selection process, the quota sampling
is not widely used in practical works.

It is worth noting that similarity between quota sampling and stratified
random sampling is confined to dividing the population into different strata.
The process of selection of items from each of these strata in the case of
stratified random sampling is random, while it is not so in the case of quota
sampling. Quota sampling is often used in public opinion studies.

Probability Sampling Methods

The following are the probability sampling methods:
(a) Simple Random Sampling
(b) Stratified Random Sampling
(c) Systematic Sampling
(d) Multistage or Cluster Sampling
Simple Random Sampling

It refers to that sampling technique in which each and every unit of the population
has an equal chance of being selected in the sample. One should not mistake the
term ‘arbitrary’ for ‘random’. To ensure randomness, one may adopt either the
lottery method or consult the table of random numbers, preferably the latter. Being
arandom method, it is independent of personal bias creeping into the analysis
besides enhancing the representativeness of the sample. Furthermore, it is easy to
assess the accuracy of the sampling estimates because sampling errors follow the
principles of chance. However, a completely catalogued universe is a prerequisite
for this method. The sample size requirements would be usually larger under
random sampling than under stratified random sampling, to ensure statistical
reliability. It may escalate the cost of collecting data as the cases selected by
random sampling tend to be too widely dispersed geographically.
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Stratified Random Sampling

In this method, the universe to be sampled is subdivided (stratified) into groups
which are mutually exclusive, but collectively exhaustive based on a variable known
to be correlated with the variable of interest. Then, a simple random sample is
chosen independently from each group. This method differs from simple random
sampling in that, in the latter the sample items are chosen at random from the entire
universe. In stratified random sampling, the sampling is designed in such a way
that a designated number of items is chosen from each stratum. Ifthe ratio of
items between various strata in the population matches with the ratio of
corresponding items between various strata in the sample, it is called proportionate
stratified sampling; otherwise, it is known as disproportionate stratified sampling.
Ideally, we should assign greater representation to a stratum with a larger dispersion
and smaller representation to one with small variation. Hence, it results in a more
representative sample than simple random sampling.

Systematic Sampling

It is also known as quasi-random sampling method because once the initial starting
point is determined, the remainder of the items selected for the sample are
predetermined by the sampling interval. A systematic sample is formed by selecting
one unit at random and then selecting additional units at evenly spaced intervals
until the sample has been formed. This method is popularly used in those cases
where a complete list of the population from which sample is to be drawn is
available. The list may be prepared in alphabetical, geographical, numerical or
some other order. The items are serially numbered. The first item is selected at
random generally by following the lottery method. Subsequent items are selected
by taking every Kth item from the list where ‘K’ stands for the sampling interval or
the sampling ratio, i.e., the ratio of the population size to the size of the sample.

Symbolically,

K = N/n,where K= Sampling Interval; N = Universe Size; n = Sample
Size. In case K is a fractional value, it is rounded off to the nearest integer.

Cluster Sampling

Under this method, the random selection is made of primary, intermediate and
final (or the ultimate) units from a given population or stratum. There are several
stages in which the sampling process is carried out. At first, the stage units are
sampled by some suitable method such as simple random sampling. Then, a sample
of second stage units is selected from each of the selected first stage units, by
applying some suitable method which may or may not be the same method
employed for the first stage units. For example, in a survey of 10,000 households
in AP, we may choose a few districts in the first stage, a few towns/villages/mandals
in the second stage and select a number of households from each town/village/
mandal selected in the previous stage. This method is quite flexible and is
particularly useful in surveys of underdeveloped areas, where no frame is generally



sufficiently detailed and accurate for subdivision of the material into reasonably
small sampling units. However, a multistage sample is, in general, less accurate
than a sample containing the same number of final stage units which have been
selected by some suitable single stage process.

Sampling and Non-Sampling Errors

The basic objective of a sample is to draw inferences about the population from
which such sample is drawn. This means that sampling is a technique which helps
us in understanding the parameters or the characteristics of the universe or the
population by examining only a small part of it. Therefore, it is necessary that the
sampling technique be a reliable one. The randomness of the sample is especially
important because of the principle of statistical regularity, which states that a sample
taken at random from a population is likely to possess almost the same
characteristics as those of the population. However, in the total process of statistical
analysis, some errors are bound to be introduced. These errors may be the sampling
errors or the non-sampling errors. The sampling errors arise due to drawing faulty
inferences about the population based upon the results of the samples. In other
words, it is the difference between the results that are obtained by the sample
study and the results that would have been obtained if the entire population was
taken for such a study, provided that the same methodology and manner was
applied in studying both the sample as well as the population. For example, if a
sample study indicates that 25 per cent of the adult population of a city does not
smoke and the study of the entire adult population of the city indicates that 30 per
cent are non-smokers, then this difference would be considered as the sampling
error. This sampling error would be smallest if the sample size is large relative to
the population, and vice versa.

Non-sampling errors, on the other hand, are introduced due to technically
faulty observations or during the processing of data. These errors could also arise
due to defective methods of data collection and incomplete coverage of the
population, because some units of the population are not available for study,
inaccurate information provided by the participants in the sample and errors
occurring during editing, tabulating and mathematical manipulation of data. These
are the errors which can arise even when the entire population is taken under
study.

Both the sampling as well as the non-sampling errors must be reduced to a
minimum in order to get as representative a sample of the population as possible.
Theory of Estimation

The theory of estimation is a very common and popular statistical method and is
used to calculate the mathematical model for the data to be considered. This
method was introduced by the statistician Sir R. A. Fisher, between 1912 and
1922. This method can be used in:

* Finding linear models and generalized linear models
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« Exploratory and confirmatory factor analysis
* Structural equation modelling

* Calculating time-delay of arrival (TDOA) in acoustic or electromagnetic
detection

+ Datamodelling in nuclear and particle physics
* Finding the result for hypothesis testing

The method of estimation is used with known mean and variance. The sample
mean becomes the maximum likelihood estimator of the population mean, and the
sample variance becomes the close approximation to the maximum likelihood
estimator of the population variance.

Interval Estimate of the Population Mean (Population Variance Known)

Since the sample means are normally distributed, with a mean of 1 and a standard
deviation of o, it follows that sample means follow normal distribution

characteristics. Transforming the sampling distribution of sample means into the
standard normal distribution, we get:

P
G,

X

or )_C—HZZG;

or uz;-ZG;

Since W falls within a range of values equidistant from &,
L= xtZ o-

This relationship is shown in the following illustration.

Z0% Z0x

X

&
<

= X
>

This means that the population mean is expected to lie between the values of x|

and x, which are both equidistant from X and this distance depends upon the
value of Z which is a function of confidence level.



Suppose that we wanted to find out a confidence interval around the sample
mean within which the population mean is expected to lie 95 per cent of the time.
(We can never be sure that the population mean will lie in any given interval 100
per cent of the time). This confidence interval is shown as follows:

< 95% >

47.5% 47.5%
2.5% 2.5%
X X X,
< u >

The points x, and x, above define the range of the confidence interval as follows:
X = x-Z o
and x, = x+Z o,

Looking at the table of Z scores, (given in the Appendis) we find that the value of
Z score for area 10.4750 (half of 95 per cent) is 1.96. This illustration can be
interpreted as follows:

a) Ifall possible samples of size n were taken, then on the average 95 per cent of
these samples would include the population mean within the interval around
their sample means bounded by x, and x,.

b) Ifwe took arandom sample of size n from a given population, the probability
is 0.95 that the population mean would lie between the interval x, and x,
around the sample mean, as shown.

¢) Ifarandom sample of size n was taken from a given population, we can be 95
per cent confident in our assertion that the population mean will lie around the
sample mean in the interval bounded by values of x, and x, as shown. (Itis
also known as 95 per cent confidence interval.) At 95 per cent confidence
interval, the value of Z score as taken from the Z score table is 1.96. The
value of Z score can be found for any given level of confidence, but generally
speaking, a confidence level of 90%, 95% or 99% is taken into consideration
for which the Z score values are 1.68, 1.96 and 2.58, respectively.

Example 2: The sponsor of a television programme targeted at the children’s
market (age 4-10 years) wants to find out the average amount of time children
spend watching television. A random sample of 100 children indicated the average
time spent by these children watching television per week to be 27.2 hours. From
previous experience, the population standard deviation of the weekly extent of
television watched (s) is known to be 8 hours. A confidence level of 95 per cent is
considered to be adequate.
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Solution:

1.960x | 1.960x

X X=272 X
u=_
The confidence interval is given by:

xtZo- or x-Zo-<u<x+Zo-

X X X
W c
Where O, =—F
X n

Accordingly, we need only four values, namely %, Z, ¢ and n. In our case:

x=27.2
Z =196
c=8
n=100
ence e 00 10
Then:
XIZE-ZG;
=272-(1.96 x .8)=27.2-1.568
=25.632
And

X, =;+ZG;
=272+(1.96 x .8)=27.2+1.568
=28.768

This means that we can conclude with 95 per cent confidence that a child on an
average spends between 25.632 and 28.768 hours per week watching television.
(It should be understood that 5 per cent of the time our conclusion would still be
wrong. This means that because of the symmetry of distribution, we will be wrong
2.5 per cent of the times because the children on an average would be watching
television more than 28.768 hours and another 2.5 per cent of the time we will be
wrong in our conclusion, because on an average, the children will be watching
television less than 25.632 hours per week.)



Example 3: Calculate the confidence interval in the previous problem, if we want
to increase our confidence level from 95% to 99%. Other values remain the same.

Solution:

495

.005 .005

2.580; | 2.580%

X, X=272 X,
c=28

If we increase our confidence level to 99 per cent, then it would be natural to
assume that the range of the confidence interval would be wider, because we
would want to include more values which may be greater than 28.768 or smaller
than 25.632 within the confidence interval range. Accordingly, in this new situation,

Z =258
o.= .8
Then
X, =;-ZG;
=272-(2.58 x .8)=27.2-2.064
=25.136
And
X, =;+ZG;
=27.2+2.064
=29.264

(The value of Z is established from the table of Z scores against the area of .495 or
a figure closest to it. The table shows that the area close to .495 is .4949 for which
the Zscore is 2.57 or .4951 for which the Z score is 2.58. In practice, the Z score
of 2.58 is taken into consideration when calculating 99 per cent confidence interval.)

Interval Estimate of the Population Mean (Population Variance Unknown)

As the previous example shows, in order to determine the interval estimate of |1,
the variance (and hence, the standard deviation) must be known, since it figures in
the formula. However, the standard deviation of the population is generally not
known. In such situations and when sample size is reasonably large (30 or more),
we can approximate the population standard deviation (¢) by the sample standard
deviation (s), so that the confidence interval,
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xtZ o- is approximated by the interval.

;iZS;, when n > 30.

where 6- == and s- = ——.
T
Example 4: It is desired to estimate the average age of students who graduate
with an MBA degree in the university system. A random sample of 64 graduating
students showed that the average age was 27 years with a standard deviation of 4
years.

a) Estimate a 95 per cent confidence interval estimate of the true average
(population mean) age of all such graduating students at the university.

b) How would the confidence interval limits change if the confidence level was
increased from 95 per cent to 99 per cent.

Solution: Since the sample size 7 is sufficiently large, we can approximate the
population standard deviation by the sample standard deviation.

(@

Now,
Z =1.96
x=27
s 4 4
e s

95% confidence interval of population mean 1 is given by:

=05

X+ Zs.
So that,
X = x— Zs-
=27-(1.96 x .5)=27-0.98
=26.02
And
X, = x+ Zs-
=27+0.98
=27.98
Hence, 26.02 > >27.98.



(b) 5.=.5

Now, Zbecomes 2.58 and the other values remain the same. Hence,

X, =;—Zs;
=27-(2.58x .5)=27-1.29

=25.71
And

X, = x+ Zs.
=27+1.29
=28.29

Hence, 25.71<u<28.29.
Sample Size Determination for Estimating the Population Mean

It is understood that the larger the sample size, the closer the sample statistic will
be to the population parameter. Hence, the degree of accuracy we require in our
estimate would be one factor influencing our choice of sample size. The second
element that influences the choice of the sample size is the degree of confidence in
ourselves that the error in the estimate remains within the degree of accuracy that
is desired. Hence, the degree of accuracy has two aspects.

1. The maximum allowable error in our estimate

2. The degree of confidence that the error in our estimate will not exceed the
maximum allowable error

The ideal situation would be that the sample mean x equals the population mean
.. That would be the best estimate of L based on x . If the entire population was
taken as a sample then x will be equal to 1 and there will be no error in our
estimate. Hence, (x - 1) can be considered as error or deviation of the estimator

x from the population mean p. This maximum allowable error must be pre-
established. Let this error be denoted by E, so that:

E=(x—p)

Now, we know that
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Or

Jn=2°
E

/0o ? 76’
n={——| or ——
E E?

Based upon this formula, it can be seen that the size of the sample depends upon:

(a) Confidence interval desired. This will determine the value of Z. For example,
95 per cent confidence level yields the value of Z to be =1.96.

(b) Maximum error allowed (E)

(c) The standard deviation of the population (c)
It can further be seen from this formula that the sample size will increase if:

(a) The allowable error becomes smaller

(b) The degree of confidence increases

(c) The value of the variance within the population is larger

Example 5: We would like to know the average time that a child spends watching
television over the weekend. We want our estimate to be within + 1 hour of the
true population average. (This means that the maximum allowable error is 1 hour.)
Previous studies have shown the population standard deviation to be 3 hours.
What sample size should be taken for this purpose, if we want to be 95 per cent

confident that the error in our estimate will not exceed the maximum allowable
error?

Solution: For 95 per cent confidence level, the values of
Z=1.96
E =1 hour (given)
¢ =3 hours (given)



E2
_(1.96)°3)’
1)’
=34.57

To be more accurate in our estimate, we always round off the answer to the next
higher figure from the decimal. Hence, n=35.

Confidence Interval Estimation of Population Proportion

So far we have discussed the estimation of population mean, which is quantitative
in nature. This concept of estimation can be extended to qualitative data where the
data is available in proportion or percentage form. In this situation the parameter
of interest is Tt, which is the proportion of times a certain desirable outcome occurs.
This concept lends itself to binomial distribution where we label the outcome of
interest to us as success with the probability of success being 1t and the probability
of failure being (1- 7).

When large samples of size n are selected from a population having a proportion
of desirable outcomes 7, then the sampling distribution of proportions is normally
distributed. For large samples, when (np) as well as (nq) are both at least equal to
5, where n is the sample size, p is the probability of a desired outcome (or success)
and g is the probability of failure (1-p), then the binomial distribution can also be
approximated to normal distribution, with a mean of  and a standard deviation of

c,, where o, is given by:

G - n(l—m)
P\ n

In such cases, we expect 95 per cent of all sample proportions to fall within the
following range:

nt1.96 G,

Or

Similarly, 99 per cent of all such sample proportions will fall within

n(l—m)
n

n+2.58
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If all possible samples of size n are selected and the interval p£1.960, is

established for each sample, where p is the sample proportion, then 95 per cent of
all such intervals are expected to contain 7, the population proportion. Then this
range of,

ptl.960,
Or

n(l—m7)
n

p£1.96

Is known as the 95 per cent confidence interval estimate of 7.

This formula requires that we know the value of 7t in order to calculate 6. But,
population proportion is generally not known. In such instances, the sample
proportion is used as an approximation of 7t. Hence, the 95 per cent confidence
interval estimate of T becomes:

p*l96oc,

Where
Gp frd ————

And 99 per cent confidence interval estimate of T becomes:
pt23580,

Example 6: A survey of 500 persons shopping at a mall, selected at random,
showed that 350 of them used credit cards for their purchases and 150 of them
used cash.

(a) Constructa 95 per cent confidence interval estimate of the proportion of all
persons at the mall, who use credit card for shopping.

(b) Whatwould our confidence level be, if we make the assertion that the proportion
of shoppers at the mall who shop with a credit card is between 67 per cent
and 73 per cent.

Solution: (a) There are 350 people out of a total sample of 500 who pay by
credit card. Hence, the sample proportion of credit card shoppers is:

p=350/500=0.7.

The 95 per cent confidence interval estimate of population proportion 7 is given
as follows:

p*l96oc,



Where,

o - [p(1-p)
’ n

(Since 7 is not known, we approximate sample proportion p for population
proportion ).

Then, o©,= % =+/.00042 =.02

Then the confidence limits are:

p=p-19 o,

=.7-1.96(.02)

=7-.0392 =.6608 or 66.08%, and
p,=p+1960¢,

=.7+.0392=.7392 or 73.92%.

p  p=27T p,
6608  ©,=.02 .7392

This means that the population of people who pay by credit card at the mall is
between 66.8 per cent and 73.92 per cent.

(b) If the population proportion of credit card shoppers is given to be between
.67 and .73, when such sample proportion p is .70, then

4332 4332

p p=.7 D»

67 73
»n =p—Zo,
67 =7-7(0.2)
027 =7- .67
: _7-67_.03_
02 .02
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Similarly,
p, =p+Zo,
73=7+Z7 (.02)
7, 37 0
02 .02

Using the Z score table, we see that the area under the curve for Z=1.5 is .4332.
This area is on each side of the mean so that the total area is .8664. In other
words, our confidence level is 86.64 per cent that the proportion of shoppers
using credit card is between 67 per cent and 73 per cent.

Sample Size Determination for Estimating the Population Proportion

We follow the same procedure as we did in determining the sample size for estimating
the population mean. As before, there are three factors that are taken into
consideration. These are:

(a) Thelevel of confidence desired
(b) The maximum allowable error permitted in the estimate
(c) The estimated population proportion of success 7

As established previously,

z=£~T
61’
- = (1 —m)
Where ©» o

P

Now, (p-1) can be considered as error (E), so that:
_E
n(l—m)
n
By cross-multiplication we get,
n(l—m)
n

E=7

Squaring both sides we get,
_Z ‘n(l-m)

n

or nE’> =Zn(1-m)

Z’n(l-m)
E2

E2

or n=



This formula assumes that we know 7, the population proportion, which we are
trying to estimate in the first place. Accordingly, 7t is unknown. However, if any
previous studies have estimated this value or a sample proportion p has been
calculated in previous studies, then we can approximate this p for T and hence,

_Zp(-p)
-zt

However, if no previous surveys have been taken so that we do not know the
value of T or p, then we assume 7t to be equal to 0.5, simply because, other things
being given, the value of T being 0.5 will result in a larger sample size than any
other value assumed by 7. Hence, the sample size would be at least as large or
larger than required for the given conditions. This can be established by the fact
that when mt = 0.5, then nt(l - 1) is .5 x .5 =0.25. This value is larger than any
other value of 7t (1 - 7). This means that when 7t = 0.5 then for a given value of Z,
n would be larger than any other value of . This results in a more conservative
estimate which is desirable.

Example 7: It is desired to estimate the proportion of children watching television
on Saturday mornings, in order to develop a promotional strategy for electronic
games. We want to be 95 per cent confident that our estimate will be within +2
per cent of the true population proportion.

(a) What sample size should we take if a previous survey showed that 40 per
cent of children watched television on Saturday mornings?

(b) What would be the sample size, for the same degree of confidence and the
same maximum allowable error, if no such previous survey had been taken?

Solution: (a) In this case, the following values are given:
Z=1.96 (95% confidence interval)
p=04
E=0.02

Substituting these values in the following formula, we get:

_ Z’p(1-p)
= -
~ (1.96)*(.4)(.6)
02y
0.922

0.0004

2304.96
2305
For the sake of accuracy, we always round off to the next higher figure, in case of
answer being a fraction.
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(b) In this case, since no previous surveys have been taken, we assume p = 0.5
and follow the earlier procedure.

4 ‘p(1-p)
E2
_ (196)°(:5)(.5)
(.02)°
_ 0.9604

0.0004
=2401

8.4 TRANSFORMATION OF VARIABLE OF THE
DISCRETE TYPE

A random variable is defined as a function from Q to R, which constantly takes the
numerical values. Here, Q is referred as the set of possible outcomes of a probability
experiment, consequently a random variable as a function can be written as
X: Q — R, which specifies the method of assigning a numerical value to each
respective outcome of the probability experiment. Generally, the outcome of a
probability experiment can be identified or known when the experiment is carried
out, therefore X or any another variable name is used for representing this outcome
of the experiment before actually knowing the exact value.

The following examples explain the concept of random variables. When a
coin is flipped, then the possibility is that either there is the Head (H) or the Tail
(T), however you can define the random variable associated/related with the flipping
of coin as X, by means of

XH)=0

X(M)=1
Or,

Y(H)=1

Y(T)=-1

The numerical values depend on the problem statistics, for example, when
the coin is flipped in a chance game then the outcome as head gives Rupee 5 while
the tail gives Rupee 8. The outcomes of the probability experiment, as heads and
tails, can be represented by {—8, 5} using the profit-loss concept. This can be
represented using W for the random variable signifying the winnings, by means of,

W {H, T} —{5,-8}



A discrete random variable is the variable that takes values in a finite or
countable infinite subset of R. The value of the random variable for the specific
range can be denoted by /.

Example 8: A coin is flipped three times. Find out the appearance of heads in
three flips and the range of random variable.

Solution: Let X be the random variable which represents the number of times
heads can appear in the three flips.

Then,
X:Q-{0,1,2,3} cR
The range of Xis given by,
1=1{0,1,2,3}

Example 9: Two dice are rolled simultaneously. What will be the random variable
and the range for the maximum roll?

Solution: Consider that the random variable is assumed or specified for the
maximum roll when the two dice are rolled simultaneously. Assume that the
maximum rolls are 6.

Here,
X = Value on the First Die
Y= Outcome of the Second Die
Z=max (X, ¥) is the Random Variable to consider.
The range of Z is given by,
1=1{1,2,3,4,5, 6}
The concept of the discrete random variable can be defined using:
o The probability mass function.
o The expected value of a random variable.
¢ The variance of a random variable.

1. For adiscrete random variable, the probability mass function can be find
using the equation,

fhy=PX=k)forke I

2. The expected value (expectation, mean) of a random variable can be defined
using the probability mass function,

“:E(X):;kP{X:k]
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In this case, each outcome is subjective/weighted by its respective
probability. The expected value function is specifically written using the notation
E[.] or E(.), and for the random variable we can use the notation L (mu) for mean.

3. The variance can be defined as,
o* = var (X) = E [(X— Y]
This definition defines the expected value of the square of the difference of

X from the mean L. The var (.) function can be applied to any random variable,
and the notation 6” defines which random variable is being evaluated.

Definition. Two discrete random variables X and Y are independent if for all x in
the range of X'and all y in the range of ¥, we have
PX=x,Y=y)=PX=x)P(Y=y)

Here P denotes the probability. If X'and Y are not independent, then this
may not be true for all combinations of x and y and hence there will be some event
(X=ux, Y=y) for which this equation is false.

Example 10: A coin is flipped only once. Find the number of heads and tails.
Specify that the discrete random variables is independent random variable.

Solution: When the coin is flipped only once, then the probability of getting heads
and tails on the same flip is zero, i.e., the events are mutually exclusive. Let Xbe
the number of heads and Y be the number of'tails. Then,

PX=1)P(Y=1)=025

It can be stated that the joint probability mass function of independent random
variables Xand Y factors into the probability mass functions for Xand Y.

As per the definition of expected value the following fact can be proved for
the discrete random variables:

If X'and Y are independent random variables, then
E(XY)=E (X)E(Y)
Provided that both £ (X) and E (Y) exist and are finite.

Check Your Progress

. Why is sampling without replacement so called?

. What do you mean by sampling with replacement?

. What is the main difference between the above two types of sampling?
. What are the two types of samples?

. What is meant by a simple random sample?

0 9 N »n kA~ W

. Define the term discrete random variable.




8.5

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. It is the technique of assigning probabilities on the basis of personal

judgement. Such assignment may differ from individual to individual and
depends upon the expertise of the person assigning the probabilities.

. When arandom variate can take any value in the given interval a <x < b,

itis a continuous variate and its distribution is a continuous probability
distribution.

. Sampling without replacement is so called because in this process, each

person or element can be selected only once and not replaced for another
selection.

. Sampling with replacement means the process where a specific person or

element can be selected once and can also be replaced for another selection.

. Unlike in the case of sampling without replacement, the same element can

get reselected in sampling with replacement.

. The two types of samples are:

(a) Probability Samples
(b) Non-Probability Samples

. A simple random sample is the one in which each and every unit of the

population has an equal chance of being selected into the sample.

. A discrete random variable is the variable that takes values in a finite or

countable infinite subset of R. The value of the random variable for the
specific range can be denoted by 1.

8.6

SUMMARY

A random variable takes on different values as a result of the outcomes of
arandom experiment.

A probability cannot be less than zero or greater than one, i.e., 0 < pr<
1, where prrepresents probability.

The sum of all the probabilities assigned to each value of the random
variable must be exactly one.

A continuous random variable can take all values in a given interval. A
continuous probability distribution is represented by a smooth curve.

The Cumulative Probability Function (CPF) shows the probability that x

takes a value less than or equal to, say, z and corresponds to the area
under the curve up to z:

p(x<z)=[ p(x)dx
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e A sample is a portion of the total population that is considered for study and

analysis.

Sampling is the process of selecting a sample from the population. It is
technically and economically not feasible to take the entire population for
analysis.

There are certain situations in which the piece of paper once selected and
taken into consideration is put back into the container in such a manner that
the same person has the same chance of being selected again as any other
person.

The third step in the primary data collection process is selecting an adequate
sample. It is necessary to take a representative sample from the population,
since it is extremely costly, time-consuming and cumbersome to do a
complete census.

If the resources available do not put a heavy constraint on the sample size,
a larger sample would be desirable.

A smaller sample could adequately represent the population, if the population
consists of mostly homogeneous units. A heterogeneous universe would
require a larger sample.

Sampling is simply a process of learning about the population on the basis
of'a sample drawn from it. Thus, in any sampling technique, instead of
every unit of the universe, only a part of the universe is studied and the
conclusions are drawn on that basis for the entire population.

Probability sampling methods are those in which every item in the universe
has a known chance, or probability of being chosen for the sample.

Non-probability sampling methods are those which do not provide every
item in the universe with a known chance of being included in the sample.
The selection process is, at least, partially subjective (dependent on the
person making the study).

Quota sampling is a type of judgement sampling and is perhaps the most
commonly used sampling technique in non-probability category.

The basic objective of a sample is to draw inferences about the population
from which such sample is drawn. This means that sampling is a technique
which helps us in understanding the parameters or the characteristics of the
universe or the population by examining only a small part of it.

It is understood that the larger the sample size, the closer the sample statistic
will be to the population parameter. Hence, the degree of accuracy we

require in our estimate would be one factor influencing our choice of sample
size.



8.7 KEY WORDS

e Sample: A portion of the total population that is considered for study and
analysis.

o Sample size: It is not possible to consider the entire population to conduct
any study or to do any statistical analysis. Hence, the random representative
samples are taken for the purpose of analysis. The sample size of 30 or
more is considered as a large sample size while below 30 is considered as
asmall sample size.

8.8 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

What is empirical probability assignment?

What is meant by cumulative probability function?
Explain briefly the different types of sampling.
What is sampling distribution? Give examples.

Define population in statistical terms.

AN

Explain briefly the terms sample and sampling.

7. What is standard error?
Long-Answer Questions

1. Discuss the techniques of assigning probabilities.
2. Describe the continuous probability distributions.

3. Give concrete examples of sampling with replacement and sampling without
replacement.

4. A dealer of Toyota cars sold 20,000 Toyota Camry cars last year. He is
interested to know if his customers are satisfied with their purchases. 3000
questionnaires were mailed at random to the purchasers. 1600 responses
were received. 1440 of these responses indicated satisfaction.

(a) What s the population of interest?
(b) Whatis the sample?
(c) Isthe percentage of satisfied customer a parameter or a statistic?

5. Differentiate between probability samples and non-probability samples.
Under what circumstances would non-probability types of samples be more
useful in statistical analyses.
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6. How does sampling with replacement differ from sampling without
replacement? Give some examples of situations where sampling has to be
done without replacement.

7. Explain in detail the situations that would require:
(a) Judgement sampling
(b) Quotasampling
(c) Stratified sampling

8. Differentiate between sampling errors and non-sampling errors. Under what
circumstances would each type of error occur? What steps can be taken to
minimize the impact of such errors upon statistical analyses?

9. Your college has a total population of 5000 students. It is desired to estimate
the proportion of students who use drugs.

(a) What type of sampling would be necessary to reach a meaningful
conclusion regarding the drug use habits of all students?

(b) What type of sampling would you select so that the sample is most
representative of the population?

(c) Druguse being a sensitive issue, what type of questions would you
include in your questionnaire? What type of questions would you avoid?
Give reasons.

10. The lottery method of sample selection is still the most often used method.
Discuss this method in detail and give reasons as to why a sample selected
by the lottery method would be representative of the population.

11. You are the chairman of the Department of Business Administration and
you have been asked to make a report on the current status of students
who graduated with B.S. in Business during the two years of 1989 and
1990. Records have indicated that a total of 425 students graduated from
the department during these two years. The report is to include information
regarding sex of the student, grade point average at the time of graduation,
whether the students completed MBA degree or started a job after B.S.
degree, current employment position and current annual salary. Prepare a
proposal for this survey and include in this proposal:

(a) Objectives of the survey.
(b) Type of sampling technique.
(c) Size ofthe sample.

12. AtNew Delhi airport, there is a green channel and ared channel. Passengers
without any custom duty articles can go through the green channel. Some
passengers are stopped for a random check. What type of random sampling
would be appropriate in such situations? Would judgement sampling be
more appropriate? Give reasons.
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9.0 INTRODUCTION

A random variable has a probability distribution, which specifies the probability of
Borel subsets of'its range. Random variables can be discrete, that is, taking any of
a specified finite or countable list of values (having a countable range), endowed
with a probability mass function characteristic of the random variable’s probability
distribution; or continuous, taking any numerical value in an interval or collection
of intervals (having an uncountable range), via a probability density function that is
characteristic of the random variable’s probability distribution; or a mixture of
both types. Two random variables with the same probability distribution can still
differ in terms of their associations with, or independence from, other random
variables. The realizations of a random variable, that is, the results of randomly
choosing values according to the variable’s probability distribution function, are
called random variates.

In this unit, you will study about the transformation of variable of the
continuous type, beta distribution, ¢ distribution, F' Distribution and extensions of
the change of variable techniques.



9.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand the transformation of variable of the continuous type
¢ Discuss about the beta distribution
¢ Briefly describe the ¢ distribution and F distribution

9.2 TRANSFORMATION OF VARIABLE OF THE
CONTINUOUS TYPE

A continuous variable is one which can take on an uncountable set of values. A
variable over a non-empty range of the real numbers is continuous, ifit can take
on any value in that range. Methods of calculus are often used in problems in
which the variables are continuous, for example in continuous optimization problems.
In statistical theory, the probability distributions of continuous variables can be
expressed in terms of probability density functions. In continuous-time dynamics,
the variable time is treated as continuous, and the equation describing the evolution
of some variable over time is a differential equation. The instantaneous rate of
change is a well-defined concept.

9.2.1 The Beta Distribution

In probability theory and statistics, the Beta distribution is a family of continuous
probability distributions defined on the interval [0, 1] parameterized by two positive
shape parameters, denoted by . and B that appear as exponents of the random
variable and control the shape of the distribution.

The beta distribution has been applied to model the behaviour of random
variables limited to intervals of finite length in a wide variety of disciplines. For
example, it has been used as a statistical description of allele frequencies in
population genetics, time allocation in project management or control systems,
sunshine data, variability of soil properties, proportions of the minerals in rocks in
stratigraphy and heterogeneity in the probability of HIV transmission.

In Bayesian inference, the Beta distribution is the conjugate prior probability
distribution for the Bernoulli, Binomial and Geometric distributions. For example,
the Beta distribution can be used in Bayesian analysis to describe initial knowledge
concerning probability of success, such as the probability that a space vehicle will
successfully complete a specified mission. The Beta distribution is a suitable model
for the random behavior of percentages and proportions.

The usual formulation of the Beta distribution is also known as the Beta
distribution of the first kind, whereas Beta distribution of the second kind is an
alternative name for the Beta prime distribution.
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The probability density function of the Beta distribution, for 0 <x <1, and
shape parameters o, 3 > 0, is a power function of the variable x and of'its reflection
(1—x) like follows:

f(x;a,B) =constant . x*™'(1—x)""

_ xa—l (1 _ X)B—]
J.Olu“’l (I-u)*"du

_ I'(a+P) (1= )
F(a)I'(B)

_ 1 o=l _ B-1

= B(.p) x* 7 (1-x)

Where, I'(z) is the Gamma function. The Beta function, B, appears to be
normalization constant to ensure that the total probability integrates to 1. In the
above equations x is a realization — an observed value that actually occurred —
of arandom process X.

The Cumulative Distribution Function (CDF) is given below:

B(x;a,
Flxop) =280y g p)
B(a,p)
Where, B (x; o, B) is the incomplete beta function and I_(c, B) is the
regularized incomplete beta function.

The mode of a beta distributed random variable X with ¢, B> 1 is given by
the following expression:
oa—1
a+p-2
When both parameters are less than one (o, 3 < 1), this is the anti-mode -
the lowest point of the probability density curve.

The median of the beta distribution is the unique real number * = / E_l] ()
2

for which the regularized incomplete beta function I (o, f) =1/2, there are no
general closed form expression for the median of the beta distribution for arbitrary
values of oc and 3. Closed form expressions for particular values of the parameters
aandb follow:

o For symmetric cases o0 = 3, median=1/2.

Lo . L.
1_2 B (this case is the mirror-image of the

power function [0, 1] distribution).

e Foro.=1and >0, median=

e Fora>0and =1, median= 2% (this case is the power function [0, 1]

distribution).



e Foro.=3 and =2, median=0.6142724318676105..., the real solution
to the quartic equation 1-8x*+6x*= 0, which lies in [0, 1].

e For oo =2 and B = 3, median = 0.38572756813238945... = |-median
(Beta (3, 2)).
The following are the limits with one parameter finite (non zero) and the

other approaching these limits:
lim median  lim median =1,

B_>() = a0
lim median _ lim median = 0.
o—0 " B

A reasonable approximation of the value of the median of the Beta
distribution, for both o and 3 greater or equal to one, is given by the following
formula:

When a, B > 1, the relative error (the absolute error divided by the median)
in this approximation is less than 4% and for both oc>2 and > 2 it is less than
1%. The absolute error divided by the difference between the mean and the mode
is similarly small.

The expected value (mean) (1) of a beta distribution random variable X
with two parameters o and 3 is a function of only the ratio /ot of these parameters:

h=ELX] = [ (v B)dx

__[1 i ————dx
B(a,p)

o+p

Letting 0. = [3 in the above expression one obtains i = 1/2, showing that for
o= the mean is at the center of the distribution: it is symmetric. Also, the following
limits can be obtained from the above expression:
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= >

Therefore, for /ot — 0, or for o/ — o=, the mean is located at the right
end, x = 1. For these limit ratios, the Beta distribution becomes a one-point
degenerate distribution with a Dirac Delta function spike at the right end, x=1,
with probability 1 and zero probability everywhere else. There is 100% probability
(absolute certainty) concentrated at the right end, x= 1.

Similarly, for B/ot — <, or for o/ — 0, the mean is located at the left end,
x =0. The Beta distribution becomes a 1 point Degenerate distribution with a
Dirac Delta function spike at the left end, x = 0, with probability 1 and zero
probability everywhere else. There is 100% probability (absolute certainty)
concentrated at the left end, x = 0. Following are the limits with one parameter
finite (non zero) and the other approaching these limits:
lim p  lim p=1
B0 T a—>®
lim p_ lim p=0
00 ~ pow
While for typical unimodal distributions with centrally located modes, inflexion
points at both sides of the mode and longer tails with Beta (o, B) such that
o, B > 2 it is known that the sample mean as an estimate of location is not as
robust as the sample median, the opposite is the case for uniform or ‘U-shaped’
Bimodal distributions with beta(ot, 8) such that (o, 3 < 1), with the modes located
at the ends of the distribution.

The logarithm of the Geometric Mean (G, ) of a distribution with random
variable Xis the arithmetic mean of In (X), or equivalently its expected value:

InG =E[lnX]

For a Beta distribution, the expected value integral gives:
E[lnX] = J.; Inxf(x;00,B)dx

_J. a](l X)Bldx

B(a,p)
1 J-l(?x“_] (1-x)*" I
~ B(a,p) 0 do.



= L ]x“’l(l—x)ﬁ’ldx
B(a,B) oo ?0

1 B(ap)
" B(a,B) oo

_ 0lnB(a,B)

- oa

_0lnI'(a) Jdlnl'(a+P)
 oa oo

=¥ (a)-¥(a+p)

Where, y is the Digamma Function.

Therefore, the geometric mean of a Beta distribution with shape parameters
o and [3 is the exponential of the Digamma functions of o and 3 as follows:

G, = "M = gu(@viah)

While for a Beta distribution with equal shape parameters o= [3, it follows
that Skewness =0 and Mode = Mean = Median = 1/2, the geometric mean is less
than 1/2: 0 < G, < 1/2. The reason for this is that the logarithmic transformation
strongly weights the values of X close to zero, as In (X) strongly tends towards
negative infinity as X approaches zero, while In (X) flattens towards zero as
X—- 1

Along aline o.= 3, the following limits apply:

lim _
a=p—0 (:;)( =0
lim 1
a=B—o G&'_E

Following are the limits with one parameter finite (non zero) and the other
approaching these limits:

lim lim
B—0 Gy = g0 Gy =1

1;f33>() Gy = ;;ff;<x> Gy =0

The accompanying plot shows the difference between the mean and the
geometric mean for shape parameters o and B from zero to 2. Besides the fact
that the difference between them approaches zero as o and 3 approach infinity
and that the difference becomes large for values of 0. and 3 approaching zero, one
can observe an evident asymmetry of the geometric mean with respect to the
shape parameters ot and 3. The difference between the geometric mean and the
mean is larger for small values of o in relation to B than when exchanging the
magnitudes of f and 0.
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The inverse of the Harmonic Mean () of a distribution with random variable
Xis the arithmetic mean of 1/X, or, equivalently, its expected value. Therefore, the
Harmonic Mean (H ) of a beta distribution with shape parameters o and 3 is:

- Jlf(X;a,B) dr
0 X

1
= a-l1 _ p-1
J-l X (1-x) Ix
¢ xB(a,p)
%7l i sTandp>0
a+p-1
The Harmonic Mean (/) of a beta distribution with ot <1 is undefined,
because its defining expression is not bounded in [0, 1] for shape parameter a less
than unity.

Letting o.= 3 in the above expression one can obtain the following:

_ -l
2001

X B

Showing that for 0. = [ the harmonic mean ranges from 0, foro.=p =1, to
1/2, foroo = — .

Following are the limits with one parameter finite (non zero) and the other
approaching these limits:

lim _
o—s0 H x = undefined

lim _ lim _
oa—l Hy= B—o Hy=0

lim lim
B—0 Hy =g 50 Hy =1

The Harmonic mean plays a role in maximum likelihood estimation for the
four parameter case, in addition to the geometric mean. Actually, when performing
maximum likelihood estimation for the four parameter case, besides the harmonic
mean H, based on the random variable X, also another harmonic mean appears
naturally: the harmonic mean based on the linear transformation (1"X), the mirror

image of X, denotedby /| -

1 -1 .
H, y = __b if f>1,&a>0.
1 a+p-1
El ——
(1-X)



The Harmonic mean (H(p X)) of a Beta distribution with B <1 is undefined,

because its defining expression is not bounded in [0, 1] for shape parameter [3
less than unity.

Using oo = 3 in the above expression one can obtain the following:
_B-1
=0 g1

This shows that for o= 8 the harmonic mean ranges from 0, foroo=B=1,
to 1/2, foroa=[ — oo.

Following are the limits with one parameter finite (non zero) and the other
approaching these limits:

lim H,,_y, = undefined

f—0

lim lim

B—1 H(I—X) = o> H(I—X) =0
lim _ lim _
a—0 Hax) = e Haoxy =1

Although both / and H,,_ 1, are asymmetric, in the case that both shape
parameters are equal o = 3, the harmonic means are equal: 4, = H, . This
equality follows from the following symmetry displayed between both harmonic
means:

H, =(B(a.,p)) =H, ,(BB,a)) ifo,p>1.
9.2.2 ¢ Distribution

Sir William S. Gosset (pen name Student) developed a significance test and through
it made significant contribution in the theory of sampling applicable in case of small
samples. When population variance is not known, the test is commonly known as
Student’s #-test and is based on the ¢ distribution.

Like the normal distribution, # distribution is also symmetrical but happens
to be flatter than the normal distribution. Moreover, there is a different ¢ distribution
for every possible sample size. As the sample size gets larger, the shape of the ¢
distribution loses its flatness and becomes approximately equal to the normal
distribution. In fact, for sample sizes of more than 30, the # distribution is so close
to the normal distribution that we will use the normal to approximate the ¢
distribution. Thus, when 7 is small, the 7 distribution is far from normal, but when
n is infinite, it is identical with normal distribution.

For applying #-test in context of small samples, the # value is calculated first
of all and, then the calculated value is compared with the table value of 7 at certain
level of significance for given degrees of freedom. If the calculated value of #
exceeds the table value (say 7, ), we infer that the difference is significant at 5%
level, butifcalculated value s £, is less than its concerning table value, the difference
is not treated as significant.
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The #-test is used when two conditions are fullfield,

(7)) The sample size is less than 30, i.e., when 7 < 30

(71) The population standard deviation (c,) must be unknown.
In using the #-test, we assume the following:

(7)) That the population is normal or approximately normal

(7i) That the observations are independent and the samples are randomly drawn
samples;

(iii) That there is no measurement error;

(iv) Thatin the case of two samples, population variances are regarded as equal
if equality of the two population means is to be tested

The following formulae are commonly used to calculate the ¢ value:

(i) To Test the Significance of the Mean of a Random Sample

PEE. S X-p 1l
S|SE.X
Where, Y = Mean ofthe sample
4 = Mean ofthe universe
SE. = S.E.ofmeanin case of small sample and is worked out as follows:
(x, —X)°

c Jn

SE. =2 =

I

and the degrees of freedom = (n—1)

The above stated formula for # can as well be stated as under:
P B 1|
SE

_|F-ql
JE(x-X)
n-—1
i
__x-ul

/E(x—)T)2
n-—1

If we want to work out the probable or fiducial limits of population mean («) in
case of small samples, we can use either of the following:



(a) Probable limits with 95% confidence level:
k= X£SE, (1)

(b) Probable limits with 99% confidence level:
h= X4SE, (1)

Atother confidence levels, the limits can be worked out in a similar manner, taking
the concerning table value of # just as we have taken 7, . in (a) and 7, in (b)
above.

(ii) To Test the Difference between the Means of the Two Samples
f= | X 1 X 2 |
SE}l‘fz

Where, X
X, =Mean of the sample 2

= Mean of the sample 1

1

SE. _; = Standard Error of difference between two sample means and

S worked out as follows:

SE. :\/Z(Xli_)?l)2+2(X2i_)_c2)2

i n+n,—2
1 1
X |—+—
n.n

and the degrees of freedom = (n +n,-2).

When the actual means are in fraction, then use of assumed means is convenient.
In such a case, the standard deviation of difference, i.¢.,

\/z(xli + x1)2+ X(x,; — )?2)2

n +n,—2

Can be worked out by the following short-cut formula:

\lz(xli - A1)2 + Z(XZI' - A1)2 —-n (xli B Az )2 —n, (x2i - Az )2

n+n,—2

Where, 4, = Assumed mean of sample 1
A, = Assumed mean of sample 2
X, = True mean of sample 1

X, = True mean of sample 2
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(iii) To Test the Significance of an Observed Correlation Coefficient

il - xNn—2

1-r

=

Here, tis based on (n — 2) degrees of freedom.
(iv) In Context of the ‘Difference Test’.

Difference test is applied in the case of paired data and in this context ¢ is
calculated as under:

_ )?Ditt -0 _ Xpyr _0\/;

14 =
6oy n 6y

Where, X,, or p

Mean of the differences of sample items.

0 = thevalue zero on the hypothesis that there is no difference

o..... = standard deviation of difference and is worked out as

Diff.
dYD-X,,)
(n—1)

or

*D? —(D)*n
(n—1)

D = differences

n = number of pairs in two samples and is based on (n—1)
degrees of freedom.

The following examples would illustrate the application of #-test using the above
stated formulae.

Example 1: A sample of 10 measurements of the diameter of a sphere, gave a
mean X =4.38 inches and a standard deviation, 6 = 0.06 inches. Find (a) 95%
and (b) 99% confidence limits for the actual diameter.

Solution: On the basis of the given data the standard error of mean

o, _ 006 006
Jn-1 410-1 3

=0.02

Assuming the sample mean 4.38 inches to be the population mean, the required
limits are as follows:

(1) 95% confidence limits = X +SE_(¢,,,) With degrees of freedom
438 +.02(2.262)



= 438 +.04524
ie., 4.335t0 4.425
(i1) 99%confidence limits = X +SE_(z,,,) With 9 degrees of freedom
= 4.38 +.02(3.25) =4.38 £ .0650
ie., 4.3150 to 4.4450.

Example 2: The specimen of copper wires drawn from a large lot have the
following breaking strength (in kg. wt.):

578,572,570, 568, 572,578,570,572,596, 544

Test whether the mean breaking strength of the lot may be taken to be 578 kg. wt.

Solution: We take the hypothesis that there is no difference between the mean
height of the sample and the given height of universe. In other words we can write,

H

0
standard deviation has been worked out as under:

u=X, H,: u# X . Then on the basis of the sample data, the mean and

S. No. X X-X) X,- Xy
1 578 6 36
2 572
3 570 -2
4 568 4 16
5 572 0 0
6 578 6 36
7 570 ) 4
8 572 0 0
9 596 24 576
10 544 28 784
n=10 X =5720 T(X - X =1456
o270
n 10
=572

=2
o - [Z(x-X,)
n—1
_ 1456 /1456
10-1 9

=12.72
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o, 1272
SEX_\/;_ N
B2 403
3.16
LT —ul_|572-578]
SE, 4.03
= 1.488

Degrees of freedom=n—-1=9

At 5% level of significance for 9 degrees of freedom, the table value of 1 =2.262.
For a two-tailed test.

The calculated value of 7 is less than its table value and hence the difference is
insignificant. The mean breaking strength of the lot may be taken to be 578 Kg.
wt. with 95% confidence level.

Example 3: Sample of sales in similar shops in two towns are taken for a new
product with the following results:

Mean sales Variance ‘Size of sample
Town 4 57 53 5
Town B 61 48 7

Is there any evidence of difference in sales in the two towns?

Solution: We take the hypothesis that there is no difference between the two
sample means concerning sales in the two towns. In other words,

H,:X,=X,, H,: X, # X, . Then, we work out the concerning  value as follows:

= |')?1 _)_(2 |
SE?, %,
Where, X, = Mean ofthe sample concerning Town 4
X, = Mean ofthesample concerning Town B
SE. . = Standard Error of the difference between two means.
Y T RS N S T
b n+n,—2 n, n,
Hence,

15761 _ 4
1421 1.421
=2.82



Degrees of freedom = (n, +n,—2)=(5+7-2)=10

Table value of 7 at 5% level of significance for 10 degrees of freedom is 2.228, for
a two-tailed test.

The calculated value of ¢ is greater than its table value. Hence, the hypothesis is
wrong and the difference is significant.

Example 4: The sales data of an item in six shops before and after a special
promotional campaign are:

Shops A B C D E F
Before the

promotional

campaign 53 2 31 48 50 42
After the campaign 58 29 30 55 56 45

Can the campaign be judged to be a success? Test at 5% level of significance.

Solution: We take the hypothesis that the campaign does not bring any improvement
in sales. We can thus write:

In order to judge this, we apply the ‘difference test’. For this purpose we calculate
the mean and standard deviation of differences in two sample items as follows:

Shops Sales before Sales after Difference=D D- D ) (D- D )
campaign campaign (i.e., increase or
o X, decrease after the
campaign)
A 33 58 +5 +1.5 225
B 29 +1 25 625
C 31 30 -1 4.5 2025
D 48 55 +7 +3.5 12.25
E 50 56 +6 +2.5 6.25
F 9 45 +3 -0.5 025
n=6 SD=21 S(D - DYy
=47.50
. - >D 21
Mean of difference or X, =—= i 3.5
n

Standard deviation of difference

X(D-D)* |47.50
o = =3.08
d n—1 6—1
X, -0
Jn
O i

Dy — ¥ _
=1.14x2.45=2.793

=
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Degrees of freedom=(n—1)=(6-1)=5
Table value of ¢ at 5% level of significance for 5 degrees of freedom=2.015 for
one-tailed test.

Since, the calculated value of # is greater than its table value, the difference is
significant. Thus, the hypothesis is wrong and the special promotional campaign
can be taken as a success.

Example 5: Memory capacity of 9 students was tested before and after training.
From the following scores, state whether the training was effective or not.

Student 1 2 3 4 5 6 7 8 9
Before (X)) 10 15 9 3 7 12 16 17 4
After (X ) 12 17 8 5 6 11 18 20

Solution: We take the hypothesis that training was not effective. We can write,
H,:x,=X,, H,:X>X,.Weapply the difference test for which purpose first of
all we calculate the mean and standard deviation of difference as follows:

Students Before X, After X, Difference=D D?
1 10 12 2 4
2 15 17 2 4
3 -1 1
4 2 4
5 -1 1
6 12 11 -1 1
7 16 18 2 4
8 17 20 3 9
9 4 3 -1 1
n=9 2D=17 2D*=29
p=22_T_o78
n 9
2D? —(D)’n  |29—-(0.78)* x9
i = = =1.71
n—1 9-1
L= ﬂ =1.369
1-71

Degrees of freedom= (n—1)=(9—-1)=8
Table value of 7 at 5% level of significance for 8 degrees of freedom
= 1.860 for one-tailed test.

Since the calculated value of #1s less than its table value, the difference is insignificant
and the hypothesis is true. Hence it can be inferred that the training was not effective.



Example 6: It was found that the coefficient of correlation between two variables
calculated from a sample of 25 items was 0.37. Test the significance of » at 5%
level with the help of #-test.

Solution: To test the significance of 7 through #test, we use the following formula
for calculating ¢ value:

1-7
0.37
=— =1 _xJ25-2
1-(0.37)
=1.903

Degrees of freedom = (n—2) =(25-2) =23

The table value of o at 5% level of significance for 23 degrees of freedom is
2.069 for a two-tailed test.

The calculated value of 7 is less than its table value, hence r is insignificant.

Example 7: A group of seven week old chickens reared on high protein diet
weigh 12, 15, 11, 16, 14, 14 and 16 ounces; a second group of five chickens
similarly treated except that they receive a low protein diet weigh 8, 10, 14, 10
and 13 ounces. Test at 5% level whether there is significant evidence that additional
protein has increased the weight of chickens. (Use assumed mean (or 4,) = 10 for
the sample of 7 and assumed mean (or 4,) = 8 for the sample of 5 chickens in
your calculation).

Solution: We take the hypothesis that additional protein has not increased the
weight of the chickens. We can write, H : X, > X, H_: X >X.

Applying #-test, we work out the value of 7 for measuring the significance of two
sample means as follows:

— Xl _Xz
SE

X =X

t

Calculation of can be done as under:

X1 (Xn_Al) (Xil_A1)2 Xz (Xf2_A2) (Xi2_A2)2
A,=10 A4=8
12 2 4 8 0 0
15 5 25 10 2 4
11 1 1 14 6 36
16 6 36 10 2 4
14 4 16 13 5 25
14 4 16
16 6 36
n 1=7 Z(Xli_Al) Z(XU_AJZ n2=5 Z(X%_Az) Z(XZI'_AZ)2
=28 =134 =15 =69
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X =4 +3(x, —4)/n,

=10 + §=14
7

Similarly, Xy =4+

Hence,

SE, . = Z(Xli_Al)z+Z(X2i_A2)2_n1()_(1_Al)z_”z()?z_Az)z y i_l_i

te n+n,—2 non,
:\/134+69 — 7(14 - 10y’ -5(11-8)° /l+l
7+5-2 7°5

=(2.14) (.59)=1.2626

We now calculate the value under ¢,

X, -X, 14-11
t= = =

= =2.376
SEy ., 12626

Degree of freedom = (n, +n,—-2)=(7+5-2)=10

The table value of  at 5% level of significance for 10 degrees of freedom=1.812
for one-tailed test.

The calculated value of 7 is higher than its table value and hence the difference is
significant, which means the hypothesis is wrong. It can therefore be concluded
that additional protein has increased the weight of chickens.

9.2.3 F Distribution

In business decisions, we are often involved in determining if there are significant
differences among various sample means, from which conclusions can be drawn
about the differences among various population means. In the previous chapters,
we discussed and evaluated the differences between two sample means. But,
what if we have to compare more than 2 sample means? For example, we may be
interested to find out if there are any significant differences in the average sales
figures of 4 different salesman employed by the same company, or we may be
interested to find out if the average monthly expenditures of a family of 4 in 5
different localities are similar or not, or the telephone company may be interested
in checking, whether there are any significant differences in the average number of
requests for information received in a given day among the 5 areas of New York



City, and so on. The methodology used for such types of determinations is known
as Analysis of Variance.

This technique is one of the most powerful techniques in statistical analysis
and was developed by R.A. Fisher. It is also called the F-Test.

There are two types of classifications involved in the analysis of variance.
The one-way analysis of variance refers to the situations when only one fact or
variable is considered. For example, in testing for differences in sales for three
salesman, we are considering only one factor, which is the salesman’s selling ability.
In the second type of classification, the response variable of interest may be affected
by more than one factor. For example, the sales may be affected not only by the
salesman’s selling ability, but also by the price charged or the extent of advertising
in a given area.

For the sake of simplicity and necessity, our discussion will be limited to
One-way Analysis of Variance.

The null hypothesis, that we are going to test, is based upon the assumption
that there is no significant difference among the means of different populations.
For example, if we are testing for differences in the means of & populations, then,

Hy=p, =pn,=p;,=...... =U,

The alternate hypothesis (/) will state that at least two means are different
from each other. In order to accept the null hypothesis, all means must be equal.
Even if one mean is not equal to the others, then we cannot accept the null
hypothesis. The simultaneous comparison of several population means is called
Analysis of Variance or ANOVA.

Assumptions

The methodology of ANOVA is based on the following assumptions.

(/) Eachsample of'size n is drawn randomly and each sample is independent of
the other samples.

(71) The populations are normally distributed.

(7ii) The populations from which the samples are drawn have equal variances.

This means that:
Gl =03;=03= coerr. = o2, for kpopulations.

The Rationale Behind Analysis of Variance

Why do we call it the Analysis of Variance, even though we are testing for means?
Why not simply call it the Analysis of Means? How do we test for means by
analysing the variances? As a matter of fact, in order to determine if the means of
several populations are equal, we do consider the measure of variance, G>.
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The estimate of population variance, 6%, is computed by two different
estimates of 62, each one by a different method. One approach is to compute an
estimator of 6?in such a manner that even if the population means are not equal, it
will have no effect on the value of this estimator. This means that, the differences in
the values of the population means do not alter the value of 62 as calculated by a
given method. This estimator of 6° is the average of the variances found within
each of the samples. For example, if we take 10 samples of size n, then each
sample will have a mean and a variance. Then, the mean of these 10 variances
would be considered as an unbiased estimator of 62, the population variance, and
its value remains appropriate irrespective of whether the population means are
equal or not. This is really done by pooling all the sample variances to estimate a
common population variance, which is the average of all sample variances. This
common variance is known as variance within samplesoro° . .

The second approach to calculate the estimate of 6°, is based upon the
Central Limit Theorem and is valid only under the null hypothesis assumption that
all the population means are equal. This means that in fact, if there are no differences
among the population means, then the computed value of 6* by the second
approach should not differ significantly from the computed value of 6* by the first
approach.

Hence, If these two values of 6> are approximately the same, then we can
decide to accept the null hypothesis.

The second approach results in the following computation.

Based upon the Central Limit Theorem, we have previously found that the
standard error of the sample means is calculated by:

2
o =—

T

or, the variance would be:

2 _
oL, =—
n

2 2
or, G~ =no:

Thus, by knowing the square of the standard error of the mean (c_)*, we

could multiply it by # and obtain a precise estimate of 6°. This approach of estimating
o’isknownaso® . Now, if the null hypothesis is true, that is if all population

means are equal then,

X : X ..
0, e Value should be approximately the same as 6° . value. Asignificant

difference between these two values would lead us to conclude that this difference
is the result of differences between the population means.

But, how do we know that any difference between these two values is
significant or not? How do we know whether this difference, if any, is simply due
to random sampling error or due to actual differences among the population means?



R.A. Fisher developed a Fisher test or F-test to answer the above question.
He determined that the difference betweeno®,  and o . . valuescould be
expressed as a ratio to be designated as the F-value, so that:

2
Gbe een
F = —tetween
within
In the above case, if the population means are exactly the same, then 62

between
will be equal to the 6° . and the value of 7" will be equal to 1.

However, because of sampling errors and other variations, some disparity
between these two values will be there, even when the null hypothesis is true,
meaning that all population means are equal. The extent of disparity between the
two variances and consequently, the value of F, will influence our decision on
whether to accept or reject the null hypothesis. It is logical to conclude that, if the
population means are not equal, then their sample means will also vary greatly
from one another, resulting in a larger value of 6>, and hence a larger value of
F (0 . is based only on sample variances and not on sample means and hence,
is not affected by differences in sample means). Accordingly, the larger the value
of F', the more likely the decision to reject the null hypothesis. But, how large the
value of F'be so as to reject the null hypothesis? The answer is that the computed
value of F'must be larger than the critical value of F, given in the table for a given
level of significance and calculated number of degrees of freedom. (The F’
distribution is a family of curves, so that there are different curves for different
degrees of freedom).

Degrees of Freedom

We have talked about the F-distribution being a family of curves, each curve
reflecting the degrees of freedom relative toboth ¢?, |~ and¢” _ . . This means
that, the degrees of freedom are associated both with the numerator as well as
with the denominator of the F-ratio.

() The Numerator: Since the variance between samples, 6°  comes

from many samples and if there are k number of samples, then the degrees
of freedom, associated with the numerator would be (k—1).

(i1) The Denominator: It is the mean variance of the variances of k samples
and since, each variance in each sample is associated with the size of the
sample (n), then the degrees of freedom associated with each sample would
be (n—1). Hence, the total degrees of freedom would be the sum of degrees
of freedom of k samples or

df=k(n—1), when each sample is of size n.
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The F-Distribution

The major characteristics of the F-distribution are as follows:

(?) Unlike normal distribution, which is only one type of curve irrespective of
the value of the mean and the standard deviation, the F distribution is a
family of curves. A particular curve is determined by two parameters. These
are the degrees of freedom in the numerator and the degrees of freedom in
the denominator. The shape of the curve changes as the number of degrees
of freedom changes.

(#7) Itis acontinuous distribution and the value of F'cannot be negative.
(#7if) The curve representing the /" distribution is positively skewed.
(iv) The values of F'theoretically range from zero to infinity.

A diagram of ' distribution curve is shown below.

0 F
The rejection region is only in the right end tail of the curve because unlike Z
distribution and ¢ distribution which had negative values for areas below the mean,
F distribution has only positive values by definition and only positive values of F’
that are larger than the critical values of F, will lead to a decision to reject the null
hypothesis.

Computation of F

Since F ratio contains only two elements, which are the variance between the
samples and the variance within the samples, the concepts of which have been
discussed before, let us recapitulate the calculation of these variances.

If all the means of samples were exactly equal and all samples were exactly
representative of their respective populations so that all the sample means, were
exactly equal to each other and to the population mean, then there will be no
variance. However, this can never be the case. We always have variation, both
between samples and within samples, even if we take these samples randomly and
from the same population. This variation is known as the fotal variation.

The total variation designated by Z (X - X )?, where Xrepresents individual

observations for all samples and Y is the grand mean of all sample means and



equals (W), the population mean, is also known as the fotal sum of squares or
SST, and is simply the sum of squared differences between each observation and
the overall mean. This total variation represents the contribution of two elements.
These elements are:

(A) Variance between Samples: The variance between samples may be due to
the effect of different treatments, meaning that the population means may be
affected by the factor under consideration, thus, making the population means
actually different, and some variance may be due to the inter-sample variability.
This variance is also known as the sum of squares between samples. Let this sum
of squares be designated as SSB.

Then, SSB is calculated by the following steps:

(7) Take k samples of size n each and calculate the mean of each sample, i.c.,

X, X,.X,, .. X,.

(i7) Calculate the grand mean X ofthe distribution of these sample means, so that,
k
2%
X =i
k
(7ii) Take the difference between the means of the various samples and the grand

mean, i.€.,

(X, - X), (X, - X), X, - X), o, (X, - X)

(iv) Square these deviations or differences individually, multiply each of these
squared deviations by its respective sample size and sum up all these products, so
that we get;

k p— =
(X, = X)’, where n.= size of the ith sample.

i=1
This will be the value of the SSB.

However, if the individual observations of all samples are not available, and only
the various means of these samples are available, where the samples are either of
the same size n or different sizes, n, n,, ., ....., n,, then the value of SSB can be
calculated as:

SSB=n(X, - X) +ny(X, = X) + oon, (X, = X’
where,
n, = Number of items in sample 1

n, = Number of items in sample 2

n, = Number of items in sample k
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. = Mean of sample 1
X, = Mean of sample 2
X, = Mean of sample k
Y = Grand mean or average of all items in all samples.

(v) Divide SSB by the degrees of freedom, which are (k— 1), where £ is the
number of samples and this would give us the value of 6 so that,

between’

, SSB
cSbetween = N
(k=1)

(This is also known as mean square between samples or MSB).

(B) Variance within Samples: Even though each observation in a given sample
comes from the same population and is subjected to the same treatment, some
chance variation can still occur. This variance may be due to sampling errors or
other natural causes. This variance or sum of squares is calculated through the
following steps:

(/) Calculate the mean value of each sample, i.e., X, X,, X;, ... X,.

(if) Take one sample at a time and take the deviation of each item in the sample
from its mean. Do this for all the samples, so that we would have a difference
between each value in each sample and their respective means for all values in all
samples.

(iii) Square these differences and take a total sum of all these squared differences
(or deviations). This sum is also known as SS? or sum of squares within samples.

(iv) Divide this SSW by the corresponding degrees of freedom. The degrees of
freedom are obtained by subtracting the total number of samples from the total
number of items. Thus, if N is the total number of items or observations, and k is
the number of samples, then,

df = (N - k)

These are the degrees of freedom within samples. (If all samples are of equal size
n, then df = k(n —1), since (n — 1) are the degrees of freedom for each sample
and there are k samples).

(v) This figure SSW/dY, is also known as G*
within samples).

or MSW (mean of sum of squares

within”
Now, the value of F' can be computed as:

o O SSBIf
Coiin  SSW I df
_ SSB/k —1) _ MSB
SSWIN — k)y MSW




This value of F'is then compared with the critical value of F' from the table and a
decision is made about the validity of null hypothesis.

ANOVA Table

After various calculations for SSB, SSW and the degrees of freedom have been
made, these figures can be presented in a simple table called Analysis of Variance
table or simply ANOVA table, as follows:

ANOVA Table

Source of Variation Sum of Squares Degrees of freedom  Mean Square F

_ SSB MSB
Treatment SSB (k-1) k-1 MSW
N oSS

Within SSW (N—k) MW= (n -k
Total SST
Then,

MSB

F=——
MSW

A Short-Cut Method

The formula developed above for the computation of the values of F-statistic is
rather complex and time consuming when we have to calculate the variance between
samples and the variance within samples. However, a short-cut, simpler method
for these sum of squares is available, which considerably reduces the computational
work. This technique is used through the following steps:

(7) Take the sum of all the observations of all the samples, either by adding all the
individual values, or by multiplying the mean of each sample by its size and then
adding up all these products as follows:

The Total Sum 7S =n X, +n,X, +...n,X,, for k samples

(if) Calculate the value of a correction factor. The correction factor (CF) value is
obtained by squaring the total sum obtained above and dividing it by the total
number of observations , so that:

cr =I5

(7ii) The total sum of squares is obtained by squaring all individual observations of
all samples, summing up these values and subtracting from this sum, the correction
factor (CF).

In other words:

7S)*
Total sum of squares SSTZZXI2 +2X22 +....+ZX,3 - u
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Where,

>X] = Summation of squares for all X’s in sample 1.

>X; = Summation of squares for all X’s in sample 2.

>X; = Summation of squares for all X’s in sample k.

(iv) The sum of squares between the samples (SSB) is obtained by the following
formula:

X @) EX) (S
R

SSB =

n

Where,
(£X,)* = Square of the total of all values in sample 1.

(£X,)* = Square of the total of all values in sample 2.
(ZX,)’ = Square of the total of all values in sample k.

(v) Then sum of squares within samples SS# can be calculated as:
SSW=Total sum of squares minus the sum of squares between samples
= SST - SSB
(vi) The rest of the procedure is similar to the previous method.

Example 8: To test whether all professors teach the same material in different
sections of the introductory statistics class or not, four sections of the same course
were selected and a common test was administered to five students selected at
random from each section. The scores for each student from each section were
noted and are given below. We want to test for any differences in learning, as
reflected in the average scores for each section.

Section 1 Section 2 Section 3 Section 4
Student # Scores (X)) Scores (X,) Scores (X) Scores (X)
1 8 12 10 12
2 10 12 13 15
3 12 10 11 13
4 10 8 12 10
5 5 13 14 10
Totals XX, =45 2X, =55 XX, =60 22X, =60
Means X1 =9 X; =11 Xi=12 X.=12



Solution: A. The Traditional Method

(7) State the null hypothesis. We are assuming that there is no significant difference
among the average scores of students from these four sections and hence, all
professors are teaching the same material with the same effectiveness, i.e.,

Hy:pp=p, =py=n,

H : All means are not equal or at least two means differ from each other
(1) Establish a level of significance. Let a =0.05.
(#i7) Calculate the variance between the samples, as follows:

(a) The mean of each sample is:
X1=9, X2=11, X5 =12,X4=12
(b) The grand mean or X is:

?:z_}:9+11+12+12
n 4

=11
(c) Calculate the value of SSB:

SSB=3n(X - X)
=5 (9117 +5 (11=117 +5 (12117 +5 (12—11)’
=20+0+5+5
=30

(d) The variance between samples o, .. or MSBis given by:

SSB _ (30) _(30) _,,

MSB =227 =
df  (k-1) 3

(iv) Calculate the variance within samples, as follows:

To find the sum of squares within samples (SSW), we square each deviation
between the individual value of each sample and its mean, for all samples and then
sum these squared deviations, as follows:

Sample 1: X, =9
(X, — X1 =(8-9)+(10-9)> +(12-9)* + (10—9)* + (5-9)°

=1+1+9+1+16
=28

Sample 2: X,=11
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E(Xz—fz)2 =(12-11 +(12-11) +(10-11)* + (8 =11)* + (13 -11)’
=14+1+1+9+4
=16

Sample3: x,=12

Z(X, —X3)? =(10-12)" +(13-12)* + (11-12)* + (12 -12)* + (14 -12)’
=4+1+1+0+4
=10
Sample4: x,=12

(X, —X4)?=(12-12)2 +(15-12)* + (13-12)’ + (10—12)* + (10—12)°
=0+9+1+4+4
=18
Then, SSW=28+16+ 10 +18
=72

Now, the variance within samples, 6> or MSW s given by:

within’

Ssw - SSw 72 72

MSW = - = _12_45
df (N-k) 20 -4 16
MSB 10
ratio= ——=——=2.22.
Then, the F-ratio VSW 45

Now, we check for the critical value of F' from the table for ot=0.05 and degrees
of freedom as follows:

df (mumerator) = (k—1)=(4-1)=3
df (denominator) = (N— k) =(20-4) =16

This value of F' from the table is given as 3.24. Now, since our calculated value of
F =2.22 is less than the critical value of /"= 3.24, we cannot reject the null
hypothesis.

B. The Short-Cut Method

Following the procedure outlined before for using the short-cut method, we get:
(7) Total sum (7S) = XX
=220
(TS)’ B (220)°
20

(if) Correction before CF = =2420

(iii) Total sum of squares:
SST =%(X?*)-CF
=2522 — 2420 -102



(iv) Sum of squares betwen the samples SSB is obtained by:

k 2
SSB = Z@ -CF
i=1 n

i

2 2 2
:&4_@4_ +&_CF
nl n2 nk
2 2 2 2
L@ (59 (60" (60 0
5 5 5 5
=405+ 605+ 720+ 720 — 2420
=30

(v) SSW can be calculated by:
SST—-SSB=102-30=72
Now the F'value can be calculated as:
_ SSB/df 30/(k-1) _30/3 10

CSSWidf  72/n—k) 72/16 4.5
=222

As we see, we get the same value of /" as obtained by the traditional method. So,
we compare our value of ' with the critical value of F' from the table for o.=0.05
and df (numerator = 3), and df (denominator = 16), and we get the critical value
of Fas 3.24. As before, we accept the null hypothesis.

The ANOVA Table

We can construct an ANOVA table for the problem solved above as follows:

ANOVA Table

Source of Variation Sum of Squares Degrees of freedom  Mean Square F

T SSB=30 k—1)=3 i M5B
reatment = k—1)= &= MSW
_3%_10 _10
45
SSw
Within (or error) SSW=12 (N-k)=16 MSW:(N “o 22
2 45
16
Total SST=102
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Check Your Progress

. Give the value of the median of the beta distribution.
. Who developed #-test? When it is used?
. On what assumptions the ANOVA methodology is based?

AW N =

. What are the major characteristics of f~distribution?

9.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. A reasonable approximation of the value of the median of the Beta
distribution, for both ocand B greater or equal to one, is given by the following
formula:

2. Sir William S. Gosset (pen name Student) developed a significance test
and through it made significant contribution in the theory of sampling
applicable in case of small samples. When population variance is not known,
the test is commonly known as Student’s z-test and is based on the
t distribution.

3. The methodology of ANOVA is based on the following assumptions.

(i) Eachsample of'size n is drawn randomly and each sample is independent
ofthe other samples.

(i) The populations are normally distributed.

(iii) The populations from which the samples are drawn have equal variances.
This means that:

6l =063=03= .c.... =2, for kpopulations.
4. The major characteristics of the F-distribution are as follows:

(1) Unlike normal distribution, which is only one type of curve irrespective
of the value of the mean and the standard deviation, the F distribution is
a family of curves. A particular curve is determined by two parameters.
These are the degrees of freedom in the numerator and the degrees of
freedom in the denominator. The shape of the curve changes as the
number of degrees of freedom changes.

(@) Itisacontinuous distribution and the value of F cannot be negative.
(#zif) The curve representing the F distribution is positively skewed.

(iv) The values of F'theoretically range from zero to infinity.



9.4 SUMMARY

In probability theory and statistics, the Beta distribution is a family of
continuous probability distributions defined on the interval [0, 1]
parameterized by two positive shape parameters, denoted by o and [3 that
appear as exponents of the random variable and control the shape of the
distribution.

In Bayesian inference, the Beta distribution is the conjugate prior probability
distribution for the Bernoulli, Binomial and Geometric distributions.

The usual formulation of the Beta distribution is also known as the Beta
distribution of'the first kind, whereas Beta distribution of the second kind is
an alternative name for the Beta prime distribution.

The inverse of the Harmonic Mean (/) of a distribution with random variable
Xis the arithmetic mean of 1/X,, or, equivalently, its expected value.

When population variance is not known, the test is commonly known as
Student’s #-test and is based on the # distribution.

There are two types of classifications involved in the analysis of variance.
The one-way analysis of variance refers to the situations when only one fact
or variable is considered.

In the second type of classification, the response variable of interest may be
affected by more than one factor.

The null hypothesis, that we are going to test, is based upon the assumption
that there is no significant difference among the means of different populations.
Each sample of size n is drawn randomly and each sample is independent
of the other samples.

The variance between samples may be due to the effect of different
treatments, meaning that the population means may be affected by the factor
under consideration, thus, making the population means actually different,

and some variance may be due to the inter-sample variability.

9.5

KEY WORDS

The numerator: Since the variance between samples, 6°, . comes from

many samples and if there are k number of samples, then the degrees of
freedom, associated with the numerator would be (k—1).

The denominator: It is the mean variance of the variances of k£ samples and
since, each variance in each sample is associated with the size of the sample (n),
then the degrees of freedom associated with each sample would be (z—1).
The F-Distribution: It is a continuous distribution and the value of /" cannot
be negative.
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9.6 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answers Questions

1. What is beta distribution?
2. Give the two conditions to use 7 test.
3. What is the analysis of variance?

4. Define the term degree of freedom.
Long-Answer Questions

1. Briefly explain about the beta distribution.
2. Describe the formulae which are used to calculate the value of 7.
3. Explain the F distribution and give their assumptions.

4. Discuss about the computation of .
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10.0 INTRODUCTION

In probability theory and statistics, the moment generating function of a real-
valued random variable is an alternative specification of its probability distribution.
Thus, it provides the basis of an alternative route to analytical results compared
with working directly with probability density functions or cumulative distribution
functions. There are particularly simple results for the moment-generating functions
of distributions defined by the weighted sums of random variables. However, not
all random variables have moment-generating functions. As its name implies, the
moment generating function can be used to compute a distribution’s moments:
the nth moment about 0 is the nth derivative of the moment-generating function,
evaluated at 0.

In this unit, you will study about the distributions of order statistics and the
moment generating function techniques.

10.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand the distributions of order statistics

¢ Explain the moment generating function techniques

10.2 DISTRIBUTIONS OF ORDER STATISTICS

In statistics, the kth order statistic of a statistical sample is equal to its Ath-smallest
value. Together with rank statistics, order statistics are among the most fundamental
tools in non-parametric statistics and inference. Important special cases of the order
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statistics are the minimum and maximum value of a sample, and (with some
qualifications discussed below) the sample median and other sample quintiles.
When using probability theory to analyse order statistics of random samples from
a continuous distribution, the cumulative distribution function is used to reduce the
analysis to the case of order statistics of the uniform distribution.

10.2.1 The Moment Generating Function
A function that generates moments of a random variable is known as the Moment
Generating Function (MGF) of the random variable. Amoment generating function
may or may not exist but if it exists it is unique.

For the random variable X, its moment generating function M (#) or y(?) is
defined as follows:

(7)) or M, (1) = E(e™)
Ze“" f; when X is discrete and f; = P(X =x;)

= j e” f(x)dx when X is continuous and f'(x)is p.d.f.of X.

— 00

Note that £(e") is a function of z. The 7th raw moment of Xis the coefficient of

. . . o
— inthe power series expansion of My (). Thatis, if
r.

My (t)=ay+at +ayt* + ... to oo,
’
..

Then, (rDa, =n

Hence, W= {;’;r M(l)} =M$(0)
=0

Notes: (i) We have M, (¢) = E(e")
Differentiating M () with respect to 7, k times, we get
Mkt = E(X*e™)

M Xk (0)=EX*) = W or o, provided the moment exists. Thus,
0, is obtained by differentiating M (¢) k times and putting £=0.

(i) We assume that M () or y(¢) can be expanded as a power series in ¢
by Maclaurin’s theorem. Then we have,

y(@) =w(0)+ 1y (0)+ éw"(0)+---+§wk(0) fe
= 3 Lyt where y °%(0) =y (0) = E(") = E(1)= |
=0

k=0

=]

>~

Qg

=]



Thus, it is proved that the kth order moment about origin o if it exists,
. . k . .
is equal to the coefficient of [E in the expansion of y() as a power

series in ¢ for any positive integer . This is why y(#) or M (?) is called
moment generating function.

(@ii) If a and b are constants, then
(a) My, a(t) = E(e(X+ a)t) = E(eXt) =t MX(t)
(b) M, (t) = E(e*") = M (at)
X+a . at Xt at
(€) Mx .4 (I)ZE(e( b j j:eb E(eb ):eb My (é)

b

Example 1: Find the moment generating function of the random variable X whose
probability function s,

l if x=-1

2
JE=AL

2

0 elsewhere

Hence, obtain the first three raw and central moments of X.

Solution: We have,
M ()= E(e™) = %e*f +%et :%(et +e') =cosh ¢

Now, for the raw moments, we expand M, (¢) in an infinite power series as
follows:

2o
M, (1) = 1+§+I+...tooo
Hence, W =0,p5=1,u5=0,u,=1.

[Note My, (0)=0, M’y (0) =1, M"™,(0)=0, M", (0)= 1]
W =0y =py—p?=1-0>=1,1,=0,p,=6
Example 2: Find the moment generating function of the random variable whose

probability function s,

1
— if0<x<?2
fx)=42

0 otherwise

Find the central moments also.
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Solution: We see,
M (1) = E(e™)

AN
Writine i : M _1+2t+4t2+8t3+ 0o
riting in a power series, we get M, (1) = PYRIETIRITIRELY
2 53
Or, M, (1) = LI LA SR
n 320 3
LA—
Now, ny =1
4
LA—
l-l-z_g
LA—
1-13_2
, _ 16
”4_?
j'll 05
4 5, 1
:__1 :_,
Ha™ 3 3

Hy = 2—3(%)(1%2(1)3:0

= %-4(2) (1)+6(§j @ -3* =§

Definition: The characteristic function ¢(#) of a random variable Xis defined as:

(1) = E(e™)

Note that the characteristic function of a random variable always exists.
A characteristic function of a random variable also gives the moments of the

random variable In fact, the coefficient of (lt—)' , 18 the rth raw moment.
r:

Example 3: Obtain the characteristic function of the Laplace variate whose

probability function is:
S
f(x)zﬁe b —w<x<eo A>0.

Solution: We have

© ‘X_H‘

itx 1 -
Oy(0) = Jet ¢ X dx




= — T +—e
22 t—— 21 it +—
Aol "
i i
=1 e L e
2 LI it+ -
A
1 eitu eitu
2\ 1+in i -1
eitu
1+ 202

Probability Differential: Let X be a continuous random variable. If dx > 0, then
P(x <X<x+ dx) = F(x + &x) — F(x).
=0 F’ (x +0 dx) where 0 <0 <1
[by Lagrange mean value theorem of differential calculus]

p(x < X <x +dx)

So, =F'(x + 0 &x)
ox
. X< o N . ..
. lim 2 (x < X0 _ lim F'(x + 0 x) = F’(x) if x be a point of continuity
dx—0 ox x—0

of F’(x) =f(x) where f(x) is the probability density function of X.
Thus, we get

. p(x<X<x+0x)
=1
S &) axlglo ox

— lim px< X <x+dx)
dx—0 dx
[+ &x = differential of x = dx for the independent variable x]

Henceforth, we shall write f(x) dx for P(x <X <x + dx) which will actually

. x<X<x+dx
mean dlxlr_)no P rn ) = f(x).
The expression P(x <X < x + dx) will always be used in the above limiting
sense and so there will be no ambiguity throughout our discussion. The expression
P(x <X<x+dx)which is taken to be equal to f(x) dx is called the probability
differential for the continuous random variable X.
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Calculation of Mean and Variance from Moment Generating Functions
1. Binomial Distribution: Let X'be a binomial (n, p) variate, then the M.G.F.
of Xis given by:
y(#) = (g +pe)' whereg=1-p
V'(5) =n(g +peY' ™" pe'
V(0 = n(n—1) (g +pe) " * (pe) +np (g +pey' ¢
V(O =nlg+pyp=nmp=E@)=ml (p+q)=1]
And o, =y (0)=n(n—1)(g+p)' > p*+np
=n(n-1)p*+np
var(X) = o, — m? = n(n —1)p? + np — n’p?
=n*p* —np* + np —n*p* = np — np* = np(1 — p)
=npq
2. Poisson Distribution: Let X' be a Poisson A variate, then the M.GF. of Xis
givenby:
(o) =D
V(1) =MD et
W”(t) _ (}Lez)z e?&(ef—l) et e?&(el—l)
W(0) = B =m =\
And o, = y(0) =A% + A
var(X) =0t2—m2=kz+?u—kz=k
3. Uniform Distribution: Let X be a uniform random variable in [a, b]; then
the M.GF. of X'is given by:

1 ebt_eat
W(7) —m[ ; ]

1 b b a? a*
= 1+ bt + +—t. || 1+at+ +— ...
(b - a) 12 13 2 3

1 1 £ rt
= {(b—a)t+(b2—a2)?+(b3—a3)z+(b4—a4)—+..}

t(b-a) 24

2. 2 2. 2
t b +a +abt2+(b +a )(b+a)t3+...

=1+( b
+( +a)2+ o 54
2, 2 2, 2

w,(t):b+a+(b +a +ab)t+(b +a)(b+a)t2+.m
2 3 8
2, 2 2, 2

\P"(f): b +a3+ab+(b +a:(b+a)t+.m

V(O =E@)=m =221



b +a* +ab

And o, = y”(0) = %
2 2 2
_ 2_ b +a +ab b+a

vart =0,—m" = -
=0, (5]
_ 4b® +4d” +4ab-3b* —3a” - 6ab
12
_ b +a’—2ab _(b-a)’
12 12

4. Normal Distribution: Let X be a normal (m, 6) variate, then the M.G.F. of
Xis given by:

|

v =" i+ 2d)

+l 2.2 m+l 22
l|1"(t) — (m +10'2)2 etm Sio . 02 et 510
V' (0) = E(X) =Mean=m
And  W(0) =0, = m? + o

var(X) = o, — m? =m? + o*

—m?=¢’

5. Exponential Distribution: Let X be a random variable of the exponential
distribution, then the M.GF. of X'is given by:

-1
A 1 t
=" =" =|1-—
v =t (}J
A
2 3
=1+ 4!
by 7\‘2 3
12 3

rr 2
V(1) AR
v'(0) = % =m = Mean
rr 2
And yv'(0) =0, = =z

Example 4: The probability mass function of a random variable X is f; =
P(X=i)=2"wherei=1,2,3, ... Find the M.G.F. of Xand hence find the mean
and variance of X.
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Solution: Now y(f) = M.GF. of X =E ()= Ze” f

t t

S O U DR W
2 1-r 21-¢€72 2-¢

lp’(t) _ d@-é)-é(-é) _ d2-e +e'1 2

2-¢) 2-e) (€Y
o (2¢')* 2¢' —2e'2(2-¢") (=€) _2[e' 2—¢')+2¢'¢']
l|” (t) (Z_et)4 (2_81)3
_ A @+eD]
2-¢)’
v’ (0) =m=Mean =E (X)=2
N = oy — 202+D]
And v”(0) = a, -1

Var(X) = o, —m> =6 -4 =2
Example 5: Find the M.G.F. of the following continuous distribution with
probability density function:

|

—x“e " forx>0
S ) =12

0 otherwise

and hence find the mean and variance.
Solution: The M.G.F. of this distribution is given by:

l|f(f) — E(etx): Temf(x)dx=]?etx%xze_xdx

e 0
o 2
= J'e—X(I—t) r 4
2

fer == where (1-f)x=z,dx= -2
0

2(1 t) 1)) 1—-t¢

_ —z 2
= ez dz
2(-1) J



B 2(1-1)° B 1-1)°

r 3 rr 12
f) = () =
VO = P v0=

W(0) =3 = E(X) = m = Mean

And y(0) =0, =12

var(X) = o, —m*=12-9=3

1. What is moment generating function?
2. What s the probability differential?

3. Calculate the variance from moment generating function of X, by Poisson

Check Your Progress

distribution.

10.3 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

1. A function that generates moments of a random variable is known as the

Moment Generating Function (MGF) of the random variable. A moment
generating function may or may not exist but if it exists it is unique.

. The expression P(x <X <x+ dx) will always be used in the above limiting

sense and so there will be no ambiguity throughout our discussion. The
expression P(x < X < x + dx) which is taken to be equal to f'(x) dx is
called the probability differential for the continuous random variable X.

. Poisson Distribution: Let X be a Poisson A variate, then the M.G.F. of Xis

givenby:
y()
v =MD e
‘P”(t) — (}Lez)z el(el—l) et el(el—l)
W(O) =EX)=m=\

And o, =y”(0)=2%+ A
var(X) =0t2—m2=7uz+7u—k2=7u

= el(et7 1)
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10.4 SUMMARY

¢ If g and b are constants, then
(@) My, (1) =E(¥ ) =" E(e") = e M (1)

(b) M \(t) = E(e"") = M (at)

(C) M@ (t)=E(e[X;a)tj=e%E(e%)=e%t My [éj

b

e The characteristic function ¢,(#) of arandom variable Xis defined as:

0,(1)=E(e™)
e Let X be a continuous random variable. If 8x > 0, then
P(x <X <x+0x)=F(x + &x) — F(x).

10.5 KEY WORDS

¢ Moment Generating Function: A function that generates moments of a
random variable is known as the Moment Generating Function (MGF) of
the random variable.

¢ Probability differential: The expression P(x < X < x + dx) which is
taken to be equal to f(x) dx is called the probability differential for the
continuous random variable X.

10.6 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Define moment generating function for the random variable X.
2. Whatis probability differential?
3. Calculate the mean and variance form moment generating functions of
binomial distribution.
Long-Answer Questions
1. Describe the distributions of order statistics.
2. Briefly explain about the moment generating function.

3. Givethe calculation of mean and variance from moment generating functions.
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UNIT 11 DISTRIBUTION
OF X AND ns?/o?

Structure
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11.1 Objectives
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11.4 Answers to Check Your Progress Questions
11.5 Summary
11.6 Key Words
11.7 Self-Assessment Questions and Exercises
11.8 Further Readings

11.0 INTRODUCTION

In probability theory, the expected value of a random variable is a generalization
of the weighted average and intuitively is the arithmetic mean of a large number
of independent realizations of that variable. The expected value is also known as
the expectation, mathematical expectation, mean, average, or first moment.

In probability theory and statistics, a probability distribution is the
mathematical function that gives the probabilities of occurrence of different possible
outcomes for an experiment. More specifically, the probability distribution is a
mathematical description of a random phenomenon in terms of the probabilities of
events. For instance, if the random variable X is used to denote the outcome of a
coin toss experiment, then the probability distribution of X would take the value
0.5 for X=Heads, and 0.5 for X'=Tails (assuming the coin is fair).

Suppose that to each point of a sample space we assign anumber. We then
have a function defined on the sample space. This function is called a random
variable (or stochastic variable) or more precisely a random function (stochastic
function). It is usually denoted by a capital letter, such as X or Y. In general, a
random variable has some specified physical, geometrical, or other significance.

A probability distribution is a table or an equation that links each outcome
of a statistical experiment with its probability of occurrence.

In this unit, you will study about the distributions of x and ns*/c* and
expectations of functions of random variables.



11.1 OBJECTIVES

After going through this unit, you will be able to:
o Understand the distributions of x and ns*/c*

¢ Analyse the expectations of functions of random variables

11.2 THE DISTRIBUTIONS OF X AND ns?*/¢?

In probability theory and statistics, a probability distribution is the mathematical
function that gives the probabilities of occurrence of different possible outcomes
for an experiment. More specifically, the probability distribution is a mathematical
description of a random phenomenon in terms of the probabilities of events. For
instance, if the random variable X is used to denote the outcome of a coin toss
experiment, then the probability distribution of X would take the value 0.5 for X=
Heads, and 0.5 for X =Tails (assuming the coin is fair).

An example will make clear the relationship between random variables and
probability distributions. Suppose you flip a coin two times. This simple statistical
experiment can have four possible outcomes: HH, HT, TH, and TT. Now, let the
variable X represent the number of Heads that result from this experiment. The
variable X can take on the values 0, 1, or 2. In this example, X is a random
variable; because its value is determined by the outcome of a statistical experiment.
Therefore, a probability distribution is a table or an equation that links each outcome
of a statistical experiment with its probability of occurrence.

Suppose that to each point of a sample space we assign a number. We then
have a function defined on the sample space. This function is called a random
variable (or stochastic variable) or more precisely a random function (stochastic
function). It is usually denoted by a capital letter, such as X or Y. In general, a
random variable has some specified physical, geometrical, or other significance.

In the test of independence, the row and column variables are independent
of each other and this is the null hypothesis. The following are properties of the test
for independence:

e The data are the observed frequencies.
e The data is arranged into a contingency table.

o The degrees of freedom are the degrees of freedom for the row variable
times the degrees of freedom for the column variable. It is not one less
than the sample size, it is the product of the two degrees of freedom.

o [tisalwaysaright tail test.

o It has a Chi-square distribution.
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e The expected value is computed by taking the row total times the column
total and dividing by the grand total.

e The value of the test statistic does not change if the order of the rows or
columns are switched.

e The value of the test statistic does not change if the rows and columns
are interchanged (transpose of the matrix).

Contingency Tables

Suppose the frequencies in the data are classified according to attribute A into »
classes (rows) and according to attribute B into c classes (columns) as follows:

Class B, B, cee B, Total
A] 011 012 O]c (Al)
A, On On - Oy, (4,)
Ar Or 1 Or2 e Orc (Ar)

Table (By) (By) e (B.) N

The totals of row and column frequencies are (4), (B).

To test if there is any relation between 4, B we set up the null hypothesis of
independence between 4, B.

The expected frequency in any cell is calculated by using the formula:

_(4)(B)
TN
OBy
Use X = I with degrees of freedom=(r—1) (c— 1)
i
For example,
Observed Frequencies
School College University Total
Boys 10 15 25 50
Girls 25 10 15 50
Total 35 25 40 100




Expected Frequencies

School College University Total
Boys 17.5 12.5 20 50
Girls 17.5 12.5 20 50
Total 35 25 40 100

Degrees of freedom=(2—-1)(3—-1)=2

2 =Y(0-E)/E=99

This is greater than the table value. It is not true that education does not
depend on sex, i.e., the two are not independent.

Concept of Test Statistics

In the test for given population variance, the variance is the square of the standard
deviation, whatever you say about a variance can be, for all practical purposes,
extended to a population standard deviation.

To test the hypothesis that a sample x, x,, ...x of size n has a specified

variance g2 = 0‘%

. 2 — 2
H0 106° =07,
Or,
Null hypothesis 6 =0,
H,:0” >0,
2 —\2
o 2_Ns Z (x—X)
Test statistics X =5 = 2
Go Oo

If X’ is greater than the table value we reject the null hypothesis.

11.3 EXPECTATIONS OF FUNCTIONS OF
RANDOM VARIABLES

If p happens to be the probability of the happening of an event in a single trial, then
the expected number of occurrence of that event in 7 trials is given by n, p, where

n means the number of trials and p means the probability of happening of an event.

Distribution
of X and ns*/c*

NOTES

Self-Instructional
Material

271



Distribution
of X and ns¥/a*

NOTES

Self-Instructional
272 Material

Thus, the expectation may be regarded as the likely number of success in 7 trials.
If probability p is determined as the Relative Frequency in # trials then the
mathematical expectation in these  trials would be equal to the actual (observed)
number of successes in these 7 trials. Mathematical expectation does in no way
mean that the concerning event must happen the number of times given by the
mathematical expectation; it simply gives the likely number of the happening of the
event in 7 trials. Mathematical expectation can be explained with the help of following
examples.

Example 1: In 12000 trials of a draw of two fair dice, what is the expected
number of items that the sum will be less than 4?

Solution: With two fair dice, the total number of equally likely cases =6 x 6 =36

Number of cases favourable to the event in a single thrown of two dice =3
viz, (1+1, 1+2, 2+1)

3 1

The required p = 36 12
Hence, the expected number of times the total will be less than 4 in 12000
trials.

= L><12000 =1000
12

The concept of expectation is of great use in the analysis of all games of
chance wherein an effort is made to evaluate the expectations of the players. If p
represents the probability of a player in any game and M the sum of money which
he will receive in case of success, the sum of money denoted by (p.M) is called his
expectation. Thus, the expectation is calculated by finding the probability of success
(by any of the methods stated so far) and then multiplying it by the money value
which the player expects in case of success. The significance of this expectation
lies in the fact that if a player pays more than this, by way of fair price, per game
then he is sure to lose but if he plays long enough and if he pays less than his
expectation per game he is certain to win in the long run. It is on this principle that
speculators and businessmen take decisions in real life situations.

Example 2: 4 and B throw with one die for a stake of Rs 44 which is to be won
by the player who first throws 2. If 4 has the first throw, what are their respective
expectation?

1
Solution: The chance of throwing 2 with one die= —, 4 can win in the first, third,

6
fifth .... throws.
His chance of throwing 2 is,
I 5 51
—+—X—=X—4....
6 6 6 6



1 1+ [gjz +
B can win the second, fourth, sixth ... throw
His chance of throwing 2 is,

55 51
+—X—X—X—+
6 6 6 6

1
6

or %{H(g)l.}

". A’s chance to B’s chance stands as 6 : 5. Hence their respective chances

6 5
are -7 and o As such their expectations are as under:

5
—x
6

6 264
A’s expectation = 44 x TRETEE 24 Rs

5 220
B’s expectation = 44 x TRETES 20 Rs

Example 3: A person has ten coins which he throws down in succession. He is to
receive one rupee if the first falls head, two rupees if the second also falls head,
four rupees if the third also falls head and so on. The amount doubling each time
but as soon as a coin falls tail he ceases to receive any thing. What is the value of
his expectation?

Solution:

1

Chance of falling head = 5

. L1
Chance of falling tail = 5

. ) ) 1
Chance of falling head in Ist trial = 3

.. . 1 1

Expectation in st trial = 5 x1= 5 Re

Now ifhe succeeds in getting head in the first trial then only he is allowed to
do his second trial.
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11 (1Y
*. His chance of success in 2nd trial = 5 X 5 = (5]

N—
(3]
X
N}
Il
|._.
=
o

1
His expectation in the 2nd trial = (5

1 3
Similarly his expectation in third trial = (E] x 2°
and so on upto the 10th trial.

2
. Total expectation (or Expected Monetary Value or EMV)
1 1 1 1 1 1 1 1 1 1
= —F+—+—F—t+—F—F—+—F+—+—
2.2 2 2 2 2 2 2 2 2
=5Rs

Example 4: In a given business venture a man can make a profit of Rs 2000 with
probability 0.8 or suffer a loss of Rs 800 with probability 0.2. Determine his
expectation.

10
1
His expectation in 10th trail = (—j x 2’

Solution: With probability 0.8, the expectation of profit is,

8
= —x2000 =
10 1600 Rs

With probability 0.2, the expectation of loss s,

= £x800=160 Rs
10

His overall net expectation in the venture concerned would then clearly be,

Rs 1600 — 160 = 1440

Thus in the above two examples the concept of mathematical expectation
has been extended to discrete random variable which can assume the values X,
X, .... X withrespective probabilities p , p, ...p, wherep +p,+ ...p, =1. The
mathematical expectation of X denoted by £(X) is defined as,

EX)=pX, TP X, . pX

Check Your Progress

1. Give the two properties of the test for independence.
2. Explain the concept of test statistics.

3. What is expected number?




11.4 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The following are properties of the test for independence
(a) The data are the observed frequencies.
(b) The data is arranged into a contingency table.

2. Inthe test for given population variance, the variance is the square of the
standard deviation, whatever you say about a variance can be, for all practical
purposes, extended to a population standard deviation.

3. If p happens to be the probability of the happening of an event in a single
trial, then the expected number of occurrence of that event in # trials is

given by n, p, where n means the number of trials and p means the
probability of happening of an event.

11.5 SUMMARY

e The degrees of freedom are the degrees of freedom for the row variable
times the degrees of freedom for the column variable. It is not one less
than the sample size, it is the product of the two degrees of freedom.

e The expected value is computed by taking the row total times the column
total and dividing by the grand total.

o The value of the test statistic doesn’t change if the order of the rows or
columns are switched.

o The value of the test statistic doesn’t change if the rows and columns are
interchanged (transpose of the matrix).
¢ [fprobability p is determined as the Relative Frequency in # trials then the

mathematical expectation in these # trials would be equal to the actual
(observed) number of successes in these  trials.

11.6 KEY WORDS

¢ Probability distribution: In probability theory and statistics, a probability
distribution is the mathematical function that gives the probabilities of
occurrence of different possible outcomes for an experiment.

¢ Null hypothesis: 6 =0,

H, 0% > o‘é
2 —2
ns (x—X)
o Test statistics: =—= 2—2
o) o,
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11.7 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Give the formula to calculate the expected frequency in any cell.

2. In 500 trials of a draw of two fair dice, what is the expected number of
items that the sum will be less than 3?

Long-Answer Questions

1. Describe the distribution of X and ns?/s.

2. Briefly explain the expectations of functions of random variables.
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12.0 INTRODUCTION

A ‘Limiting Distribution’ is also termed as an ‘Asymptotic Distribution’.
Fundamentally, it is defined as the hypothetical distribution or convergence of a
sequence of distributions. Since it is hypothetical, it is not considered as a distribution
as per the general logic. The asymptotic distribution theory is typically used to find
a limiting distribution to a series of distributions. The mode of convergence for a
sequence of random variables are defined on the basis of the convergence in
probability and in distribution. The concept of convergence leads us to the two
fundamental results of probability theory, the Law of Large Number and Central
Limit Theorem (CLT). Limiting probability distributions are significantly used to
find the appropriate sample sizes. When a sample size is large enough, then a
statistic’s distribution will form a limiting distribution, assuming that such a distribution
exists. In probability theory, there exist several different notions of convergence of
random variables. The convergence of sequences of random variables to some
limit random variable is an important concept in probability theory, and its
applications to statistics and stochastic processes. The same concepts are known
in more general mathematics as ‘Stochastic Convergence’.

In this unit, you will study about the limiting distributions, convergence in
distribution and convergence in probability.
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12.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand the basic concept of limiting distributions
¢ Analyse what convergence in distribution is

¢ Explain about the convergence in probability

12.2 LIMITING DISTRIBUTIONS

A ‘Limiting Distribution’ is also termed as an ‘Asymptotic Distribution’.
Fundamentally, it is defined as the hypothetical distribution or convergence of a
sequence of distributions. Since it is hypothetical, it is not considered as a distribution
as per the general logic. The asymptotic distribution theory is typically used to find
a limiting distribution to a series of distributions.

Some of the limiting or asymptotic distributions are well-recognized and
defined by different statisticians. For example, the sampling distribution of the -
statistic will converge to a standard normal distribution if the sample size is large
enough.

In basic statistics, the process includes a random sample of observations
and then fitting that data to a known distribution similar to the normal distribution
or ¢ distribution. Fitting the statistical data accurately to a known distribution is
generally very challenging task because of the limited sample sizes. The accurate
approximation is based on the estimation of ‘presumptions and guesses’ established
on the nature of large sample statistics. The limiting/asymptotic distribution can be
applied on small, finite samples for approximating the true distribution of a random
variable.

Limiting probability distributions are significantly used to find the appropriate
sample sizes. When a sample size is large enough, then a statistic’s distribution will
form a limiting distribution, assuming that such a distribution exists.

The Central Limit Theorem (CLT) uses the limit concept for describing the
behaviour of sample means. The CLT states that the sampling distribution of the
sampling means approaches a normal distribution as the sample size increases —
irrespective of the shape of the population distribution. For example, if you consider
large samples then the graph of the sample means will be similar to a normal
distribution, even if the graph is skewed or otherwise non-normal. Alternatively,
the ‘Limiting Distribution’ for a large set of sample means is the “Normal Distribution’.

Definition: Suppose X is a random sequence with Cumulative Distribution
Function (CDF) F (X ) and Xis arandom variable with CDF F(x). If ¥, converges
to F'as n > oo (for all points where F(x) is continuous), then the distribution of x_
converges to x. This distribution is called the limiting distribution of x .



In simpler terms, it can be stated that the limiting probability distribution of
X is the limiting distribution of some function of X .

Convergence of Random Variables

In probability theory, there exist several different notions of convergence of random
variables. The convergence of sequences of random variables to some limit random
variable is an important concept in probability theory, and its applications to statistics
and stochastic processes. The same concepts are known in more general
mathematics as ‘Stochastic Convergence’ and they formalize the idea that a
sequence of essentially random or unpredictable events can sometimes be expected
to settle down into a behaviour that is essentially unchanging when items far enough
into the sequence are studied. The different possible notions of convergence relate
to how such a behaviour can be characterized: two readily understood behaviours
are that the sequence eventually takes a constant value, and that values in the
sequence continue to change but can be described by an unchanging probability
distribution.

‘Stochastic Convergence’ validates the notion that a sequence of essentially
random or unpredictable events can sometimes be expected to settle into a pattern.
The pattern may be,

¢ Convergence in the classical sense to a fixed value, perhaps itself coming
from arandom event.

¢ An increasing similarity of outcomes to what a purely deterministic
function would produce.

¢ Anincreasing preference towards a certain outcome.
¢ Anincreasing ‘aversion’ against straying far away from a certain outcome.

o That the probability distribution describing the next outcome may grow
increasingly similar to a certain distribution.

Some more theoretical patterns state that the,

o Series formed by calculating the expected value of the outcome’s distance
from a particular value may converge to 0.

¢ Variance of the random variable describing the next event grows smaller
and smaller.

The above mentioned facts define the convergence of a single series to a
limiting value, the notion of the convergence of two series towards each other is
also significant and the sequence is defined as either the difference or the ratio of
the two series.

If the average of n independent random variables Y, fori=1, ..., n, all
having the same finite mean and variance, is given by,

1 <=
Xn = ;?Z_TK
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Then as n tends to infinity, X converges in probability to the common mean,
W, of the random variables Y. This result is known as the ‘Weak Law of Large
Numbers’. Other forms of convergence are important in other useful theorems,
including the Central Limit Theorem (CLT).

Here we assume that (X ) is a sequence of random variables, where Xis a
random variable, and these are defined on the same probability space (€2, F, Pr).

12.2.1 Convergence in Distribution

The convergence in distribution mode provide the required expectation to recognise
and observe the next outcome in a sequence of random experiments which is well
modelled by means of a given probability distribution.

Convergence in distribution is typically considered as the weakest form of
convergence, since it is implied by all other types of convergence. However,
convergence in distribution is very frequently used in practice; most often it arises
from application of the Central Limit Theorem (CLT).

Definition: A sequence X , X, ... of real-valued random variables is said
to converge in distribution, or converge weakly, or converge in law to a random
variable Xif,

jix_z& F.(x) = Fl(z)

Foreverynumber 3 < [& atwhich F'is continuous. Here /¥ and F* are the
Cumulative Distribution Functions (CDFs) of random variables X and X,
respectively.

Essentially, only the continuity points of ' should be considered. For
example, if X are distributed uniformly on intervals (0, 1/n), then this sequence
converges in distribution to degenerate a random variable X = 0. Certainly, we
can state that F (x)=0 forall » when x <0, and F (x)=1 forallx=1/n when n>
0. However, for this limiting random variable /' (0) = 1, even though F (0)=
0 forall n.

Thus the convergence of CDFs fails at the point x = 0 where F is
discontinuous.

Convergence in distribution may be denoted as,

d L i d
X” o X.‘ X.;_u _:".X-| XJ] — X~_ Xf:l — E.‘-'Ii-1
X-.-; g X.__ X” = ;{1 1:{:{1;] s "C'{X}f'
Where Ly is the probability distribution law of X. For example, if X is

il
standard normal we can write X' — AS (0, 1)-



For random vectors {X, X, ...} € R*the convergence in distribution can
be similarly defined. We say that this sequence converges in distribution to a random
k-vector X if,

lim Pr(X, € A) = Pr(X € 4)

T — g
For every 4 ¢ R¥which is a continuity set of X.

The definition of convergence in distribution may be extended from random
vectors to more general random elements in arbitrary metric spaces, and even to
the ‘random variables’ which are not measurable, for example a situation which
occurs in the study of empirical processes. This is referred as the ‘Weak
Convergence of Laws without Laws Being Defined’ except asymptotically.

In this case the term “Weak Convergence’ is preferably used and we say
that a sequence of random elements {X } converges weakly to X (denoted
as X = X)if,

E*h(X)— E h(X)

For all continuous bounded functions 4. Here E* denotes the outer
expectation, that is the expectation of a ‘Smallest Measurable Function g that
Dominates A(X ).

Example of convergence in distribution can be explained by means of the
newly built dice factory. Suppose a new dice factory has just been built. The first
few dice come out quite biased, due to imperfections in the production process.
The outcome from tossing any of them will follow a distribution markedly different
from the desired uniform distribution.

As the production in the factory improves, the dice become less and less
loaded, and the outcomes from tossing a newly produced die will follow the uniform
distribution more and more closely.

12.2.2 Convergence in Probability

The basic notion behind this type of convergence is that the probability of an
‘unusual” outcome becomes smaller and smaller as the sequence progresses.

The concept of convergence in probability is used very often in statistics.
For example, an estimator is called consistent if it converges in probability to the
quantity being estimated. Convergence in probability is also the type of convergence
established by the “Weak Law of Large Numbers’.

Definition: A sequence {X } of random variables Converges in
Probability towards the random variable X if for all € >0,

lim Pr(|X, — X

[Lammir &

"-\._\. ~ —_—
> g) =
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More explicitly, let P be the probability that X is outside the ball of
radius € centred at X. Then X is said to converge in probability to X if for any € >
0 and any 8 > 0 there exists a number N (which may depend on € and ) such
thatforall n > N, P_ <8 (the Definition of Limit).

Notice that for the condition to be satisfied, for each »n the random
variables X'and X cannot be independent and thus convergence in probability is
a condition on the joint CDF’s, as opposed to convergence in distribution, which
is a condition on the individual CDF’s, unless X is deterministic like for the “Weak
Law of Large Numbers’. At the same time, the case of a deterministic X cannot,
whenever the deterministic value is a discontinuity point (not isolated), be handled
by convergence in distribution, where discontinuity points have to be explicitly
excluded.

Convergence in probability is denoted by adding the letter ‘p’ over an arrow
indicating convergence, or using the ‘plim’ probability limit operator:

¥ £
X, —+X, X,— X, pimX, = X.

For random elements {X } ona separable metric space (S, d), convergence
in probability is defined similarly by,

e > 0,Pr (d(X,, X) > €) — 0.

Properties

¢ ‘Convergence in Probability’ implies ‘Convergence in Distribution’.

¢ In the opposite direction, convergence in distribution implies convergence
in probability when the limiting random variable X is a constant.

¢ Convergence in probability does not imply almost sure convergence.

e The continuous mapping theorem states that for every continuous

function g(e), if .".'._.:-.‘i'_’ thenalso . 3 j:. gl X))

Check Your Progress

. Explain the basic concept of limiting distribution?
. When the limiting/asymptotic distribution can be applied?
. Why the limiting probability distributions are used in statistics?

. Elucidate on the convergence in distribution in probability distribution.

N A W N =

. Explain the concept of convergence in probability. Why it is often used in
statistics?




Limiting Distributions

12.3 ANSWERS TO CHECK YOUR PROGRESS and Convergence
QUESTIONS
1. A ‘Limiting Distribution’ is also termed as an ‘Asymptotic Distribution’. NOTES

Fundamentally, it is defined as the hypothetical distribution or convergence
of asequence of distributions. The asymptotic distribution theory is typically
used to find a limiting distribution to a series of distributions. Some of the
limiting or asymptotic distributions are well-recognized and defined by
different statisticians. For example, the sampling distribution of the z-statistic
will converge to a standard normal distribution if the sample size is large

enough.

2. The limiting/asymptotic distribution can be applied on small, finite samples
for approximating the true distribution of a random variable.

3. Limiting probability distributions are significantly used to find the appropriate
sample sizes. When a sample size is large enough, then a statistic’s distribution
will form a limiting distribution, assuming that such a distribution exists. In
statistics, the process includes a random sample of observations and then
fitting that data to a known distribution similar to the normal distribution or
t distribution. Fitting the statistical data accurately to a known distribution is
generally very challenging task because of the limited sample sizes.

4. The convergence in distribution mode provide the required expectation to
recognise and observe the next outcome in a sequence of random
experiments which is well modelled by means of a given probability
distribution. Convergence in distribution is typically considered as the weakest
form of convergence, since it is implied by all other types of convergence.

5. The basic notion behind the convergence in probability type is that the
probability of an ‘unusual’ outcome becomes smaller and smaller as the
sequence progresses.

The concept of convergence in probability is used very often in statistics.
For example, an estimator is called consistent if it converges in probability
to the quantity being estimated.

12.4 SUMMARY

¢ A ‘Limiting Distribution’ is also termed as an ‘ Asymptotic Distribution’.
Fundamentally, it is defined as the hypothetical distribution or convergence
of'a sequence of distributions.

e The asymptotic distribution theory is typically used to find a limiting
distribution to a series of distributions.
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Some of the limiting or asymptotic distributions are well-recognized and
defined by different statisticians.

In basic statistics, the process includes a random sample of observations
and then fitting that data to a known distribution similar to the normal
distribution or ¢ distribution.

The accurate approximation is based on the estimation of “presumptions
and guesses’ established on the nature of large sample statistics.

The limiting/asymptotic distribution can be applied on small, finite samples
for approximating the true distribution of'a random variable.

Limiting probability distributions are significantlyused to find the appropriate
sample sizes. When a sample size is large enough, then a statistic’s distribution
will form a limiting distribution, assuming that such a distribution exists.

The Central Limit Theorem (CLT) uses the limit concept for describing the
behaviour of sample means. The CLT states that the sampling distribution
of the sampling means approaches a normal distribution as the sample size
increases — irrespective of the shape of the population distribution.

In simpler terms, it can be stated that the limiting probability distribution of
X is the limiting distribution of some function of X .

The different possible notions of convergence relate to how such a behaviour
can be characterized: two readily understood behaviours are that the
sequence eventually takes a constant value, and that values in the sequence
continue to change but can be described by an unchanging probability
distribution.

‘Stochastic convergence’ validates the notion that a sequence of essentially
random or unpredictable events can sometimes be expected to settle into a
pattern.

The probability distribution describing the next outcome may grow
increasingly similar to a certain distribution.

Series formed by calculating the expected value of the outcome’s distance
from a particular value may converge to 0.

Variance of the random variable describing the next event grows smaller
and smaller.

The convergence in distribution mode provide the required expectation to
recognise and observe the next outcome in a sequence of random
experiments which is well modelled by means of a given probability
distribution.

Convergence in distribution is typically considered as the weakest form of
convergence, since it is implied by all other types of convergence.



e However, convergence in distribution is very frequently used in practice; Limiti"§ [C”'S”ib”’ions
. . . . . . an onvergence
most often it arises from application of the Central Limit Theorem (CLT). &

o The definition of convergence in distribution may be extended from random
vectors to more general random elements in arbitrary metric spaces, and
even to the ‘random variables’ which are not measurable, for example a
situation which occurs in the study of empirical processes.

NOTES

¢ The basic notion behind this type of convergence is that the probability of
an ‘unusual’ outcome becomes smaller and smaller as the sequence
progresses.

¢ The concept of convergence in probability is used very often in statistics.
For example, an estimator is called consistent if it converges in probability
to the quantity being estimated.

e Convergence in probability is denoted by adding the letter ‘p’ over an arrow
indicating convergence, or using the ‘plim’ probability limit operator:

P F
‘}'L n —t ‘Y! -?{.rl — X, [}hln ..r": n — _X L
M=+
¢ ‘Convergence in Probability’ implies ‘Convergence in Distribution’.

¢ In the opposite direction, convergence in distribution implies convergence
in probability when the limiting random variable X is a constant.

12.5 KEY WORDS

¢ Limiting distribution: A ‘Limiting Distribution’ is also termed as an
‘Asymptotic Distribution’, it is defined as the hypothetical distribution or
convergence of a sequence of distributions.

¢ Limiting probability distributions: The limiting probability distributions
are significantly used to find the appropriate sample sizes.

¢ Central Limit Theorem (CLT): The Central Limit Theorem (CLT) uses
the limit concept for describing the behaviour of sample means, it states that
the sampling distribution of the sampling means approaches a normal
distribution as the sample size increases — irrespective of the shape of the
population distribution.

¢ Stochastic convergence: Stochastic convergence validates the notion that
a sequence of essentially random or unpredictable events can sometimes
be expected to settle into a pattern.

¢ Convergence in distribution: Convergence in distribution mode provide
the required expectation to recognise and observe the next outcome in a
sequence of random experiments which is well modelled by means of a
given probability distribution.
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12.6 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

N A W N =

. What s limiting distribution?

. Define the term convergence.

. What is stochastic convergence?

. Give definition for convergence in distribution.

. Define the basic concept of convergence in probability.

. State the properties of convergence.

Long-Answer Questions

1.

Briefly discuss the significance of limiting distributions in the field of probability
and statistics.

. Explain about the convergence of random variables giving appropriate

examples.

. Discuss the concept of convergence in distribution giving definition and

appropriate examples.

. Why the Central Limit Theorem (CLT) uses the limit concept for describing

the behaviour of sample means? Explain giving appropriate examples.

. Analyse and discuss the significance of convergence in probability giving

definition and appropriate examples.

6. Is N(0, 1/n) close to the N(1/n, 1/n) distribution? Explain.

7. ‘X converges in distribution to X. Justify the statement with appropriate

proof.
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13.6 Key Words

13.7 Self-Assessment Questions and Exercises
13.8 Further Readings

13.0 INTRODUCTION

In probability theory, the Central Limit Theorem (CLT) establishes that, in some
situations, when independent random variables are added, their properly normalized
sum tends toward a normal distribution (informally a bell curve) even if the original
variables themselves are not normally distributed. The theorem is a key concept in
probability theory because it implies that probabilistic and statistical methods that
work for normal distributions can be applicable to many problems involving other
types of distributions.

In this unit, you will study about the limiting moment generating function and
central limit theorem.

13.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain about the limiting moment generating function

e Understand the central limit theorem

13.2 LIMITING MOMENT GENERATING
FUNCTIONS

Binomial, Poisson, negative binomial and uniform distribution are some of the
discrete probability distributions. The random variables in these distributions assume



a finite or enumerably infinite number of values but in nature these are random
variables which take infinite number of values i.e., these variables can take any
value in an interval. Such variables and their probability distributions are known as
continuous probability distributions.

A random variable Xis the said to be normally distributed if it has the following
probability density function:

A
e 2V 9 for—eo<x<oo

)=

o221
Where L and ¢ > 0 are the parameters of distribution.

Normal Curve: A curve given by,

1 (WJZ
2 c

y.= Y€

Which is known as the normal curve when origin is taken at mean.

N | —
a ‘x
o [38)

Then, Y, = o€

Yol w

1
—0 (@) + o

Fig. 13.1 Normal Curve

Standard Normal Variate : A normal variate with mean zero and standard
deviation unity, is called a standard normal variate.

That is; if X'is a standard normal variate then £(X) =0 and V(X)=1.
Then, X~ N (0, 1)

The moment generating function or MGF of a standard normal variate is
given as follows:
ut+ L 262 1p
Mf=e 2 =e?
n=0
c=1
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Frequently the exchange of variable in the integral:

1 T o~ (-w?/20?
oV2n

Is used by introducing the following new variable:

X_
z=2"R N,
(e}

This new random variable Z simplifies calculations of probabilities etc.
concerning normally distributed variates.
c . . ) X —pu
Standard Normal Distribution: The distribution of arandom variable Z = o
which is known as standard normal variate, is called the standard normal distribution

or unit normal distribution, where X has a normal distribution with mean |t end
variance G°.

The density function of Z is given as follows:

e

1 2
e ,—eo< f<oo

M(Z)= \/%

12
withmean O variance one of MGF e 2 . Normal distribution is the most frequently
used distribution in statistics. The importance of this distribution is highlighted by
central limit theorem, mathematical properties, such as the calculation of height,
weight, the blood pressure of normal individuals, heart diameter measurement,
etc. They all follow normal distribution if the number of observations is very large.
Normal distribution also has great importance in statistical inference theory.

Examples of Normal Distribution:

1. The height of men of matured age belonging to same race and living in
similar environments provide a normal frequency distribution.

2. The heights of trees of the same variety and age in the same locality would
confirm to the laws of normal curve.

3. The length of leaves of a tree form a normal frequency distribution. Though
some of them are very short and some are long, yet they try to tend towards
their mean length.

Example 1: X has normal distribution with p =50 and 6>=25. Find out
(1) The approximate value of the probability density function for X=50
(i)) The value of the distribution function forx =50.



1 e (x— u)z /267
o227

for X=50,0°=25, wn=>50,youhave

Solution: (i) flx) = — o0 <X oo,

) —_ =

1
xX) = =0.08.
S 5N2n
Distribution function f{x)

X
. 0N2n

S
-

0

x_
e 2 CZ'Z,WhereZZTLl

Ny

T Lo dZ =0.5
e .dZ =0.5.

. N2m

Example 2: If X'is a normal variable with mean 8 and standard deviation 4, find
(1) P[X<5]
(i) P[5<£X<10]

F(50)

. X—-pn 5-8
Solution: (i) P[X<5] = P <
c 4
b _»Z>0.75
|
X=uz=075
P —0.5—
=P (Z<-0.75)
=P (Z2 0.75)
[By Symmetry]

=0.5-P(0<Z2<0.75)
[To use relevant table]
=0.5-0.2734 [See Appendix for value of ‘2]
=0.2266.
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(i) P[5<X<10] = P(STS <7< 104_8j

=P(-0.75<Z<0.5)
—P(-0.75<Z<0)+ P(0<Z<0.5)

—P(-0<Z<0.75) + P(0< Z<0.5)

=0.2734 +0.1915
[See Appendix]

=0.4649.
Example 3: Xis anormal variate with mean 30 and S.D. 5. Find
(1) P[26 <X <40]

(i) P[|X —-30|>5]
Solution: Here p=30,0=>5.

/% P[26 < X < 40]

X=26X=p  X=40
Z=-08Z=0 z-»9

X_
(iy When X =26, Z = T“=—0.8

e
And for X=40, Z = GM=2

P[26 <X<40] =P[-0.8<Z<2]
— P[0<Z<08]+P[0<Z<2]
—0.2881 + 0.4772 = 0.7653
(i) P[X-3|>5] =1-P[|X-3|<5]
P[|X-3|<5] =P[25<X<35]

_ P(25—3032S35—30J
5 5

=2.P(0< Z<1)=0.
=2 x 0.3413 = 0.6826.



So P[[X-3|>5] =1-P[|X-3|<5]
=1-0.6826 =0.3174.

13.3 THE CENTRAL LIMIT THEOREM (CLT)

The Central Limit Theorem (CLT) has several variants. In its common form, the
random variables must be identically distributed. In variants, convergence of the
mean to the normal distribution also occurs for non-identical distributions or for
non-independent observations, if they comply with certain conditions.

The earliest version of this theorem, that the normal distribution may be
used as an approximation to the binomial distribution, is the de Moivre—Laplace
theorem.

Let X, X,,.... X be n independent random variables all of which
have the same distribution. Let the common expectation and variance be
1 and o,, respectively.

n
_ X,
Let X=> =
i=1 N

Then, the distribution of X approches the normal distribution with mean m
2

. c
and variance — asn — oo
n

H has standard normal distribution.

That is, the variate Z =
c/n

Proof: Moment generating function of Z about origin is given as follows:

M) = E(e?) = E et[j’(”Sj

e*HI\/;/GE(etX\/;/G)
Jn [ t\/;[X1+X2+...+an

—e c E|l e® "

t
—unt— 7(X1+X2+...+X)
_e o gl (o ’
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_“’ti ZL
—e °C MXi+ X +..+X,).
1 2 n G\/;

—ut— ¢
_e c M

- xc(fj
i on

This is because the random variables are independent and have the same
MGEF by using logarithms, you have:

—utn t
log M (1) = “G +n10ng(G n]

2
_ _Mt\/;+nlog QU <A LY L3 B +...
c ovn 2! lon

' ' 2
- Mt\/;+n[[“1t L 2+...)—

G on 2! no

r L2 2.2
—un pydn o pte
c c 26 267

2
t - ’ ’ ’
=S +0m ") [ 1 —pp =0t/ =]

Hence, as n — «

2
t
logM,)()) > — ie. M, (1) = e

However, this is the M.GF. of a standard normal random variable. Thus,
the random variable Z converges to V.

This follows that the limiting distribution of \/x as normal with mean tand
. c’
variance — .
n

Check Your Progress

1. What is standard normal variate?

2. Define the term standard normal distribution.




13.4 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS
1. Anormal variate with mean zero and standard deviation unity, is called a
standard normal variate.
2. The distribution of a random variable Z = T_H which is known as

standard normal variate, is called the standard normal distribution or unit
normal distribution, where X has a normal distribution with mean p end

variance G°.

13.5 SUMMARY

¢ Binomial, Poisson, negative binomial and uniform distribution are some of
the discrete probability distributions.

¢ Anormal variate with mean zero and standard deviation unity, is called a
standard normal variate.

e The height of men of matured age belonging to same race and living in
similar environments provide a normal frequency distribution.

o Thelength of leaves of a tree form a normal frequency distribution. Though
some of them are very short and some are long, yet they try to tend towards
their mean length.

13.6 KEY WORDS

e Variants: In variants, convergence of the mean to the normal distribution
also occurs for non-identical distributions or for non-independent
observations, if they comply with certain conditions.

¢ Standard normal variate: A normal variate with mean zero and standard
deviation unity, is called a standard normal variate.

13.7 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What is meant by normal curve?
2. Give the density function of Z.

3. Write some examples of normal distribution.
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Long-Answer Questions

1. Briefly discuss about the limiting moment generating functions.
2. Explain about the moment generating function of a standard normal variate.

3. Discuss the central limit theorem. Give examples.
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14.0 INTRODUCTION

A general name for a number of theorems in probability theory that give conditions
for the appearance of some regularity as the result of the action of a large number
of random sources. The first limit theorems, established by J. Bernoulli (1713) and
P. Laplace (1812), are related to the distribution of the deviation of the frequency
u /n of appearance of some event EE in 7 independent trials from its
probability p, 0<p<10<p<I( exact statements can be found in the articles Bernoulli
theorem; Laplace theorem). S. Poisson (1837) generalized these theorems to the
case when the probability p, of appearance of E in the k- th trial depends on £,
by writing down the limiting behaviour, as # — <, of the distribution of the deviation

of p /n from the arithmetic mean p = (zzzl pk)/ n of the probabilities p,,
1 £k <n(cf. Poisson Theorem).

In this unit, you will study about the some theorems of limiting distributions.

14.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Analyse the some theorems of limiting distributions

¢ Understand some laws of large numbers
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14.2 SOME THEOREMS ON LIMITING
DISTRIBUTIONS

Before starting the laws of large numbers, let us define an inequality named as
Kolmogorov’s inequality. The set of Kolmogorov’s inequalities was defined by
Kolmogorov in 1928.

Suppose X, X, ...., X is a set of independent random variables having
mean O and variances 6,>,6,%, .... 0%

Let C*=o0’+t0+..+0"%
Then the probability that all of the inequalities

1
|x, +x,+ . x| < ACn, =1, 2, ...n hold, is at least (1 _k_zj
14.2.1 Weak Law of Large Numbers

X1 +.X2 +....+xn

X =
n n

If you put, x =

And A\ = E—ZZO&
Vn

where < is an arbitrary positive number and E# is the mathematical expectation of
the variate

u = (xl+x2+...+xn—xl—xz—...—xn)2
: o \2
ie. En =E[(xj+xy+...4+x,—x =X —...—x,,)" ]
Then, P X1+XZ+...+xn _XI—X2—...—xn <a
n n

En . En
>1-— =1 —mnprovided ———<n.

n? o n° o

This is known as the Weak Law of Large Numbers. This can also be stated

With the probability approaching unity or certainty as near as you please,
you can expect that the arithmetic mean of the values actaully assumed by » variates
will differ from the mean by their expectations by less than any given number
however small, provided the number of variates can be taken sufficiently large and

provided the condition E—’; — 0 as — oo isfulfilled.
n



In other words, a sequence X|, X, ... X of random variables is said to
satisfy the weak law of large numbers if
< 8:| =1

31_p(s)
n n

for any € >0 where Sn=X, + X, +... + X . The law holds provided B—’; —0 as
n

lim P{

n—> 0

n — o where Bn = Var. (Sn) < eo.
14.2.2 Strong Law of Large Numbers

Consider the sequence X, X,....X of independent random variables with
expectation g or w;, = E(X,) and variance 6°.

IfSn=X + X,+...+X and E(S) =m then it can be said that the sequence S,

S,, .... S obeys the strong law of large numbers if every pair € > 0, 5 > 0

corresponds to N such that there is a probability (1 — d) or better that for every
>0 all »+ 1 inequalities,

S —m
L "lcg
n

n=N,N+1,..N+rwill be satisfied.

Example 1: Examine whether the weak law of large numbers holds for the
sequence {X, } of independent random variables defined as follows:

P(Xk =4 2k) = )-Ck+1)
PX =0)=1-2%
Solution: EX) =2X, p,
=Dk x Dk D) 4 (= 2K) x 2K+ D 4 () x (] — 272)
=D-Qk+1) [2k _ 2k] =0.
EX?) =2x?.p,
= (2K x 2Ck+D) 4 (= 202 x 2-k+ D 4 (02 x (] — 272
=@kt D% 4 QU] =21 421 =],
Vari(x) = E(X?) [EX)P=1-0=1

n n
By =2 Var(X;)=Y 1=n
i=1

i=1

. B
lim on_ lim L lim le.
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Hence, weak law of large numbers holds for the sequence {X,} of
independent random variables.

Example 2: Examine whether the laws of large numbers holds for the sequence
{X } independent random variables which are defined as follows:

1
PGE:::tkAQ): E

Solution: E(X) =X p,
1 .
=k Zx—+(-k 2)x==0
2
_ 1 _ 1
E(X/f)zzxkz-Pk:(k 1/2)2XE+(_k 1/2)2xE
R LS
2 2

Var. (X) = E(X2) — [EX)P =k =0 =k

n n
By = > Var(X)=> k'=n.k"!
i=1 i=1

-1 -1
n.k .k
im B = 5—= lim —=0

Hence, the laws of large numbers hold for the sequence {X, } of independent
random variables.

Check Your Progress

1. Who defined the set of Kolmogrov's inequalities and when?

2. Under what circumstances normal approximation can be applied to binomial
and Poisson distribution.

14.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The set of Kolmogorov’s inequalities was defined by Kolmogorov in 1928.

2. When number of trials is large and probability p is close to 1/2, normal
approximation can be used to for binomial as well as Poisson distribution.

14.4 SUMMARY

o The set of Kolmogorov’s inequalities was defined by Kolmogorov in 1928.



e Suppose X, X, ..., X is aset of independent random variables having
mean O and variances 6%, 6%, .... G °.

Let C’=oc’+0/+...+0"%
Then the probability that all of the inequalities

1
|x, +x,+ ...+ x| <ACn,0e= 1,2, ..n hold, is at least [l - —j,

52
e Asequence X, X, ... X of random variables is said to satisfy the weak
law of large numbers if
lim P[ &—E(&j <8}=1
n— o n n

14.5 KEY WORDS

e Strong law of large numbers: If Sn=X + X +...+X and E(S )=m_
then it can be said that the sequence S, S,, .... S obeys the strong law of
large numbers

14.6 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Define Kolmogorov’s inequality.

2. What s strong law of large numbers?
Long-Answer Questions

1. Briefly describe the weak law of large numbers.

2. Discuss about the strong law of large numbers.
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